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Security analysis is a critical part in any cryptographic protocol, may it be classical or quantum.
Without security analysis, one cannot ensure the secrecy of the distributed keys. To perform a con-
clusive security analysis, it is very often necessary to frame the problem as an optimization problem.
However, solving such optimization problems is quite challenging. In this article, we focus on the
security analysis of device-independent quantum key distribution (DIQKD) with random key basis
protocol. We show that the optimization cost of the existing security analysis can be reduced without
compromising the key rate. In particular, we reframe the entire security analysis of this protocol as a
strongly convex optimization problem and demonstrate that unlike the original security proof, opti-
mization of Bob’s measurement angles for finding a lower bound on Eve’s uncertainty about Alice’s
key generation basis can be done with lesser cost. We derive an explicit form of the pessimistic error
that arises while optimizing the measurement angles of both the parties. We also clarify a few parts
of the original security proof, making the analysis more rigorous and complete .

I. INTRODUCTION

Cryptographic protocols [Mam24] aid in establishing secure keys between two communicating parties, who later
use the keys to access the information that they share between them. However, before implementing such protocols,
it is necessary to perform their security analysis for avoiding any kind of potential unauthorized access of informa-
tion during communication. In particular, through a conclusive security analysis we can find out the necessary and
sufficient conditions for generating a positive secret key rate [Ren06] as well as its optimal lower bound. However,
finding such bounds often involves optimization of cost functions that are derived by mapping the security analysis
to an optimization problem.

Quantum cryptography offers non-trivial advantages over its classical counterpart due to the inherent random-
ness present in the state of the carrier of quantum information — qubit [NC10]. Moreover, the nonlocality [BCP " 14]
feature of quantum mechanics enables us to design quantum key distribution protocols that do not rely on any as-
sumptions about the internal working of the quantum devices used in the protocols. Such key distribution protocols
are termed as device-independent quantum key distribution (DIQKD) [ABG ' 07]. Allowing relaxation of the secu-
rity assumptions made in usual quantum key distribution(QKD) [Ren06], DIQKD has made it possible to distribute
secret keys using untrusted devices between two users embedded in an untrusted network. Due to this counterin-
tuitive advantage over classical key distribution, this quantum cryptographic protocol is considered as the future of
key distribution.

In this quantum key distribution protocol, the nonlocal state shared between the communicating parties limits
the information that can be obtained by any third party. However, certification of nonlocality between the legitimate
parties requires verification of violation of Clauser-Horne-Shimony-Holt (CHSH) inequality. For such a purpose, a
sufficiently large number of entangled states has to be shared between the parties. This requirement is also necessary
for generation of secure keys. However, for the possibility of secure key distribution, mere violation of the CHSH
inequality with a large number of shared highly entangled state is not sufficient — the amount of violation must be
above a certain threshold that depends on the protocol as well as on the security proofs[PAB*09]. Until the discov-
ery of three variants of DIQKD [SGP"21],[XZZP22],[HST*20] unfortunately, the best known threshold so far was
beyond the range achievable by the present day state-of-the-art experiments despite of the methods, e.g., heralding-
type solutions [GPS10],[CM11],[KMS*20], local precertification [CS12],[MSMG " 16], local Bell tests [LPT*13], and
so on, proposed to improve the robustness of DIQKD. One such variant of this quantum key distribution protocol
is DIQKD with random key basis [SGP"21]. As the name suggests, instead of a single measurement setting, more
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than one measurement settings are used for generating secret keys. The key idea is to add additional difficulty for
the eavesdropper by increasing the uncertainty about the measurement settings used to generate secret keys. In this
article, we focus on the security analysis of this quantum key distribution protocol. We find that the optimization
technique used in the existing security analysis to find secret key rate can be simplified, thereby reducing its compu-
tational cost. By framing the problem as a strongly convex optimization problem, we show that Bob’s measurement
angles can be optimized with lesser computational cost. We also find a closed form of the pessimistic error arising
while optimizing the measurement angles of the parties Alice and Bob. Moreover, we address few other points in
the original security analysis that demand clarification.

The rest of the article is arranged as follows. In Section (II), we briefly describe the quantum key distribution
protocol that we analyze. Section (III) contains the results and discussions. Finally, in Section (IV), we conclude our
work.

II. THE PROTOCOL

In the original DIQKD protocol [ABG07], Eve knows the predetermined key generation basis. In particular, let
Alice’s and Bob’s measurement settings are denoted by X € {0,1} and Y € {0,1,2}, respectively. The corresponding
outcomes are given by Ax € {0,1} and By € {0,1}, respectively. They derive the secret key from the measurement
rounds in which the settings A = 0 and B = 0, respectively, are chosen. The CHSH score is determined using the
remaining measurement combinations. Unlike this setting, in DIQKD with random key basis protocol, the secret
is generated using both the measurement settings of Alice. Therefore, to obtain correlated outcomes, Bob needs
an extra measurement setting, which is the proposed modification of the original protocol. Hence, in this variant
of DIQKD protocol, Alice and Bob choose the settings X = Y = 0 and X = Y = 1 for generating secret key.
The key intuition behind this protocol follows from the fact that the requirement of incompatible measurements for
violation of the CHSH inequality necessitates the Alice’s key generation measurements to be incompatible when the
CHSH score S > 2. This condition imposes additional difficulty on Eve because now she has to guess the secret key
from two randomly chosen incompatible measurements. For CHSH-based quantum key distribution protocols like
DIQKD, different measurements will generate different amount of side information for Eve [SGP"21]. Therefore,
Eve will fail to maximize her side information with at least one of the measurements, which in turn, provides an
advantage over protocols based only on a single key-generating measurement. Due to her ignorance about which
measurement setting will be chosen by Alice for key generation a priori, she will not be able to tailor her attack to the
measurement in each round individually.

The protocol can be divided into five parts — measurements, sifting, parameter estimation, one-way error cor-
rection and verification, and finally privacy amplification. The measurement step is carried out with asymptotically
large number of rounds N. In each measurement round, Alice and Bob choose their measurement settings X € {0,1}
and Y € {0,1,2,3}, respectively, following the probability distributions as defined: P(X =0) = p, P(X =1) =1—p,
P(Y=0)=gqp, P(Y =1) =gq(1—p)and P(Y =2) = P(Y =3) = (1—¢)/2, where 0 < p, g < 1. Once Alice
and Bob perform measurements with their respective devices and settings, they obtain outcomes Ax € {0,1} and
By € {0,1}, respectively. They begin the second step of the protocol by announcing their measurement inputs over
an authenticated public channel. Then using the inputs Y € {0,1} and X = Y and the corresponding outcomes,
they generate a pair of raw key of size ~ q(p? + (1 — p)?)N. Alice and Bob use the measurement settings X € {0,1}
and Y € {2,3} to extract a pair of parameter estimation data of size ~ (1 — g)N. All other measurement data are
discarded. The third step of this key distribution protocol aims at computing and estimating the CHSH value. To do
so, Alice and Bob reveal their measurement outcomes from the parameter estimation data set. The CHSH parameter
can be expressed as,

S = max{O, C12 — Coz — C03 — C13} (H.l)

where Cxy = P(Ax = By|X,Y) — P(Ax # By|X,Y) quantifies the correlations between measurement outcomes Ax
and By. This step comprises the determining factor for continuation of the entire process. If S > Sy, then Alice
and Bob proceed to the next step, otherwise, they abort the protocol. Here S, is a predetermined threshold value
of the violation of the CHSH inequality. A violation of the inequality beyond the threshold value confirms that the
generated raw keys are secure. After getting this confirmation, Alice and Bob perform one-way error correction and
verification, followed by privacy amplification.

Just like other DIQKD protocols, the security of this protocol can be quantified using the asymptotic secret key
rate. However, due to the use of two measurement key bases for key generation, the key rate is defined in a way
different from the existing DIQKD protocols,

Koo = pstoo (IL.2)
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where ps := p? + (1 — p)? is the probability of Alice and Bob having matching key bases in the limit ¢ — 1. This key
rate is the ratio of the extractable secret key length to the total number of measurement rounds N, which generally
tends to infinity, i.e., N — co. The second product term in the above equation is the secret fraction [SGPT21] and it
can be written in terms of entropic functions as,

reo i= AH(Ao|E) + (1— A)H(A4|E)
—An(QueB,) — (1 = A)h(Qa,3,) (I1.3)

where A := p?/ps and h(x) := —xlog(x) — (1 — x)log(1 — x) is the binary entropy function. The quantity in the
argument of the binary function quantifies the quantum bit-error rate (QBER) for X, Y and is given by Qa,p, =
P(Ax # By|X,Y). The quantum side-information that Eve can gather just before the error-correction step is given by
E. From the secret fraction we can evaluate how much information Eve can get about Alice’s and Bob’s measurement
outcomes. The terms, conditional von Neumann entropy, comprising the first line of Eq.(3) measure the amount of
uncertainty Eve has about Alice’s measurement outcomes given her side-information E. The entropic terms in the
second line of the equation quantify the information that Eve can steal during the error-correction step by decoding
her side-information. If we denote U = AH(Ap|E) + (1 — A)H(A1|E), then Alice and Bob can generate a positive
secret key rate, provided they can put a reliable lower bound on U using solely the CHSH violation that they observe.
This task is quiet challenging, however, it has been shown that by employing a family of device-independent entropic
uncertainty relations[BCC " 10][CBTW17], one can have[SGP ' 21],

AH(A|E) + (1= A)H(A4|E) > C*(S) (I1.4)

where C* is a function of the CHSH score S. Using U as a performance metric, it has been found that the uncertainty
of Eve in this protocol is always higher than the original protocol for all S € (2,2v/2] [SGP*21]. In fact, given a fixed
S, for A = 1, the bound on U converges to its nearly optimal value, which is the fundamental upper limit of Eve’s

uncertainty [SGP*21]. In this work, our goal is to reduce the optimization cost of establishing a lower bound on
Eve’s uncertainty without compromising the secret key rate.

III. RESULTS AND DISCUSSIONS

Computation of the function C*(S) involves a refined version of Pinsker’s inequality [Wil13], semi-definite opti-
mization (SDP)[Sik12], and an e-net approximation [SGP21]. In the original security analysis of the protocol, to find
a lower bound on the function C*(S), three optimization steps have been followed — optimization of the joint state
o between Alice and Bob for fixed measurement angles on both sides, optimization of Bob’s angle, and optimization
of Alice’s angles. All the steps in the original analysis assume the worst-case scenario so that the final value is a strict
lower bound on the function. Here, we provide an improvised security analysis of the protocol.

It has been found that Alice’s and Bob’s measurement angles cpi1 and 4)% appear as constraints in the optimiza-
tion problem — the SDP used to find out a lower bound on the function C*(S). The work of [SGP*21] showed that
the Alice’s angle ¢!, can be optimized using € - net approach. Here, we show that one can use a similar approach to

optimize the Bob angle ¢JB, thus eliminating the polytope optimization used in the original protocol. The polytope
optimization step introduced in the original security analysis initialised the polytope P as a rectangle. P contain
the unit circle [SGP*21] of all the point that depends on Bob’s angle through sin and cos function. In this work, we
extend the idea of the e —net approach to optimize Bob’s angle, thereby making the overall optimization process less
costly.

The standard cryptographic security analysis assume that the measurement angles of Alice and Bob are indepen-
dent variables. To begin with, let us divide the possible range of each angle, [0, 7], into a set of discrete points, (pi‘k

for Alice and qbél for Bob, and choose the midpoint of each segment as k and /. Recognizing that the optimal angle

for either Alice or Bob could lie anywhere within the continuous range [0, 7], a pessimistic error approach has been
adopted. This involves iteratively refining the angle for one party (either Alice or Bob) while keeping the other’s
angle fixed. In each iteration, the SDP is being evaluated at the midpoints of the current segments for both angles.
The segment that yields the smallest SDP value is then chosen for further subdivision. This process continues until a
point corresponding to a local minimum is reached for the chosen angle. During this minimization for one angle, a
pessimistic error estimate is subtracted from the SDP result to account for the continuous nature of the angle. Once
the optimal angle for one party is determined through this iterative refinement, this optimal value is then fixed. The
same iterative optimization process is then applied to find the optimal angle for the other party, now considering the



previously determined optimal angle as a constant. This sequential optimization allows them to find a potentially
optimal solution for the SDP by iteratively minimizing with respect to one angle at a time.
Given the interval I = [0, 77/2] and a desired precision €y > 0, without loss of generality, an ep-net for the product

space I x [ is a pair of finite sets of points {cpqu},fi , C Iand {4’;3,}1521 C I such that for any (¢, ¢%) € I x I, there
exist <pf4k and q%l satisfying:

|04 — ¢la | < €0 9 — ¢, | < e (IIL1)

where S4 and Sp are the number of segments in the interval I. Each segment is centralized around the angles
(pf4k and 47%1 for k' and 1" segments respectively. The pessimistic error term was introduced in the original protocol
[SGP*21] as a function of change A in € and ¢'; (¢’;). In this work, a closed form of the same is derived.

Let us consider that f(¢) is a solution of the optimization problem for given angle. Each discrete angle ¢>qu and gb]él
is being separated by a distance of 2¢y, thus representing two segments of the same width as,

Ia= [d’%k — €0, ¢y, + 60}

) . (TI1.2)
Ig = [(P%I — €y, 47%1 +€0:|

The pessimistic error terms A(eg, ¢',) and A(eo, (p]B) provide an upper bound on the absolute difference between the
values of the function at any point within these segments and at the representative discrete point. Hence, from the
definition of f(¢), we have,

F@) = F(@) <A (0,90

. . . , . (I1L.3)
|f(4713)—f(4’§31)| SA(GO,%), V¢l € I4 and Vg, € I

A. Modification of the optimization problem accommodating Lipschitz continuity

Proving the below mentioned theorem, we first modify the optimization problem.

Theorem : If f(¢) is a solution of an well-defined optimization problem, then it is Lipschitz continuous, i.e., there
exists a constant Ly > 0 such that,

1£(¢1) = f(P2)Il < Leligr — 2. (I1.4)

The proof is provided in the Appendix section F 1. To make the objective function continuously differentiable with
respect to both the density operator and the measurement angles, the squared Frobenius norm is introduced. The
squared Frobenius norm is smooth and continuously differentiable at every point[PP08]. To make the objective
function strongly convex, it is necessary to add a strongly convex regularisation term. Therefore, the optimization
problem in the original security analysis of the protocol now becomes,

w () = inf Aol — Molohgl [+ @ = 1) oy — il + Bl 3

st. Tr (pZB CHSH(([J%,([J%)) =S

¢, 0 € [0,7/2], (I1L.5)
ol =0
Tr(PZxB) =1

The modified version of the optimization problem can be reformulated into an SDP using Schur complements



[BTNO1]. Let us first express each Frobenius norm terms into the corresponding inner product form as,
w*(S5) = ~maximize  ATe(py"po) + (1~ A)Tr(pr*o1) + ETr(02"p2)

st Tr (PZB CHSH((])%,(]){B)) = Sjj

¢, ¢ € [0,7/2], (IIL6)
php =0
Tr(pZ\B) =1

where pg = 045 — Aolosg] , o1 = P — AiloAp) and p2 = P4

Each inner product (p, px) for k € {0,1,2} in the above equation is quadratic in py. The standard SDP formulation
requires that the objective function to be linear in its decision variables and the constraints to be in the form of linear
matrix inequalities. Let tx > (pg, px), then using Schur’s complement we get,

+
(™)

Since CHSH correlation operator is fixed for a given value of the angles ¢/, and 4)%, the standard SDP formulation of
the optimization problem would be,

n*(S;j) = —maximize Afo+ (1 —A)t; + %tz
* (Vectgpo) VeC(1p0)+> = (Vecf(lpl) VeC(lp1)+> =0 (Vect(zpz) VeC(1p2)+> =0
Tr (plhy CHSH(9)y, #}) ) = Sij, (I1L8)
¢;,¢; € [0,7/2],
PZ}B =0
Tr(pp) = 1

B. Bounding the pessimistic error terms A <€0,cpf4) and A (eo, 4){5)

The solution of the modified optimization problem, n*(S;;), is thus established to be Lipschitz continuous. Now

one can proceed towards formulating a closed form for the pessimistic error terms, A (&g, ¢, ) and A (eo, ([)JB) The

lth

solution of the SDP gives an optimal value for the k* and I*" segment centered around ‘Pfﬁk and (pél for Alice and

Bob, respectively. The solution of the SDP is based on fixed ¢, and ([)é. Without loss of generality, we consider the
function f to be the solution of the optimization problem. Let denote two functions analogous to the solution of the
modified optimization problem for Alice’s and Bob’s angles as,

faldly) = RArfB((P{E;) =Rp (I11.9)

where R4 and Rp give the optimal value of the SDP for the given parameterized angles.
Now, since the functions defined above are Lipschitz continuous, one can have the following relation for each seg-

ment, where 4)qu and ¢]B, are the centres of the segments k and I, respectively.

[fa(@h) = fa(@la)| < Lalgly — ¢y |
|fB(¢B) — fo(¢h,)] < Lslph — P, |, Vol € 14 and Vg, € Ip

The above inequalities put upper bounds on the absolute deviation in the solution of the optimization problem. The
supremum of the above functions are given as,

(I11.10)

M, = SMP(,,%GIAfA(fPZ) and Mjp = S”P%E[Bfla(%) (LL.11)



Similarly, the infimum of the solutions are being given as,
My = infyi 1, fa(@h) and my = infy | fa(¢p) (IIL12)

The Lipschitz continuity of the solution functions implies that they are continuous in the given interval. There-
fore, the supremums are the corresponding maximums and the infimum are the corresponding minimums. The

supremum and infimum guarantee that no number smaller than M}, and M] can serve as an upper-bound, and

equivalently, no number larger than m' ', and mB can act as lower bound for f4(¢ A) and fB(<p] ), respectively. The
quantities that we are interested in bounding are,

(II1.13)

supy cr, |fa(@4) — fa(@ly,)| and SUP i e, | /B ) — fa(¢h)

where 4Jf4k and 4){3’ represent the center of the segments k and [, respectively. We find that the deviation gets max-
imised at the boundary of the respective segments (Theorem 3 in Appendix F 3). Hence, we have,

suPg, 1, | fa(@h) = fa(ia,)| = Laco

; ; ; j (I11.14)
Supy 1, 1f8(@8) — f(95,)| = Lpeo, Vs € 14 and Vg, € Ip
And from the definition of the pessimistic error terms A (e, ¢, ) and A (eo, gb]é) , we get,
A (eoffi)ix) =Laep and A (eo, ¢;) = Lgeg (I11.15)

Since the functions f. A((,bfq) and fB(cpé) are differentiable in the intervals I4 and Ip, respectively, we determine the
values of L4 and Lp using the following Taylor series as follows,

Z f 4 ) b= )"
(11.16)
2 fB ) 4>{;)m, V¢’ € 14 and w{; €l

Now in this case, linear approximations of f4 (¢ A) near ¢’ 4, and fB(¢’B) near ch are needed for small €g. One can
neglect the higher-order derivatives terms because f (¢ Ak) (¢} — ¢ Ak) and f} q%z <p’ 4)’ ,) dominate as gy — @' A

and \gbB - ¢Bl| tends to 0 for k" and 1! segments of Alice and Bob, respectively. The necessity of incorporating the

higher-order terms in the error analysis arises when € is nonnegligible, the underlying functions exhibit strong
non-linearity, or when a more precise and tighter bound on the error is desired. In such scenarios, only linear ap-
proximations are insufficient to accurately capture the function’s behaviour within the interval of width 2ey. The
contributions from higher derivatives that are neglected in the first-order analysis become non-negligible and must
be accounted for to achieve the required accuracy in the error estimation. Thus, using the first order linear approxi-

mation, one can get an approximation of f4(¢;) and f4(¢}) near 4)%}( and 4)%1 as,

falply) = f (@la,) + fA(Pa) (Pl — Pla,) + O((Ply — <i>"Ak)2>

. (IL.17)
[fa(da) — (PAk)' < |fal (PAk)H P — 4’Ak>| +O((¢a ‘PAk) )

Similarly,
fo(@h) — fa(@h)] < |F5(@h)II(@h — )|+ O((¢ — 9h,)%) (TIL.18)

The higher-order terms, represented by O( (¢, — 4>f4k )?) and O((% — gb]él )2), are indeed positive if the second deriva-
tives are positive, indicating local convexity. While typically removing positive terms would weaken an inequality,



the context of a pessimistic error bound requires careful consideration. The pessimistic error is designed to over-
estimate the potential deviation. By truncating the Taylor series and neglecting these positive higher-order terms,
we essentially underestimate the actual deviations |f4(¢%) — fa(¢ Ak)| and | fp (¢B) fB (gbB )|. Consequently, when

these underestimated deviations are used to construct a pessimistic error (which is subtracted from the SDP result),
the error itself becomes overestimated. This overestimation of the error leads to a more conservative (and potentially
less tight) lower bound on the true optimal value of the SDP. Thus, after first order linear approximation we get,

supg, cr, | fa(@a) = fa@a )] < [FA(@h )1 (¢ — ¢la,)]

(IIL.19)
S”p(p/e] |f5( 4’3 — /B 4’%1 | < \fB 4’%1 [1( ¢B ¢B,)|
The above relations hold good V ¢/, , gbé € lif,
A (eo ¢ls) = maxy o |fh (@) leo and A (eo,¢f) = maxy o,|f(9,)leo (I11.20)

where L4 = max oe (|4 (¢)] and Lg = max oel |f4(¢%)]. Thus, we evaluate the pessimistic errors involved in the
e—net approximation used for optimizing Alice’s and Bob’s angles.

C. Alice’s and Bob’s measurement angles

The work of [SGP"21] shows that without loss of generality one can can reduce the problem to two-qubit space
Cy4x4 of Alice’s and Bob’s subsystem. From the result of [BS10] we can decompose a projector of higher dimension
into projectors of dimension 2 x 2 acting on either Alice’s or Bob’s state. Now the work[SGP"21] proposed that the
angles for Alice and Bob for choosing the projector and hence the observables are obtained from the spectrum of

1 2
PSJO + POI and PO‘ 0‘3
measurement angles as,

, respectively (C.2). Using this result, we find the explicit expression for Alice’s and Bob’s

. )\1 7A2 . /\1 —AZ
¢!y = 2arccos <XZX> and ¢j = 2arccos <3}2y , (1I1.21)

where 4);1 and cp{g are the angles corresponding to ij*" two qubit space marked by i and j** indices of Alice and Bob,
respectively. A}, A% and Al )\ are the eigen value of POIO + PR,H and P0|2 pY®

mapping is unique (See Lemma 1 in appendix C).

, respectively. We find that such a

D. Dependence of CHSH operator on Alice’s and Bob’s angles

The optimisation problem presented in equation (F.19) exhibits a dependence on Alice’s angle, denoted as ¢/,
through the channel A; as defined by equations (B.2), (C.1), (C.2), and (C.3). Additionally, it depends on the CHSH
operator, as specified in equations (C.26) and (F.19). Bob’s angle, ¢}, solely influences the CHSH operator. Notably,
variations in the CHSH operator are of particular interest due to their direct impact on the feasible solution set of the
optimisation problem. Furthermore, analysing the effect of changes in the feasible region holds greater significance
than examining alterations in the channel Aj. This is because Alice’s and Bob’s parameters jointly determine the
feasible region, allowing for a more unified analysis concerning variations in the parameters.

Given discrete points ¢>f4k and (pél located at the midpoint of their respective intervals, the inherent symmetry of
the underlying function or data distribution implies that the maximum deviation from these discrete points will
occur symmetrically around them. Consequently, a small perturbation € from the midpoint will result in equal

magnitudes of deviation, such that the deviation at ¢’ A +e 18 equivalent to the deviation at ¢}, _, and similarly for

4)]3’. The spectral norm of the difference between the CHSH operators evaluated at ¢’ ', and 0y A e (and similarly for

gb]é[ and 4)%1 1) is equal to the largest singular value of this difference operator. Let us define the maximum of the



spectral norms of the differences in the CHSH operator as,
6y = max (||CHSH(¢h, ¢}) — CHSH(@)y + €, ¢
||CHSH (¢, ) — CHSH(¢'y, ¢ + €)|cos (I11.22)
ICHSH(¢ly, ¢}y) — CHSH(¢ + €, ¢ + €)=

Evaluating each term in the above equation F 4, we finally get,
i < max e s (#) s o)) |2 (20 - (32)) 1.
o (00) (3 ) .- s (4) - sn () )
s () sin(#) )| Je (s (o) x-sm () )| ) 029

<max<e 251n<¢8>, 2cos<¢A> €, €2>

< 2¢

The equality holds for the spectral norm of Kronecker products, therefore, this upper bound is exact. Now in the
interval I, sin (¢B) and cos (‘PA) functions are monotonically increasing and decreasing respectively. The first
q%)

term 2 sin is increasing from 0 to 1.414 and the second term 2 cos (¢A ) is decreasing from 2e¢ to 1.414. Thus,

the maximum deviation of the CHSH operator is achieved when ¢, is fixed at 0 but ¢é is increased by €.

E. Dependence of objective function on Alice’s angle

The objective function in (F.19) is a function of the density operator describing the joint state between Alice and Bob
and Alice’s angle cpfq. To analyse the dependency of the solution of the optimisation problem on 4)%, we reinterpret
the Frobenius norm terms in (F.19) using dual norms. Since the Frobenius norm is self-dual, this framework retains
the norm structure while emphasising its role as a maximiser of inner products. Now, as the objective function
depends only upon Alice’s angle, it is sufficient to consider only the perturbation of Alice’s angle ¢, . Moreover, in
the objective function, only one term is a function of the Alice’s angle; therefore, we consider only that term and
analyse the perturbation. The absolute change in the objective function can be written as,

\h(?\, ¢ 0hg) — B(A, ¢ + e, PZB)‘ (I11.24)

The first term can be expanded in the following way,

i) = (1= A)Te ([olhs = (50hs Qo) 1) = S el Q) 1)) Qg 1

. (125
— (316l (1- Q@) 81}~ Jhn (1— Q) &1 ) {1 - Qi) o1} )
In a similar way, we can expand the second term and finally get,
ioaiy i if
‘h()\, ParPap) = (A, P + eo’pAB)‘ (I11.26)
< (1= M)ldeo + O(ep)]

The tighter bound of 4¢) in the previous work is based upon assumption that plzl g and Q(cpfq) ® I commute. Having
evaluated the change in the objective function with respect to Alice’s angle, we can now lower bound the maximal



error in k' segment centered around 4>f4k and get the modified optimization problem as,

w(s5) 2 inf A ot — Aololfyl|[) + (1= 1) |lplhs — Aslolhs]
+ Slleksl? —20- Ao
st Tr (pZB CHSH <¢;,¢;>) = Sij — 269 (I11.27)
9a 0 € 10,7/2),
PZB =0

Te(p)p) = 1

E  Convex lower bound of C*(S)

The optimization problem defining n*(S) is given as,

visy =\ m P+ 0w I ALY
s.t.Tr (0} CHSH(¢h, ¢}) ) = Sy
Now, the given objective function involving the Frobenius norm ||- H% is strongly convex in p. The term 5 ‘ sz Hi

introduces p-strong convexity, and the linear constraints of the optimization problem preserve the strong convexity
on the feasible set. For fixed S;;, the objective function is strongly convex in p. The parameterized problem’s solution

function n*(S;;) inherits convexity. Moreover, strong convexity implies quadratic dependence on the perturbations
in S;;. Thus, n*(S) is strongly convex in S for S € (2, 2+/2] For the measure 1 with,

2v2 2v2
/ n(ds) =1, 5>0, / 7(ds")s' = s (TIL.29)
2 2
Now application of Jensen’s inequality for strongly convex functions yields,
2v2 22 u
/ 7(ds"yn*(8") = n* / 1(ds))s" | + & var(s) (TIL30)
2 J2
Since Var, (5') >0,
2V2
/ 7(dS')n*(8") > n*(S). (IIL31)
2

Substituting C(S’) = n*(S’) into the original inequality, we get,

c*(8) > /2 s (81) > () (IML.32)

Therefore, C(S) = n*(S) is a valid convex lower bound.

IV. CONCLUSION

In most of the QKD protocols, Alice and Bob single out one of their measurement settings for key generation. This
strategy helps them improving the key rate of those protocols. In the original DIQKD protocol [ABG ' 07], Alice and
Bob chose a single measurement setting { Ao, By} with high probability for key generation, whereas, other measure-
ment settings with low probability for testing the channels. However, the security analysis of this protocol shows
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that there exists optimal attack such that H(A|E) < H(A1|E) [PABT09]. In other words, as Eve has the information
about Alice’s measurement settings, she could focus on minimizing her uncertainty about the key generating mea-
surement A at the cost of having higher uncertainty about the other setting. To circumvent this problem (to increase
Eve’s uncertainty about the key generation measurement setting), DIQKD with random key basis is proposed. In
this variant of DIQKD protocol, as Alice uses two measurement settings for key generation, the uncertainty of Eve
about Alice’s measurement settings is now a combination of conditional entropies, AH(Ap|E) + (1 — A)H(A4|E),
where A is the probability for choosing the measurement Ap and E is Eve’s side information. The main challenge in
the security analysis of this protocol is to find a reliable lower bound on this quantity using only the observed CHSH
violation. The authors in[SGP*21] have framed the problem onto an optimization problem and found a lower bound
C*(S), such that AH(Ap|E) + (1 — A)H(A1|E) > C*(S). The results produced in this manuscript show that the opti-
mization cost involved in the security analysis of the DIQKD protocol can be reduced. In the original work, polytope
optimization has been used for finding Bob’s optimal angle in context to the main optimization problem. Our re-
sults show that reframing the security analysis as a strongly convex optimization problem can help in optimizing
Bob’s measurement angles using the same approach as used for Alice, i.e., e-net approximation. Now, as polytope
optimization is costlier than e-net approximation, substituting the earlier with the later in the main problem results
to lesser cost for the security analysis. Evaluation of the pessimistic error involved in the e —net approximation is an
important task because in every iteration the error is being subtracted from the CHSH score S. However, so far, any
explicit expression for the pessimistic error has not been noticed in any literature. Here, we have derived an explicit
expression for the pessimistic error. It is found to be the maximised value of the product of two terms, namely,

desired precision of the angles ¢/, and ‘P]é and the first-order derivative of the solution functions of the optimiza-

tion problem. Our result shows how Alice and Bob can determine their measurement angles ¢, and ¢{B from the
spectrum of the projectors they chose for checking CHSH violation and generating secret keys. The dependence of
CHSH operator on the angles of the parties were not clearly explained in the original security analysis. Our results
also show how the operator varies with the change in the angles of Alice and Bob, determining the instance that
results to maximum deviation in the CHSH operator. Moreover, from the results derived in this manuscript, it can
be concluded that a convex lower bound on the uncertainty of Eve about Alice’s key generation measurements can
be derived analytically. We believe that our work has made the security analysis of the DIQKD with random key
basis more clear and complete.
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APPENDIX
Appendix A: Framework

We first describe the framework for phrasing the security analysis as an optimization problem. The aim of the
analysis is to establish a lower bound on the quantity C*(S) [SGP"21], where S is the observed CHSH value for the
shared entangled state between the parties Alice and Bob, such that

AH(Ao|E) + (1= A)H(A4|E) > C*(S), (A1)

P A’BEAg Pa’BEA] =

where Ay is Alice’s outcome for her measurement setting X € {0,1} and H(Ax|E) signifies Eve’s uncertainty

PA'BEA
about Alice’s outcomes given her side-channel quantum information E. The protocolxassumes the measurement
setting for Bob to be Y € {0,1,2,3}. Let X and Y be the Hilbert spaces defining Alice’s and Bob’s subsystems,
respectively. Now consider O € Herm(X') for x € {0,1} and O;’ € Herm(Y) for y € {0,1,2,3}, respectively, to be
the observables corresponding to Alice’s and Bob’s measurement settings. The observables can be explicitly written
as A = {O(f , O{Y }and B = {Og) , O%’ , O%; , Og’ }. These can be written in spectral form as,

— Y _ YpYy
= ;Agplx, 0y = ;)\j P; (A.2)

where A} and )\;/ are eigenvalues corresponding to the projectors P and Pjy , respectively. As the measurement
outcomes are dichotomic, we can also express the observables as,

X _ pOlx _ pllx Y _ pOly _ plly
oF =Py~ Py, 0) =Py - Py (A3)
The measurements settings chosen by Alice and Bob to check the CHSH violation are { A, A1} and {By, B3 }, respec-
tively. Therefore, the correlation measurement operators corresponding to the chosen measurement settings can be
defined as,

c% = pY —pl® and cOf = Pyt - pi, "
c% =P)?> - P)? and C% =P}’ - P)°

The correlation function defined in the main text, Cxy = P(Ax = By|X,Y) — P(Ax # By|X,Y), is related to the

correlation measurement operators via Cxy = Tr(p Pﬁ(lx ® P;’,ly ), where p is the state on which Alice and Bob perform

the measurement. Hence, the CHSH operator can be written in terms of correlation measurement operators as
[SGP'21],

CHSH := CO' @C% — % &%
~ % © % — O oo (A5)

Each term in the operator can be expressed in terms of the projectors defined above as [Wil13],

o @ % = (Y — Pl (PY — PlIY)
— (P polx ®Po|j) (P 0|x ®Pl|y) ! pllx ®P0‘y) + (P pLix ®p1\y) (A.6)
( 0|x ® P0|y + Pl\x ®P)1)\y) ( O\X ® Pl\y + Pl|x ® P:()))W)

On the assumption that the state shared between Alice and Bob is a mixed state p 4p in general, and Eve holds the
purification of this state, the pure state is now described by ¥ opr. A more particular description of the state may
include a fourth component — Alice’s outcome Ay, which is initially associated with a pure quantum state 1, and
hence the joint state between Alice, Bob, and Eve can be expressed as ¥ 4gpa,. The dimension of Eve’s system is
unknown, and Eve has full control over all the devices, including Alice’s and Bob’s measurement devices. However,
in this protocol, Eve can not determine beforehand the measurement setting used by Alice to generate the secret key
— Alice now uses two random bases for key generation.

The purpose of optimising the objective function defined in (A.11) is to find a lower bound on the uncertainty of
Eve about Alice’s measurement outcomes. The conditional von Neumann entropy function defined in the Eq.(A.1)
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can be decomposed as H(Ax|E) — x(Ax; E), where x(Ax;E) is the Holevo information

PA'BEAy H(AX)pA’BEAX
[Hol19] between Alice and Eve. Similarly, the von Neumann entropy can be expressed as H(Ax)
I(Ax; B)PA’BEAX + H(AX|B)PA/BEAX , where I(Ax; B)PA’BEAX and H(AX|B)pA/BEAX
mation and conditional entropy between Alice and Bob. Using the above two relations, Eq. (A.1) can be rewritten
as,

PA'BEAY
are respectively the mutual infor-

C*(S) < A [I(AO;B)pA,BEAO + H(A0|B)o gy, — X(AO;E)}

(A7)
+ (1= A) [1(AG B)ogyp,, + H(A1IB)pgpp, = X(ALE)]
Under the assumption of optimal error correction (H(Ax|By)p /. 4, — 0), the above inequality simplifies to:
C*(S) < A [I(AO;B)pA,BEAO - X(AO;E)] F(1-A) [I(Al;B)pA,BEAl - X(Al;E)} . (A.8)
The quantum-classical state obtained after Alice’s measurement is given by,
PABEAy = Y, Pp; ® TrA((Pf\Lx ® IBE)TABE(P;‘(X ® 1gg)*) (A9)

i€{0,1}

where A, B, E, Ax are Alice’s subsystem, Bob’s subsystem, Eve’s subsystem, and Alice’s measurement outcome
associated with pure quantum state ¢, respectively. Using this state, if the conditional Von Neumann entropy
H(AX[E)p Ay is calculated, then we find that it essentially captures the change in entropy of the joint state of

Alice and Bob after and before Alice’s measurement,

H(AX|E)pA/BEAX = H(AXE)PA/BEAX - H(E)PABEA/X
= H(A,B)PA/BEAX — H(AB)PABEA’X (A.10)
= AHx

The optimization problem includes a constraint that the reduced density operator of the joint subsystem comprising
Alice’s and Bob’s systems, denoted as p 45, must be equal to the partial trace of the overall state p 43 Al over the

environment (E) and Alice’s ancilla (A%), i.e., pap = Trg Al (0ABE Al ). Now one can formally define the optimization
problem as

C*(S) =inf AH(Ao|E)p,, + (1—A)H(A1|E)
s.t. Tr(pap-CHSH) =S
pap =0
Tr(pap) =1
or equivalently, (A.11)
C*(S) =inf A [I(AO;B)pA/BEAO - X(AO;E)] F(1-A) {I(Al;B)pA/BEAl - X(Al;E)]
s.t. Tr(pap-CHSH) =S
pag =0
Tr(pap) = 1

PA'BEA;

Appendix B: Reformulation of change in entropy AHy in terms of Alice and Bob subsystems

After formally defining the optimization problem, our first task is to reformulate the problem in terms of the
Alice’s and Bob’s subsystems A and B. The problem defined in (A.11) is defined in terms of Alice’s outcome Ax and
Eve’s subsystem E. This setting has a serious flaw: inaccessibility to the Eve subsystem E. Although one can access
Alice’s outcome Ay in the context of security analysis, access to the Eve subsystem is impractical and meaningless.
The Eve’s subsystem can be described by a vector space, whose dimension is unknown. If one has access to Eve’s
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subsystem, one can configure the protocol accordingly to bypass Eve’s intervention, which is not only practically
infeasible but also makes no sense in the DIQKD framework.

The global state p is a pure state; one may consider it as a bipartite state where Ax and E are constitute one part,
and A and B the other. Now, from the result of Theorem 2.c of [AL70], one can easily find that the local entropy
production AHx on the two sides of the bipartition is essentially the same,

AHyx = H(A'B) — H(AB) (B.1)

PA'BEAy P ABEAY

Hence, using Eq. (A.10), one can perform the security analysis in terms of accessible Alice and Bob subsystems.[SGP21]
The transformation can be seen as the transformation from the state p opr A €R, where R defines the joint state
describing Alice’s system A, Bob’s system B, Eve’s system E, and the A% being Alice’s measurement outcome sub-
system before the effect of her chosen observables associated with pure quantum state ¢ to pa/ppa, € H, where H
denotes the same as a joint state describing Alice Bob and Eve system except for the fact that here A’ denotes the
Alice subsystem after the transformation, and Ay is the classical register storing the Alice’s measurement outcomes.
The work of [SGP*21] shows that this transformation can indeed be defined through pinching channels defined for
each observable as,

0[0 0/0 100 100
Aolpapeay] = (PY & ]l)PABEAE)(PX‘ ®1)+(Py' 1)p apEay (PY’ © 1) = parpea,

(B.2)
0[1 0/1 11 11
Ailoapea)] = (Pl e ]l)pABEA’l(PX‘ ®1)+(Py' ® ]l)pABEA’l(P)(‘ ®1) = pagea
Now let us redefine the reduced joint state of Alice and Bob as,
Treay (Aloapeag]) = pars ©3)
Treay (0apeay,) = paB '
1. Pinching Channel
The pinching channel A is defined as:
Alp] =) _ PipP; (B.4)
i
where {P;} is a set of orthogonal projectors and p € is a density operator.
Properties of Pinching Channels
1. Idempotence: The pinching channel is idempotent, i.e.,
A[Alp]] = Alp). (B3)

Proof:

AlAp]] =) P (Z PjPPj> P;. (B-6)
i j
Using the orthogonality of the projectors (P;P; = §;;P;), this simplifies to:
A[Afp]] = Y PipPi = Alp]. (B.7)
i

Thus, A is idempotent.

2. Any pinching channel acts as an identity operator if p commutes with all P;, i.e.,

Alpl=p, Vo if[p,P]=0 (B.8)
Proof: If p commutes with P;, then P;jp = pP;. Substituting into the definition of A:
Alp] =) PpPi=Y PiPp =Y Pp=op, (B.9)
i i i

where one can used Pl.2 = P; (since P; is a projector) and } ; P; = I.
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3. Pinching channel does not increase trace distance between any two states, i.e., for any two states p and o,
1Al = Alolll < lo = el (B.10)
Proof: The trace distance is defined as:
lo—clli = Trlp— o], (B.11)

where |A| = VA*A. The pinching channel A is a completely positive trace-preserving (CPTP) map, and all
CPTP maps are contractive concerning the trace norm. Thus:

| Alp] = Ale]lly < [lo —]f1- (B.12)

4. For any state p, the diagonal terms of p in the basis of { P;} remain unchanged after applying A.
Proof: The diagonal terms of p in the basis of {P;} are given by Tr(P;p). Applying A:

Tr(PiAlp]) = Tr (Pi ZP]’PP]) = Tr(PipP;) = Tr(Pip) (B.13)
j

one can use the trace’s cyclic property and P;P; = §;;P;. Thus, the diagonal terms are preserved.

5. Pinching channel increases the von Neumann entropy, ie.,

S(Ale]) = S(p), (B.14)

where 5(p) = —Tr(plog, p) is the von Neumann entropy.
Proof: The pinching channel A is unital (A[I] = I) and doubly stochastic. By the monotonicity of the von
Neumann entropy under doubly stochastic maps, one can have:

S(Alel) = S(p). (B.15)

6. The eigenvalues of A[p] are majorized by the eigenvalues of p, reflecting a redistribution of probabilities to-
wards uniformity.
Proof: Let A(p) and A(A[p]) denote the vectors of eigenvalues of p and A[p], respectively. The pinching chan-
nel A is an unital quantum channel, and by the Schur-Horn theorem, the eigenvalues of A[p] majorize the
eigenvalues of p:

A(ATp]) < Alp). (B.16)
This means that the eigenvalues of A[p] are more uniformly distributed than those of p.
7. For any measurable function f, the pinching channel satisfies:

f(Alp]) = Alf(p)]- (B.17)

Proof: The pinching channel A acts as a projection onto the diagonal basis defined by {P;}. For any function
f, the action of f on p commutes with the pinching operation because f acts on the eigenvalues of p, and A
preserves the diagonal terms (eigenvalues) while removing off-diagonal terms. Thus:

f(Alpl) = Alf(p)]- (B.18)

In quantum information theory, the dual (adjoint) of a map ®, denoted ®*, is defined via the Hilbert-Schmidt inner
product:

Tr(A - ®lp]) = Tr(P*[A] -p), VA,peL(V), (B.19)

where A and p are Hermitian operators on a complex Euclidean space V. More generally, for any linear map ®, the
adjoint satisfies:

Tr(A - ®[B]) = Tr(®*[A] - B), VA,BeL(V), (B.20)

where A and B are Hermitian operators on a complex Euclidean space V. Now since pinching channel A are self
adjoint from (B.20) one can have,

Te(A - Alp]) = Te(p - A*[A]) = Te(p - A[A]) VA,p € L(V) (B.21)
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2. Entropy production

Now, one can find a mathematical expression for the production of entropy AHy as

AHy = H(A'B)p,,., —H(AB), .

= H(Trpay (Aloapea]) — H(Trea (0apeay))

= H(Alpas]) — H(paB) (B.22)
Using Egs. ((B.5),(B.21)) and putting A = log,(A[p4p]) and B = p4p, we get,
AHx = —Tr(Alpap|log,(Alpas])) + Tr(paplog,(pas))

= —Tr(oaA*(logy(Alpag]))) + Tr(paplog, (0 as))

= —Tr(paglogy(Aloag)) + Tr(paglog,(pan))

= Tr(paplog,(pas)) — Tr(paplog,(Alpas))

= Tr(pap(log,(pap) —log,(Alpas])))

= D(pasl|(Alpasl)) (B.23)
Here the relative entropy D is defined as D(p||c) = Tr(p(log(p) — log(c))) [Will3]. Our main objective function in

(A.11) is a convex combination of conditional von Neumann entropies. Using (A.10) and (B.23) the objective function
can thus be reformulated as,

C*(S) =inf AD(pagl|(Aolpap)) + (1 —A)D(papl|(A1lpas]))
st. Tr (PAB CHSH) =S
pap =0
Tr(pag) =1

(B.24)

Appendix C: Reduction of the optimization problem to two qubit space C44 of Alice and Bob

Let po'BgA,, PaBEAL, € D(P) for Hilbert space P over which the density operator space is defined. The dimension
of D(P) is unknown as the dimension of Eve’s subsystem E is unknown according to the standard assumptions of
security analysis. Analyzing the subsystem of Alice and Bob in a larger, unknown dimension is not only impractical
but also complicates the analysis — larger systems are inherently more susceptible to attacks due to their increased
complexity. The work of [SGP"21] shows that without loss of generality, one can can reduce the problem to two-
qubit space C4x4 of Alice and Bob. From the result of [BS10], one can decompose a projector of higher dimension
into projectors of dimension 2 x 2 acting on either Alice’s or Bob’s local states. Therefore, the four pairs of projectors
as in (E7) can be decomposed accordingly. Let L be the set of pairwise-commuting projectors where S € {A, B}
denotes the subsystem of either Alice or Bob and z € {0,1,2,3} corresponds to particular observables as stated

earlier. Specifically Lg = {LO , L}q, L%, L%}. Now let us consider the following projector of dimension 2 x 2 and being

parameterized by angle 6
B cos? (Q) cos (Q) sin (Q>
Q) = (cos (%) Sif‘l @) siiz (%) ? (C1)

Having defined the local projectors as above, one can decompose PO‘O, Pg(“, ng‘z and P§,|3 as,

P = SXell) o1y, PY = @Q((Pfq) @ Ly

PP = 0L} P)° =g @ L} 2
y @ Q( ) & L, y - @ Q B B
] ]
The remaining projectors can be obtained using the completeness property and thus,
1j0 00 i1 _ 0/1
Py =1-P,, P, =1-P
X X X X (C.3)

12 02 I3 _ 4 03
Py f]l—Py, Py =1 Py



17

The angles {(])2} and {4)%} can be obtained from the spectrums of P?\,‘O + P?\,‘l and P;))\z + POB, respectively. As
the projectors are block-diagonal operators, they are expressed as direct sum of commuting and noncommuting
parts. The commuting parts contribute discrete and angle-independent eigenvalues, while the noncommuting parts

contribute angle-dependent eigenvalues. Thus, the angles ¢/, gb% can be uniquely determined from the non-integer
eigenvalues in the spectrum. Using Eq. (C.1,C.2), we compute the angles ¢, and ¢, from the eigenvalues as,

AL — A3 AL a2
cos(§a/2) = %OI‘, ¢4 = 2arccos (’sz .

L (C.4)

A AL, —A3
cos(pp/2) = %or, ¢ = 2arccos <322y> .
where A}, = 1+ cos(¢),/2), A3 = 1— cos(¢,/2) (Pg)z + P;'S), A%, =1+ cos((p]é/2), and /\%, =1- cos((pé/Z).
The mapping ¢; — 1+ cos(¢}j/2) where N € {X, Y} and m € {i,j}is bijective for ¢}; € [0,27r) when restricted to
non-integer eigenvalues. Moreover the inverse function arccos is unique in [0, 77].
Lemma 1: The mapping ¢}j — 1+ cos(¢}j/2), where N € {X, Y} and m € {i, ]} is bijective for ¢}; € [0, 7]
Proof: Let h(¢}j) = 1+ cos(¢y;/2) where N € {X, YV} and m € {i,j}

1. Proof of injectivity: Let us assume that ¢}, # ¢3; € [0, 7] where ¢}, ¢3, are arbitrarily two angles obtained from

spectrum of the sum of either (PSJO + ch‘l) or (Pg),‘2 + PS,B)

cos(¢n/2) # cos(@Ri/2)or, Ay # A% or  (AY, # Aj)or, h(gy) # h(gR) (C5)
Thus f is an injective function.

2. Proof of Surjectivity: The eigenvalues A}, A3 or (A3, A3) € [0,2] with A}, + A% = 2 or (A}, +A3) and A}, > A%
or (A}, > Aj) there exists a unique ¢} € [0, 77] where m € {i,j} such that the eigenvalues corresponding to ¢ are
AL, A% or (AL, )%,) for N = A or B respectively.

The condition of A}, + A3, =2 or (/\3, + )\%,) arises from a fundamental result of matrix algebra, trace of a matrix is the

sum of its eigenvalues and using this result we get,

Tr(L) = 1+ cos?(¢'y /2) + sin(¢'y /2)

=2 (C.6)
= Ay +2%
and equivalently
Ay+2A3 =2 (C7)
Given the above three criteria, one can have,
S
Cy = 5
(C.8)
1 2
o =
Y 2

Compute cy: Since )\}\, > )\g\, and )\}Y, )t%v € [0, 2], one can have )\}1, — )\%\, >0and AL =2 — /\EY. Thus,

2-7% —A%  2-2)%
= 2 -T2

=1-1% (C.9)

Since )@( > /\%( and /\},( + A%, =2, we have 2/\%( < 2,80 /'\%", < 1. Therefore, cy =1 — /\%( > 0. Also, since /\k <2,
one can have )\}Y — )\EV <2-— /\%\?' Since )L%Y >0, )\}Y - )‘3\,’ < 2. Thus cy < 1. Therefore, ¢ € (0,1).
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Solve for the given angle ¢,: Now using (C.4) and (C.8) one can have,
¢4 = 2arccos(cy) (C.10)
Since cy € (0,1), arccos(cy) € (0, %). Therefore, ¢!, = 2arccos(cy) € (0, 7).

3. Uniqueness: The function arccos(cy) is strictly decreasing on the interval [0,1]. Therefore, for each cy € (0,1),
there is a unique arccos(cy) € (0, 7). Consequently, there is a unique ¢ = 2arccos(cy) € (0, 7).

4. Eigenvalues: The eigenvalues are given by,

AL, A% =14 cos(¢/2)

. (C.11)
A}, A3 =1 cos(¢}/2)
Substituting ¢/, = 2arccos(cy), one can get:
AL, A% =1+ cos(arccos(cy)) =1+ cy (C.12)
142
Thus, /\}\? =14 cy and )\%\, =1 —cy. Substituting cy = AXZ X, one gets,
My =1+ 2 A G o0l 2 AL~ Aor AL — 2 3
x =1+ —mron2Ay =24 Ay —Ayon Ay =2 - Ay
ALy (C.13)
A=1-"2 "o 203 =2 - A} + 2501, A% =2 - AL

2

Therefore, for any non-integer pair A}, A3, € [0,2] with AL, +13, = 2and A}, > A%, there exists a unique ¢4 € (0, 7)

such that the eigenvalues corresponding to ¢, are A}, and A%.. Similarly by substituting ¢} = 2arccos(cy) in (C.11)
we prove the surjectivity of the mapping. Since the map is both injective and surjective, this completes the proof
that it is bijective.

O

1. Computing lower bound of C*(S)

Having established the functional relationship between the angles (pi‘ and (])Jé and characterized the spectral prop-
erties of the operators PS(‘O + Png (or equivalently, PSJ}I2 + Pg,‘g’), we now proceed to find a lower bound of the function

C*(S). Let Ay and Ay be the Pinching channels that act on Alice’s and Bob’s subsystems and decompose Alice’s
and Bob’s subsystems into block structures as would be obtained from the effect of the projectors in Eq. (C.2).
Now let Ayy = Ay ® Ay be the channel acting on the combined state p o g Al resulting to a joint state of Alice

and Bob corresponding to the angles ¢, and cp]é and a commuting part obtained from either L% ® LY, or L3 @ L3. Let
P be the set of all states that can be obtained from the operator Q(¢;) ® Q(¢;) acting on the state p 45 Alr

P = {pZXBEA/X | Q((PlA) ® Q(QD{E;)(pABEA’X) = leBEA/X} (C.14)
Thus,
Axy [pABEA’X] = @(m]‘pl/{}BEA’X) D (Wcommpfg}gﬁlx) (C.15)
ij

where 7;; are normalization factors obtained by normalizing each state plj‘ sear. € P. Each of the states depends on
X

comm

the operators Q(¢’,) ® Q(rpé) and consequently on the angles obtained from respective spectra. The p%z7%, are
X
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the projected blocks that commute with either Alice’s subsystem or Bob’s subsystem. Now, using the monotonicity
property of relative entropy, we get from Eq. (B.24),

C*(S) =inf AD (pap || Aoloas]) + (1 —A)D (pap || A1loas])
> AD (Axyloasl || Moo Axyloas])
+ (1= A)D (Axyloas] || A1 o Axylpas])

> Z’?zj {)\D (PZB I AO[pZB])
ij

+(1 =MD (04 1 A1lohy] ) | (C16)
+ Mecomm [)‘D (Pi)énm || AO[p%énm])
+(1 =)D (%™ || Aaloas™])]

Tr(pag CHSH) =S

pap =0

Tr(pap) =1

where, pl/]}B = TI'EA’X (plzleEA’X) and A[pl/]lB] = TrEAx (A[pZ\BEA’XD

O™ = Trp (055, ) and ApSEE™) = Trea, (Al ])
When Alice’s observables commute with that of and Bob, the joint probabilities of the measurement outcomes

can be factorized into local outcome probabilities. Using this fact, one can can similarly analyze the state p%7217%/ ,
X

where X € {0,1} represents the two measurement outcomes. Due to the classical nature of these probability distri-

butions, we can can disregard the contribution from the part pS7", in the violation of CHSH inequality, as it will
X

lead to Tr(p‘;}’ém“ CHSH) < 2. Now, from the constraint of the optimization problem in (B.24), we can establish the
ij
same for each state p ;- A, € P as,

Tr(oap CHSH) = S
& Tr(pij CHSH) =S;; and ) 7;S;=S (C17)
AB 1 Mijoij
ij

Having established the constraint for each state pg sear. € P, we can define the optimization problem for finding the
X

lower bound of the function C*(S) as,
* : i ij ij ij
C*(8) zinf Y [AD (phs 1 Aolehsl) + (1= 1D (ks Il Aales)) ]
g
st. Tr((o'); CHSH) = Sy

PZB =0

Tr(PZ\B) =1

Y o<1

ij

Y 1S =S
ij

(C.18)

The state 0 43¢ Al 18 first passed through the channel A yy, which essentially decomposes the state into blocks along

the principal diagonal as described in (C.16), before passing it through the pinching channel. Therefore, our objective
function in (C.18) is essentially lower bounded by the minimum values in each such block. Thus,

[AD (phs I Aolplhs]) + (1 =)D (s [l Arlelpl)] = Clana(Sy) (19)
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where,

&oa(Sy) =inf D (phy || Aolpks]) + (1= A)D (%51 Arlohs]) |
s.t. Tr(pZB CHSH) = §;

B (C.20)
1
Pap = 0
Tr(PZxB) =1
Thus using (C.18),(C.19) and (C.20), one can lower bound the function C*(S) as,
$) = Y mij inf  (Cuxs(Sip))
ij
s.t. Tr(sz CHSH) = §;
PAB =0 €21)
2
T(PAB) =1
Y <1
ij
Y 1S =S
ij

Now (C.21) is independent of the angles 4’f4 and 47; as each states obtained from (C.14) are already optimized in
(C.20). Therefore, we can reduce the optimization of C*(S) to optimizing only over to 7;; as,

2v2
C'(8)2 [ Cuna(8) - y(as))
Zﬁ / * /

z o'o 1(dS’) - Ceas(S')

ston(2,2v2]) <1
n=0

2v2
/S 7(ds")s' = S

)

(C.22)

Here, essentially one single block is considered and integrated over positive sub-normalized weights # in the interval
S" = (2,2+/2] with the conditions,

Céaxa(Sij) =0 VS5; <0 (C.23)

2. Reformulating the CHSH operator in explicit matrix form

Having established the optimization problem in terms of two-qubit space Cy44 of Alice and Bob, we now find an
explicit matrix representation of the CHSH operator in (F.13) using (F.14),

CHSH = Ot @9 — % @ % — % ©c% — o @co

{( P 0|2+P1\1 1|2) () P 1\2+P1\1 0|2)}
[( P 0|2+P\ 1|2) () PP 1|2 2)] (C24)
{( PP 0|3 1\0 3) ) PO 1|3 1\0 0|3>}
{( P 0|3 1\1 1|3) (P P 1|3 1\1 0|3)}
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Now using the explicit matrix form of the projectors in (C.2) and (C.3), the CHSH operator can further be decom-
posed as,

CHSH = [(Q(¢%) © Q(0)) + (1 - Qgf)) @ (1 - Q(0))) — (¥ @ (1 - Q(0))) — ((1 — Q(¢y) © Q(0))]
= [(Q(0) ©Q(0)) + (1 - Q(0)) ® (1 — Q(0))) — (Q(0) ® (1 Q(O))) ( Q(0)) ® Q(0))]
- [(e@ @) + ((1-00) @ (1-g}) - (Q) @ (1 - Qg})) — ((1-Q(0) ® Q(g)))]
[y @ ah) + ((1- Q@) @ (1-Qg))) - ( (9) @ (1- Q) — (1 - Q(9h) ® Q(9}) )]
C25
Solving the tensor products in each term above, one can explicitly write the CHSH operator as, ( )
B {A B
CHSH = |- D} (C.26)
where
A (cos(qm —1 - cos(@}) — cos(¢y) cos(¢}) — sin(¢};) — cos(¢,) sin(¢}) ) €27)
—sin(¢};) — cos(¢',) sin(¢) —cos(¢'y) + 1+ cos(¢f) + cos(¢';) cos(4)B)
5 (sin(sbz) —sin(¢),) cos(¢y)  —sin(¢),)sin(g}) ) (C.28)
—sin(¢)sin(¢p)  sin(¢y) cos(¢p) — sin(¢fy)
c_ <s1n<¢;> —sin(¢fy) cos(@)  —sin(¢),)sin(¢}) ) €29
—sin(¢}y)sin(¢p)  sin(¢),) cos(¢p) —sin(¢ly)
D <— cos(cpfq) +1+ cos(rp]é)'—i— cos((p%) cos(cpg) ‘ sin(c})é) + cos(¢i‘) sin(q?é) A ) (C.30)
sin(¢};) + cos(¢, ) sin(¢y) cos(¢ly) — 1 — cos(¢f) — cos(¢y ) cos(¢)

Here individual operators A, B,C and D are Hermitian and B = C* implies that CHSH operator in (C.26) is also
Hermitian. Now from Lemma 1, the mapping ¢} — 14 cos(¢y;/2) is bijective for ¢}; € [0, 7r]. Since sin and cosine
functions are monotonous and continuous for ¢¥; € [0, 71/2], the mapping is also bijective in the subinterval of
[0, 7t/2]. In the first quadrant, both sin and cosine functions are positive; therefore, restricting the arguments of these
functions to the first quadrant ensures that the CHSH operator in (C.26) does not change. Moreover, since both sin
and cosine functions have unique values in the first quadrant, the optimization problem in Eq. (C.20) for each block
can be reformulated with the explicit matrix representation of CHSH operator in (C.26) as,

foa(Sy) =i [AD (o511 Aolo}y)) + (1= D (o} 1| Aalp'h5))]

i |A B
st. Tr (plj‘B- [C D}) = 5jj

PAB =0
r(PAB) =1
Pa, P € [0,70/2]

(C.31)

Appendix D: Formulation of the objective function in terms of trace norm using a modified form of Pinsker’s inequality

Having established the objective function in terms of a two-qubit vector space C44 describing a single block and
expressed the CHSH operator in its explicit matrix form (C.26), we now focus on finding a lower bound on the
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relative entropies described in Eq. (C.31) through a modified form of Pinsker’s inequality[SGP " 21]. The modified
version of Pinsker’s inequality, as shown in the original work, is stated in the following theorem,

Theorem 1: Let Q be a projector, not necessarily of rank 1, defines the action of a pinching channel A acting on a
state p as Afp] = QpQ + (1 — Q)p(1 — Q). Then the quantum relative entropy between p and A[p] is lower bounded
as,

DlplIAlp]) > logy(2) — 1 (~—EZ AL 0.)

where h(p) = — Y1, pilog,(p;) is the binary Shannon entropy.

Proof : The pinching channel A is defined as,

Alp] = QpQ+ (1 -Q)p(1-Q)
=QpQ+(p—Qp)(1 - Q)
= QpQ+ (p—pQ — Qo + QpQ)
=2Q0Q+p —{Q p}

Now applying Theorem 1 in Eq. (C.31), we can have,

(D.2)

Ceaxa(Sij) = inf [/\D (PZB ||A0[PZB}> +(1-A)D (pr A1 [F)ZB])}

N <1og2<z> i (1 ~ Il —on[pZBHh))

+(1—A) <log2(2) —h (1 —llo%s _zAl[pZB]Hl))]

Ao[pZBHh)

2
T ij (D.3)
(1 - 1) logy(2) — (1~ A)h (1 [ ZAl[pABm)]

>

>

1 |loks
Alog,(2) — Ah

> 1_||PZB_AO[P1,{13H1>

log,(2) —/\h< 5
_(1 —/\)h (1 B ||pZB _Al[pZB}l>‘|

2
ij A B
s.t. Tr (leB . I:C D:|) = S,’j

Let us now define two arguments a and b as,

1 ||ehs — Aoleksl,
a—= ) ’

1- HPZB -/ [PZ}B]H
- 2

(D.4)

b 1

As ||-|l; £ 1is valid for normalized quantum states, one can have a,b € [0,0.5]. This ensures that the entropy
functions h1(a) and h(b) are well-defined. The binary entropy function, defined as h(p) = —plog, p — (1 —p) log, (1 —
p) for p € [0,1], is a concave function from Theorem 2.1 in [Ras15]. Thus from Jensen’s inequality [BV04], for A € [0,1]
and 4,b € [0,1], we have:

(D.5)
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Finally, using Eqns. (D.3), (D.4), and (D.5), we get the lower the bound on C;‘:4X s (Sij) as,
Ciaxa(Sij) > logy(2) — h(Aa+ (1 —A)b)

> toga(2) 1 (3 - 1) 0o

where
n= (A]|ells = Aoleksl|, + =2 [ohs = Ailelsl],) (D.7)

and it represents a convex combination of trace norms. Now, one may assume that there exists a function n* (Si]') >n,
which gives an upper bound on the given convex combination of trace norms (D.7). Hence, we can get the upper
bound by solving the below optimization problem,

n*(Sj) = inf K/\ HPZB - AO[PZB}Hl +(1-2) HPZB - Al[PZB}Hl)]

i |A B
st. Tr (pZB : [C D}) = 5jj
PZB =0
Tr(PZxB) =1
P, 9 € 0,70/2]

(D.8)

Appendix E: Semi definite programming formulation of the objective function for fixed cpfq and gbg

A semidefinite program (SDP) is an optimisation problem of a linear function defined over a positive semidefinite
variable, subjected to affine constraints as [Sik12],

« = maximize (A, X)
st. ®(X)=B (E.1)
X € Pos(X)

where,

XecC* vec®

A € Herm(X), B € Herm(Y)

@ : Herm(X) — Herm(Y)

(A, B, @) problem’s data (E.2)
(A, X) is the objective function

®(X) =B, and X € Pos(X)

« is the optimal value

The trace norm of a quadratic matrix M can be represented in the form of a trace of two additional matrices P and Q
[BV04] as,

Ml = inf  JTe(P+Q)

(E.3)
s.t. (AZ/ID* AQ/I) =0
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Now the terms ng — Ao [pZB} and pZB -\ [pZB] in Eq. (D.8) can be decomposed using Eq. (D.2) and Eq. (B.2) as,
Pap—Nolo4p)
= s — (2Q(0) @1 p}; Q(0) T+ ) — {Q0) @l })
= ok — (20(0) @1 plf; Q(0) @1+l — (Q(0) 1 plh; — plh QUO) 91 ) (E4)
= —20(0) @1 p}; Q(0) @ T+ (Q(0) @ 1 ply; +ph Q(O) 2 T)
= (QO) @1 ol +phy QO) & T) —2Q(0) @ T pll Q(O) T
In a similar fashion, we can also expand the other term in Eq. (D.8) as
ohs—Mlolks) = (QUp) @ oy +plhp Q) @ T) —20(¢1s) @ T ol Q(gy) T (E5)

The SDP formulation of the objective function can now be formally done using the results of (D.8),(E.1),(E.2),(E.3),(E.4),
and (E.5) as,

n*(S;;) = —maximize %«Po +Q0), Xo) + (1 ; A)

ij |A B
st. Tr <pr3 [C D}) = Sij,

(P14 Q1), Xq)

Py Mo (Pl M1> . (E.6)
(g 00) =0 (o o) =0
Q¢h) = [ZE ZZ] , qutae=1 ¢ <quqn,

pAB =0, Tr(php) =1

where
Mo = Mj = (Q(0) &1 p}; +plhy Q(O) @ T) —20(0) @ T p}; Q(0) @

. ) y ) (E.7)
M = M; = (Q(¢l) ® Lplhy +php Qo) ©T) —2Q(¢) @1k Q1) O 1

The projector Q(¢';) follows the positive semi-definite condition (C.1).

Appendix F: Optimization of the angles q)% and 4)% using € - net approximation

Alice’s and Bob’s angles ¢, and 47{? appear as constraints in the optimisation problem in Eq. (D.8). The objective
function has been formulated in standard SDP form in Eq. (E.6) taking the assumption of fixed angles. In this section,

we optimize the angles ¢, and ‘P]é using € - net approach. The work of [SGP*21] showed that the Alice’s angle ¢,
can be optimised using this approach. Here, we show that we can use the same approach to optimise Bob’s angle

quB, thus eliminating the polytope optimisation in the security analysis as done [SGP'21].
Given the interval I = [0, 71/2] and a desired prec151on €0 > 0, without loss of generality, an €g-net for the product

space I x [ is a pair of finite sets of points {¢A }k ; C Iand {4>B }l 1 C I such that for any (gbA,(pB) € I x I, there
exist ¢ Ay and 4)%1 satisfying:

|4 — ¢la,| < €0 19 — ¢, | < eo (E1)

where 5S4 and Sp are the number of segments in the interval I for Alice and Bob, respectively. Each segment is cen-

lth

tralized around the angles ¢!, and ¢/, for k" and I se ments, respectively. The values of both the angles ¢/, and J
gles ) and ¢p g p ¥ gles ¢4 and ¢
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are needed to solve any instance of the SDP and hence, it is solved for each discrete points ¢>qu and 4)%1. An error

term known as pessimistic error [SGP*21] is being subtracted from each SDP’s result. The error term accounts for
the variation of the optimal value. The pessimistic error term A is introduced in the original work[SGP21] as a

function of € and the angle ¢', orcp]B. Iteratively, the segment that gives the smallest value of the objective function
in (D.8) is chosen until a point is reached that corresponds to the global minima. Here, we try to derive a closed form
of the pessimistic error.

Let us consider that f(¢) is a solution of the optimization problem in (D.8) for a given value of the angle ¢. Now,

the discrete angles ¢f4 and gb% corresponding to Alice’s and Bob’s measurement settings are being separated by a
. k I .
distance of 2eg. Thus each angle represents a segment of the same width as,

Iy = {4)2]{ — €0, 4)14[{ + 60] and Ip = [()bé] — €p, 4);3[ + €9 (E2)

Hence, the pessimistic error terms A (e, 4)%) and A(e, 4)%) provide an upper bound on the absolute difference be-
tween the values of the function at any point within these segments and the optimal one, i.e.,

(@)~ F(@)] < B (e, 0}) .
(@) — F@h)| <A (eod}), gy € Ia and Vgl € Iy '

The iterative process involves selecting the segment that yields the minimum value of the objective function in Eq.
(D.8), continuing until the global minima is reached.

1. Lipschitz Continuity of f(¢)

Definition : A function f from S C R" into R" is Lipschitz continuous at x € S if there is a constant L > 0 such that

1f(y) = f()Il < Llly — x| (F4)
for all y € S sufficiently near x.[TBB08]

Theorem 2: If f(¢) is the solution of a well-behaved optimisation problem, then it is Lipschitz continuous

Problem setup To prove our claim, we first formally define the optimisation problem. Let f(¢) be defined as the
solution to the following optimization problem,

f(¢) =min g(x, ¢)

F.
st.xe X (E5)

where X C R" is a compact and convex set, g(x, ¢) is a continuously differentiable function in both x and ¢, and
g(x, ¢) is strongly convex in x with modulus y > 0, i.e., forall x;,x, € X and ¢ € P,

8(x1,9) > g(x2,¢) + Vag(x2,9)" (11 = x2) + £l — (F6)

and Vg (x, ¢) is Lipschitz continuous in ¢ with constant Ly, i.e.,

IVxg(x,¢1) = Vag(x, ¢2)[| < Loll¢r — 2] (E7)

The optimisation problem is well-behaved in the sense that the solution f(¢) exists and is unique for all ¢ € ® and
the optimality condition V,g(f(¢), ¢) = 0 holds.

Proof of Lipschitz Continuity of f(¢) The aim of the proof is to show that f(¢) is Lipschitz continuous, that is there
exists a constant Ly > 0 such that:

1f(p1) — f(o2) |l < Lyl — ¢2l|- (E8)
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Let us consider that for any two ¢1, ¢ € ® there are two solutions f(¢;) and f(¢2). Therefore, we have,
Vig(f(¢1),¢1) =0 and V.g(f(¢2) ¢2) =0. (E9)
Now since g(f(¢), ¢) is strongly convex in f(¢) with modulus y > 0, one can can have
8UF(@1),91) = 8(F(¢2),92) + Vg (£ (#2),92)" (F(91) = £(92)) + I f (1) = F(92) | (F10)

and thus from Eq. F.9 we get,

3(f (@), ¢2) = g(f(#2), ¢2) + ElIf (1) — f(2)II% (F11)

Now, as the the lower bound set up by the quadratic norm is symmetric in terms of the angles, we have,

3(f(@2), 1) = g(f (@), 1) + SlIf(¢2) = (@)% (F12)

Adding the two inequalities F.11 and F.12 and rearranging the terms we get,

ullf (1) = F(92) 17 < g(F (), p2) = (F (1), 1) + 8 (f(92), 1) — 8(F(¢2), 2)- (E13)

Using the above equation and considering the fact that V.g(x,¢) in ¢ is Lipschitz continuous, one can have the
following two inequalities

18(f(91), 92) — g(f(¢1), 1) < Lol f (1) lIIp2 — ¢ l,
| P

8(f(¢2), ¢1) = 8(f(92),92)| < Lyllf (@)1 = 2.
Since the feasible solution set X is compact, F.13 and F.14 || f(¢) || jointly yield,

ullf(p1) = F(2)I* < 2LpM| |1 — 2. (F.15)

where M is a constant. Hence, simple algebra shows,

1) = el < 1/ 250 gl (E16)

Thus, f(¢) is Lipschitz continuous with constant,
2LyM
Lf::,/g—ﬁ—f (E17)

¢
F.14
p (E14)

2. Modification of the optimization problem

In order to make the ob]ectlve function in (D.8) continuously differentiable with respect to both the density oper-

ator p’} ap and the parameters ¢',, we introduce the squared Frobenius norm. The squared Frobenius norm is smooth
and continuously differentiable at every point [PP08]. For any operator X, this norm is defined as,

Xl = y/Te(X*X
l ||§ r(X*X) (F.18)
X[z = Tr(X*X)

where X* is the Hermitian conjugate of X. Replacing the /1 norm in the original objective function with the squared
Frobenius norm and adding a convex regularization term 5 || pl/]lB| |2, we define the modified optimisation problem
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as,

" ii 1|12 ij LK 2
w () =inf Aol — Molohal [+ @ = 1) ks — il + Bl 2
st. Tr (plly CHSH(9!, ¢})) = S;

<Piu<l>’g € [0,7/2], (E19)
PAB =0
r(PAB) =1

This modified version of the optimisation problem can be reformulated into an SDP using Schur complements. Let
us first decompose each Frobenius norm term into the corresponding inner product form as,

n*(Sij) = —maximize ATr(oo"00) + (1 —A)Tr(o101) + %TY(P2+P2)

st. Tr (pZB CHSH(¢;,¢{3)) — S

4)2,4% [0,7/2], (F.20)
PAB =0
r(PAB) =1

where po = PAB Nolp}s) o1 = plhp — Ao’k 5] and oy = o),
Here, each inner product term (pk,pk) for k € {0,1,2} in (F. 20) is quadratic in p. The standard SDP formulation
requires that the objective function is linear in its decision variables and the constraints are in the form of linear

matrix inequalities. Let tp > (o, ox), then using Schur’s complement[BTN01] one can have,

f
(e )

Since CHSH is fixed for given values of ¢, and 4)%, the standard SDP formulation would be as,

n*(Sij) = —maximize Atg+ (1 —A)t; + %tz

t vec(pp)t
<vec(2p2) | 2 ) =0 (F.22)

Tr (PZB CHSH(‘PZ/‘P]B)) = Sij,
¢;,¢g € [0,7/2],
PAB 0

r(pAB) =1

In the below, we formally prove that the modified optimisation problem satisfies the conditions for being Lipschitz
continuous.

Lemma 4: The modified objective function is continuously differentiable with respect to the density operator p'}
and the parameter ¢,

Proof: The squared Frobenius norm || X||3 = Tr(X"X) is smooth and infinitely differentiable. As the channels Ay and
A are linear maps, the action Ax|[p] is linear in p. The regularization term 5 ||p||% is quadratic and smooth. Hence,
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the objective function in the modified optimization problem is continuously differentiable with respect to both the
density operator pr  and the parameters ¢y O

Lemma 5: The modified objective function is strongly convex in pg B
Proof: ~ The objective function in Eq.(F19) includes the term %HPZBF' which is u-strongly convex. For any
PZ}B and plgB:

n (0 (@) = 1 (0815, (@) + Von (081, (@) (045 — 05s) + Sl (05 — Pp) 13- (F23)
To rigorously establish the definition of strong convexity for the function, let us first calculate the gradient of the
objective function V,n (p’fqlB, (4)%)) The Fréchet derivative of || A||2 is 2A[Wat18]. Thus,

Vo (055, (9))
= Vo (A [Jo5s — pole sl [+ @ = 1) [0t — il | + Bl 3
o Pap — olPaBl|| Piis — Mlolip PABIF
2
=Vp ()‘ HPIXB - AO[PIXB]HJ + Vo <(1 —-A) HPIXB 1[o/s H >
+ Vo (Sllekal3)
(PAB — g [PAB]) Vo (P — g [PAB]) (F24)
+ (1= )2 (ptls = Milotls)) - Vo (ol — Milolls)) + o
=22 (o5 — Molpl]) - (1= A5) + (1= )2 (P55 — Malps]) - (1= AD) + o
= A2 (45 — Molotls] — Ad (¢s — Aolollal) )
+(1-A)2 (PlfqlB — Mpfip] — Af (PlfalB — M [P’XB])) +up
= A2 (45— Molotls)) + (1= )2 (05 — Aaloklsl) +mo
Hence the objective function n (PZ B (gbiq)) is strongly convex with modulus u# > 0.
O
Lemma 6: The feasible set D of all density operator and the interval I = [0, 5] is compact and convex

Proof: A set S is convex if for any x,y € S and A € [0,1], the convex combination Ax + (1 — A)y € S. In finite-
dimensional spaces, a set is compact if it is closed (contains all its limit pomts) and bounded (fits within some

finite-radius ball). The constraints are, Tr (pAB CHSH(([JA,(]JB)) = Sij, gbA,qb% [0,7t/2], p%5 = 0, Tr(pAB) 1

a) Proof of convexity: For p1, 02 = 0and A € [0,1],
p=Ap1+(1—=A)p2 =0, Tr(p) =ATr(p1) + (1 - A)Tr(p2) = 1. (F.25)
Thus the set of density operators p > 0 with Tr(p) = 1 is convex.[Wat18],[Wil13]

¢ Convexity of Angle Intervals: For ¢y, ¢ € [0, 77/2],
Ay + (1= )¢z € [0,7/2) (F26)
Thus the intervals [0, 77/2] for ¢',, (/){3 are convex.
e Linear Trace Constraint: For py, o5 satisfying Tr(p; - CHSH(¢',, (/)JB)) = S;jand Tr(py - CHSH( (¢',, (ﬁ% Sij,

Tr ((/\pl F(1=A)py)- CHSH(qbfL\,(/y;)) — AS;i+ (1—A)S;; = Sij. (E27)
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Thus the constraint Tr(p - CHSH(¢',, gb]é)) = §;j is linear in p if M is fixed.

¢ Combined Convexity: The Cartesian product of convex sets (density matrices, angle intervals) under linear
constraints is convex.

b) Proof of compactness:

¢ Closedness: The set of all density operator D is closed because of positive semidefiniteness (p > 0) is preserved
under limits. The trace condition Tr(p) = 1 is preserved under limits. The constraint Tr(0oM) = S;; is closed
(as the preimage of a closed set under a continuous function)[Wat18].

The interval [0, 71/2] is a closed interval in RR.

* Boundedness: The Frobenius norm satisfies ||o|| < v/Tr(p%) < \/Tr(p) = 1.Thus, the set of all density opera-
tors D is bounded.[Wat18]

The interval [0, 71/2] is bounded in R.

g ‘ , O
Lemma 7: V,n (pr, (q‘);‘)) is Lipschitz continuous in ¢!, for x € {0,1}

Proof: From (F.24), one can have the gradient of V,n (PZ B’ (cplA)) . For a given segment ¢!, parameterizes Ag, A
smoothly because for a particular segment its fixed, then V,n (PZ B (‘P;})) depends smoothly on 4)2. Since cos(¢f4),

sin(¢, ), and their derivatives are bounded, Vn (pi{‘ B (4724)) is Lipschitz continuous in ¢/, as,

1o (s (#)) = Vor (055 (#5)) | < Loaligh — ol (F28)

where plj‘ g and p’fql p are being two arbitrary states and 4)2 and cp’;l are associated angles.

Hence V,n (pZXB, (4)2)) is lipschitz continuous in ¢/, for x € {0,1}.

O
Lemma 8: Existence of Unique optima, V,n (1n*(Sj), (¢,)) = 0
Proof:
Strong convexity ensures a unique minimiser n*(S;;) and Compactness of the feasible set guarantees existence. With
smoothness and strong convexity, the solution satisfies:

Von (n*(Si), (94)) =0 (F29)

Convex function: A function g : I — IR, where [ is an interval (or any convex set in general) in R, is said to be
convex if for any two points x4, x;, € I and for any ¢ € [0, 1], the following inequality holds,

8(txa + (1= t)xp) < tg(xa) + (1 - £)g(xs) (F.30)

The function g is defined on an interval I. For any x,,x, € I and t € [0,1], the point ¢ = tx, + (1 — t)x; also lies
within the domain I.¢ represents any point on the line segment connecting x, and x;.

Now the term tx, + (1 — t)x;, represents a convex combination of x, and x;. As t varies from 0 to 1, this expression
covers all points on the line segment connecting x, and x;. For t = 0, we get x;, t = 1, we get x; and for 0 < f < 1,
we get a point strictly between x, and x;.

Now, finally the term fg(x,) + (1 — t)g(x,)represents the y-coordinate of the point on the secant line connecting the
points (x4, §(x,)) and (xp,g(xp)) at the x-coordinate ¢ = tx, + (1 — t)xy.

O
Lemma 9: Given a convex function g defined on a domain containing distinct points x1 and x», for any ¢ € [0, 1], let
¢ = txq + (1 — t)xp be a convex combination of x; and xp. The y-coordinate of the point on the secant line passing
through (x1,¢(x1)) and (xp, g(x2)) at the x-coordinate ¢ is given by the convex combination of the function values,



30

tg(x1) + (1 = 1)g(x2)-
Proof: Let us have the convex function g in (F.30).For any two points x, and x; in the domain I of g, the Secant

line passing through (x,, g(x,)) and (xp, g(xp)) is,

y—g(x) = W(" — Xg) (E31)
Now, let x = fx; + (1 — t)xp. Then,
X —xg=txg+ (1 —1)x, — xg
=(t—1)x,+ (1 —t)x, (E.32)
= (1=)(xp — xa)

Substituting this into the equation of the secant line, in (F.31)

8(xp) — g(xa)
y—g(xa) = W(l — 1) (xp — Xq)
y—g(xa) = (1—1)(g(xp) — 8(xa))
y=8(xa) + (1= t)g(xp) — (1 —t)g(xa) (E.33)
y=8(xa) — (1 —t)g(xa) + (1 —t)g(xp)
y=01-(1-1))8(xa) + (1 —t)g(xp)

y = tg(xa) + (1= 1)g(xp)
Thus from Lemma 9, the inequality in (F.30) formally states that the value of the function g at any point x between x,
and x;, is less than or equal to the corresponding y-value on the secant line connecting (x,, g(xs)) and (x4, g(xp)). O

3. Bounding the pessimistic error terms A (eo,¢f4) and A (eo, (,b]é)

The solution of the modified optimisation problem in (F.19), n*(S;;), is thus established to be Lipschitz continu-

ous. Now we proceed towards formulating a closed form for the pessimistic error terms A (e, (pfq) and A (eo, 47%)
The solution of the SDP in (F.22) gives an optimal value for the k' and " segment centered around 4>qu and gbél,

respectively. As the solution of the SDP is based on fixed ¢',, 4)%, to find the optimal value of the objective function
over the whole interval I, we need a slightly different approach from the one given in [SGP"21] because here we
optimize both the angles using the e-net approach. The process begins by solving the SDP for each segment of Alice

(Bob), parameterised by discretised angles 4>qu (¢]B, ). Subsequently, the segment that produced the minimum value

is iteratively refined. This refinement involves further subdivision of the segment’s angle range, and the SDP is
re-evaluated. This process continues until a global minimum is found for Alice or Bob. Then the optimal value with
respect to the angles of other party is determined by applying the same iterative refinement process, but with the

angle of the first party now fixed at their globally optimal value. Let us consider that f4 (¢’ ) and fB((,b{[;) are the
solutions of the SDP in (F.22) or the optimization problem in (F.19) for the fixed angles 4)54 and (ﬁ% Since it is proved

that the solutions are Lipschitz continuous, we have the following relations for each segment where ¢§‘k and q%l are
the centres of the segments k and [, respectively.

|fa(¢s) —fA(fPZk)I < Lalgia — ¢ia,|
fo(9h) — fo(¢h)| < Lolgh—@f |, Vo €Iy and Vgl € Ip

The above inequalities depict that the absolute value of the difference between the solutions for two different an-
gles is upper bounded by the absolute value of the difference between the respective angles times a constant. The

(F.34)

supremum of the functions f4 (¢ ) and fg (% ) are given as,
MA - Sup(p’ €ly fA(‘PA)

(E.35)
M sup¢, eIy fB( 4>]B
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Similarly, the infimum are given as,

mly = inf%dAfA(@x) (F.36)
why = inf _, Fo(¢}) |

The Lipschitz continuity of the functions implies that they are continuous in the given interval. Therefore, the supre-
mums in (E.35) are the corresponding maxima and the infimums in (E.36) are the corresponding minima. The supre-

mum and infimum guarantee that no number smaller than M’ (M] ) can serve as an upper bound, and equivalently,

no number larger than ', (mJB) can be the lower bound for f4(¢',)(fg( % The quantity that one is interested in
bounding is,

Supy, 1, | fa(@h) = fa9ly,)]

. . (F37)
SUP,f c1, ‘fB(G”]B) —fB(%l)’

The deviation in (F.34) is being maximised at the boundary of the respective segments.

Theorem 3: The values of |f4(¢);) — fA(‘PAk) | and ‘fB 4>B) fB( 47%[
¢y = Pp, T €0

Proof:  Before proving the theorem, we focus on some important properties of the function f(¢). The results of

are maximum when ¢ W= ¢ a, T €0 and

Theorem 2, and Lemma 4 to Lemma 8 show that the functions f4(¢',) and f(¢};) are Lipschitz continuous in the
respective intervals I4 and Ig. The functions are strictly monotonous in the intervals due to the monotonicity of the
sin and cosine functions. Moreover, using the second derivative of the functions, one can find that these are concave
in the respective intervals. Having mentioned the properties of the solution functions, we now prove the theorem.

Let us assume that the quantity |f4(¢y) — fa(¢’y )| achieves its maximum atsome o € I4 such that |¢% — ¢i“,k| <
€p. From the definition of the segments, we can write the interval as, [4 = [([)iqk — €p, (])qu + €g]. This means ¢/ lies
strictly within the open interval (¢}, — €9, ¢}, + €0). Since fa(¢},) is strictly monptonic on the‘ closed interval 14,
its maximum and minimum values on this interval must occur at the endpoints, ¢ — € and ¢, + €. Now, if we

consider the difference |fa(¢%) — fa (¢f4k) |, its absolute values at the endpoints are,

fa(@la, —€0) = Fa(¢a,)]

) ) (E.38)
[fa(@a, +€0) — faldu, )l

Now, for any ¢>j\i € ((PiAk €0, ¢’ A, T €o) and ¢ # ¢ A due to the strict monotonicity of f4, we have two cases;

e If f4 is strictly increasing, then for gbf4k —€) < g% < gbf4k + €9, we have fA(gbqu —€0) < falpi) < fA((Pf‘\k +
€o)- This implies that either |fa (@, +€0) = fa(¢y )| > [fa(¢X) = fa(@y )] or |fa(@y, —€0) = faley )| >
[fa(@) = fa(¢’, )| (or both).

e If f4 is strictly decreasing, then for ¢f4k —ep < ¢ < (/)%k + €9, we have fA((pqu —€0) > fale) > fA(4>f4k +€p).
Again, this implies that either | fa (¢, + €0) = fa(Ply, )| > [fa(@4) = fa(@y, )| or |fa(Ply, —€0) — fa(gpiy)| >
[fa(¢4) = fa(@y, )| (or both).

In both cases (strictly increasing or strictly decreasing), the maximum deviation |f4(¢%) — f A(¢f4k)| cannot occur
strictly within the interval (4)qu — €y, gb%k + €p). Therefore, the maximum must occur at one of the endpoints,

¢ W= = ¢ A, — €0 or 4)2 = 4)2'4 + €9, which can be written as ‘Pfq = 4>qu £ €p. A similar argument holds for
|fB( q)% — f3( (p] )|, with the maximum occurring at q% = q% =+ €.
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We now combine the results of (F.37), (F.34) and Theorem 3 as,

supy cr, | fa(Pa) = fa(¢ia,)| = Laco
SUP i 1, /B (¢h) — fo(®h,)| = Lseo

(F.39)
V(PA €ly
and V(i)é €lp
And from the definition of the pessimistic error terms A (e, ¢, ) and A (eo, gbé) in (F.3), we have
A (60,(P2) = Lae€p
(F.40)

A (Go,gbé) = Lgeg

Since fa(¢',) and fp ((])]é) are differentiable in the interval I, the values of L4 and Lp can be evaluated using Taylor
series expansion of the functions as,

A iofm’ ¢!y~ gl

. 0 Jo .
fo(9) = Zof E95) (4~ o (F41)
quif; €y

and V([)é* € Ip

Now in this case, one needs a linear approximation of f(¢',) near 4>f4k aed fB‘((P]E';) near 47{[31 for small €y. One can
neglect the higher-order derivatives terms as f}l(gbqu) (¢! — qbqu) and fé(cp%l)(cpg - 4’]3,) dominate as [¢}, — gbf4k| and

\4753 - 47gl| tend to 0 for k" and " segments, respectively. The necessity of incorporating higher-order terms in the

error analysis arises when € is significant, the underlying functions exhibit strong non-linearities, or when a more
precise and tighter bound on the error is desired. In such scenarios, relying solely on linear approximations becomes
insufficient to accurately capture the function’s behavior within the interval of width 2ej3. The contributions from
higher derivatives, which are neglected in a first-order analysis, become substantial and must be accounted for to
achieve the required accuracy in the error estimation. Thus, using the first order linear approximation one can get

an approximation of f4(¢";) and fa( q>]B ) near ¢! A, and ([)] as,

fa(@) = faldla) + Fa(@la ) (Ph — ¢a ) + O(¢ly — ¢l )?)

. . o A S (FA42)
[fa(@a) = fa(@a ) < [fa(@a (@4 — Pa )|+ O((Pa — ¢, )7)

Similarly,
|Fo(@h) — F5 (9| < |F3 (@)1 — @) + O — ¢h)P) (F43)

The higher-order terms, represented by O((¢, — ¢f4k )2) and O((¢ — 4){91 )2), are indeed positive if the second deriva-
tives are positive (indicating local convexity). While typically removing positive terms would weaken an inequality,
the context of a pessimistic error bound requires careful consideration. The pessimistic error is designed to over-
estimate the potential deviation. By truncating the Taylor series and neglecting these higher-order positive terms,

we are essentially underestimating the actual deviation |fa(¢’,) — . A(([)qu)\ and |fp(¢}) — fB(qrgl )|. Consequently,

when these underestimated deviations are used to construct a pessimistic error (which is subtracted from the SDP
result), the error itself becomes overestimated. This overestimation of the error leads to a more conservative (and
potentially less tight) lower bound on the true optimal value of the SDP. Thus after first order linear approximation,
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we get,

supg 1, fa(@a) = fa(@a )] < [Fa(@h )l (¢4 — 4>f4k)|

(F.44)
S“p4ﬂ613|f3 ‘PB — /B ‘P]B[ | < |f3( ‘P]B[ [[( <P] )|
Therefore, using Egs. (F.44) and (F.40), we get the pessimistic error to be,
N . 1
A (eo ¢'s) = maxy | fh(9,)leo .

A (eo,(Pé) = m”x¢;\el|f1§(¢]él)|€o

where Ly = max¢i461|f}&(¢>f4)| and Lg = max(p%eﬂfé(qb%ﬂ

4. Relating the change in ¢, and qué to the optimization problem through CHSH operator

The feasible set in (F.19) can be relaxed by allowing all the density operators O'ZB that achieve CHSH violation
greater than or equal to S;; [SGP*21],

S?U% = {0 | 3¢ with ¢ = ¢}, : Tr[c CHSH(9a, ¢})] > S}
U {c | 3¢p with ¢ = ¢y : Tr[c CHSH(¢'y, $5)] > S}

(FA46)

The above equation takes the union of two sets. The first set accounts for all those density operators UZ p in the block

specified by index i, j that achieve CHSH violation greater than S;; for fixed gb]é. The second set similarly accounts
for the case when ¢/, is fixed . Now, consider the following set,

4’AU4’B e U S +§AU(PJBU U S4’AU4’3+‘5B U U S¢A+5AU473+5B

Mije (FA7)

l6al<eo |op|<eo |oa|<eq
95| <eo

In the aforementioned equation, the analysis focuses on a set of density operators derived by introducing a parameter

€ to the initial angles ¢, and gb{g, both individually and concurrently. The defining characteristic of these modified
density operators is that the expected value of the CHSH operator evaluated on them remains greater than or equal
to the initial CHSH value §;;.

Given discrete points ¢, and ¢ located at the midpoint of their respective intervals, the inherent symmetry of

the underlying function or data distribution implies that the maximum deviation from these discrete points will
occur symmetrically around them. Consequently, a small perturbation € from the midpoint will result in equal
magnitudes of deviation, such that the deviation at ¢/ A +e 18 equivalent to the deviation at ¢! ‘A, —e» and similarly for
47]3’. The spectral norm of the difference between the CHSH operators evaluated at ¢/ a, and ¢ Ap+e (and similarly for
gb]Bl and ¢]Bz 1) is equal to the largest singular value of this difference operator. Let us define the maximum of the

spectral norms of the differences in the CHSH operator as,

6y = max (||CHSH(¢h, ¢}) — CHSH(@)) + €, ¢}l
ICHSH(¢y, ¢) — CHSH(@',, ¢ + €)oo, (F48)
ICHSH(¢s, 9) ~ CHSH(@} + €, 9} + )]l

This spectral norm corresponds to the largest singular value of these difference operators. For the Hermitian CHSH
operator, this largest singular value coincides with the absolute value of the largest eigenvalue of the respective
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difference operators. The spectral norm can be found as,

|CHSH (@l ¢}) — CHSH(@) +¢,¢))]|
_H <COS ¢l +e€) —cos¢ly  sin(¢l +€) — singy ) - (-(1 —Cosqb]é) sinq)é ) H (F.49)

sin(¢), +€) —sing!, — cos(¢}, +€) — cos P’ sin ¢y 1—cos ¢l

Now, one can use some simple trigonometric relations to decompose the relation A cos = cos(¢’, + €) — cos ¢, and
Asin = sin(¢'y +€) — sin¢,.

A cos = cos(¢ly + €) — cos(¢’y) = —2sin (W) sin (W) = —2sin (cp% + %) sin (g)

Asin = sin(¢}, + €) — sin(¢’4) = 2 cos (W) sin (W) = 2cos (4)2 + g) sin (g)

, j
1 —COS(P] = 2sin? <¢B>
2
sm<pB—25m <¢]B> ( > >

(E50)
From (F.50) and (F.49),
CHSH(), ¢}) — CHSH(¢!y +e,9})]| _
—25sin? % 2sin 7 ]
| (o {gh Damis) 2eosth ) n()) ot (%) 2em(%) e (Z)H
2cos (¢} + §)sin (5) 2sin (¢, + 5) sin (§) 2 sin <¢2{3)cos (4;/3) 2 sin? (2]B>
e ; 10 (F51)
=|2sin3 (cos((pA + - ) —sin(¢y + = )O'Z) ®2 (Q (4)3) — (0 0)> H
=||2sin (g) Kcos (4)%) cos (g) —sin (4)2) sin (g)) oy — (sin (4)%) cos (;) + cos ((l)%) sin (g)) (TZ]

2((h) = (0 ).

. . . . 3 5
Using Taylor expansions for sin{¢} and cos{¢}, sinx = x — 5 + % —--- andcosx = 1 — 5 + ;7 —--- Ifx <
1,cos x =~ 1 and sinx ~ x. Also using cosa +sinb - x ~ cosa and sina + cosb - x = sina for x < 1, one can have

n(5) =
o () o (£) - sin () v (5) e (4 =
sin () s (5) s () sn (5)) =i ()

Now, combining the results of (F.51) and linear approximation for € > 0 in (F.52) we get,

|cHsH(@, ¢} - cHSH(g! +e.¢))|

~|e (cos (¢4) oz —sin (9} ) 0=) @2 (g (¢h) - ((1) 8)) I (E53)
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Similarly, one can find the spectral norm when only (]){g is being perturbated by € as,

ICHSH (¢, ¢}) — CHSH (@', ¢ + )| |eo
2c02(%)  2sin (%) cos (% 2sin (g} +5) sin (5)  ~2cos (g} +$) sin (5)
o (2)en () (> <<> >)®(2ws((¢% )>sm(z> —%m&éis))sw@)”w
“l2(e (1) - (1))
o =2 (5) [ e (4 o (5) =3 (04 s (5)) (s () o () = con () s ) ]
o2 (o) - (§3)) @ eos (6 - sn 1) )

The spectral norm when both ¢/, and <p{3 perturbated by € is found to be,

[eo)

[ee]

ICHSH(¢y, 4>f ) — CHSH(¢y + €, ¢y +€)]]o

2sin (¢, + 1n( ) —2cos (¢, +5 sm (5) Zsm 4’3 sm(%) —2cos (%""%) sin (%)
_H( 2cos ( qu ) sin (%) —2sin 4)2 )sin (5) )® (_2COS <¢B Sm(z) _2sin (¢Jé+%) sin (£) Hoo
—H 251n( ) Kcos (¢A) COS( ) sin ((j)A) sin (%) (sm (¢A) cos (;) + cos (fpix) sin (g) U'Z}
( j .

)
® —2sin (;) [(cos (cp] ) cos ( ) sin (47%) sin (g)) Ox — (sin (([)]é) cos (g) + cos
z”e (cos (tpfq) Oy — sin ((l)A) UZ) ®e (cos ((])J ) Oy — sin (4){%) (TZ)

[ee)

Hence, combining the results of (F.53), (F.54) and (F.55) into (F.48), we finally get, (E.55)
0p &~ max (He (cos (4)2) Oy — sin (cpfq) (TZ> ®2 <Q (cpé) - <(1) g)) Hoo,
[E (Q (#4) - <8 ?)) e (cos (¢}) ox —sin (¢h) =) | _ (F56)

He (cos (4)2) Oy — sin <¢f4) O'Z) e (cos (gbé) 0y — sin (gbé) U'Z) oo)
One can provide an upper bound to the above relation using the property of submultiplicity of spectral norm[Wat18]
as,
(e @)~ (60)).
2((68) = (0 2)) .. e (cos (oh) o sim (44) ) .
e (cos (i) o —sin (¢4) o=) || _ - |le (cos (¢h) o —sin (¢}) o2)

§max<e 251n<¢3>, 2cos<¢A> €, €2>

< 2¢

dp < max (He (cos (gbi‘) oy — sin (4)2) O'Z)

) (F.57)

The equality holds for the spectral norm of Kronecker products, therefore, this upper bound is exact. Now in the

interval I, sin (‘PB) and cos <¢A> functions are monotonically increasing and decreasing respectively. The first

term 2 sin (‘PJB) is increasing from 0 to 1.414 and the second term 2 cos <¢A) is decreasing from 2¢ to 1.414. Thus,
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the max1mum deviation of the CHSH operator is achieved when ¢, is fixed at 0 but 4) p is increased by €g. Thus every
state o’ 2p that would attain CHSH value S;; at iy W =0, ch 4731 (cp “W=0, 47;3 = 4)% + 60) would attain CHSH value

Sij — 2€p at 4)A =0, ¢B = ¢B + ¢ (¢A =0, ¢B = 4)31)' Thus, we finally have,

Tr(o CHSH(0,¢})) = Sij, Tr(p CHSH(0,¢)y +€p)) = Sij — 2€0, Tr(p CHSH(0, ¢y — €9)) = Sy; — 2€q,

or Tr(p CHSH(0,¢})) = S;; —2€9, Tr{p CHSH(O, ¢ +€)) = Sij,  Tr(p CHSH(O0, ¢ — €0)) = Sij, (F.58)
Vo € M;/;j""e
where
9]
Mijf;e
j - ' '
—{pe ijf; 5| Tr(p CHSH(0,¢})) = S} U {p € Mf;f; % | 3s e {+1,~1} : Tr(p CHSH(0, ¢l + sen)) = Sy}
Case A Case B
(F.59)

Thus, for each segment Ip and 14 being centralised around discrete (p]él and ¢f‘\k for I'" and k™" segment, respectively,
performing the optimisation with relaxed constraint value S — 2¢g would take into account the dependency on 4)2
and 4)% through the maximum deviation in the CHSH value.

5. Relating the change in (pi‘ to the optimization problem

The objective function in (F.19) is a function of the density operator describing the joint state between Alice
and Bob and Alice’s angle ¢,. To analyse the dependency of the solution of the optimisation problem on ¢';, we
reinterpret the Frobenius norm terms in (F.19) using dual norms. Dual norm is an indispensable tool in quantum
information theory and semi-definite programming because they bridge the limits of quantum operations, e.g.,
distinguishability, entanglement, and convex optimisation via conic duality, enabling tractable solutions having
physical interpretability. Since the Frobenius norm is self-dual, this framework retains the norm structure while
emphasising its role as a maximiser of inner products Specifically, translating the squared Frobemus differences

into their dual characterisation reveals how ¢, governs alignment conditions between the states Iy 4p and the maps
Ag, Aq. The dual norm’s supremum property enables bounding critical trade-offs in the objective function, such as

the balance between state fidelity (1,1 — ) and distinguishability 1, which directly depend on ¢, .
Theorem 4: The Frobenius norm || - || on m x n matrices is self-dual.

Proof: Let A € C"*" and A € L(X,Y) for some Hilbert spaces X, . The Frobenius norm is given as[Wat18],

JAllF = /Te(ATA) = \/(4, 4), (F.60)
Now, from the definition of the dual of a norm,
[Al[g« = {sup (Y, A) : [[Y][F <1} (E61)
where Y € L(Y, X) Now from Cauchy-Schwarz inequality for (-, ‘)¢
Y, A)r < Y[l llAllr < [[Alle (F.62)
Thus from (F.61) and (F.62),
< [lAllF (E.63)

The equality will hold only when Y is aligned with A. Let Y = A/||A||g, then ||Y||r = 1 and

1 _ lIAl2

Y, A)p = A Ay —
(Yo A =y A A = A,

= [lA]lf. (F.64)
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Therefore the supremum is attained when Y aligned with A and we have,
[Allgx = [|Alle (F.65)

O
Now using the definition of channel Ag and Aj in (B.2), one can expand the modified optimisation problem in (F.19)
as,

n(8y) = inf ATr( [0 — Aolphy]]  [olhs — Aolehs]] )
+ (=T [olhs = mlolsl] [0 — Mles)])
+ 57 (k] [oks])
=inf a1 oy — ololhal] ") + (-7 [lha — Asloll])
Sy
—inf ATe( [ol]y — (QO) @15 QUO) @1+ {1-Q(0) 81 o}, (1~ Q) @ 1})]")
+ (1= 7T ([0l — (QUol) @1 ey Qi) @1
HI- Q) 91 ol (1- Qgl) o 1))
w51 ([eh])
Tr (o) CHSH(9l1, ¢})) = Sy
P € [0,7/2],
Pap = 0
Tr(p}hp) =1

(F.66)

s.t.

We can also express the above optimization problem in terms of commutator and anti-commutator between the
density matrix and the projectors. The product of any density operator p and a projector can be decomposed using
commutator and the anti-commutator through the following Lemma.

Lemma 10: Pp = }{p, P} — }[p, P] for p € D(X) for some Hilbert space X and P € Pos(X).

Proof: Expanding the right-hand using the definition of anti-commutator and commutator, we get,

o Py 3lo. P

1 1
=5 (PP + Pp) — ;[P — Pp] (F.67)

=2 (P0) + 5 (Pp)
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Now using the Lemma 10 in (F.66), one can have, .
w(s) =inf e ( |oly — (3 Q0 1) - Jipks, Q0 1)) QO) o
- (3 1- QO @ 1)} = 316l (1- Q) 1)) {H—Q(O)@H}D
+ = (ks — (30 QU @1}~ 3loy Qo) 911 ) Qo) o
- (3 (1= Q) 9 1) = 3ok (1 Qg 1)) {H—sz)@n}r) .

-
e (o))
st. Tr (sz CHSH(¢',, 49;5)) =S
Pl dh € [0,7/2],
Pap = 0
Tr(pZ‘B) =1

a.  Perturbing the parameter ¢y in Q(¢',)

The projector Q(-) is of dimension 2 x 2 and orthogonal onto the one-dimensional subspace spanned by the unit
9
vectors v(0) = <C955
sin 5
first-order Taylor expansion of this function about f under a small increment € < 1 yields,

QB +e) = QB)+eQ'(8) +O(e?), (F.69)

where Q’(6) is the first order derivative of the projector Q. As e — 0, norm of the higher order terms in O(€?) are
bounded by Ce? . Thus, Q(¢ + €) is linearly approximated up to first order derivative of Q(¢) with respect to 6.

> . Hence, we can write the projectors as Q(8) = v(6) v(8)T. If Q(8) is a smooth function, the

Q(0+¢€) =~ Q(F) +€eQ'(9) (E70)
The first order derivative of the vector v() is given as,
—1sin(6/2
0= (6) - (Lot ) e
Now from the definition of Q(#) and matrix product rule one can have,
Q) = %(U(Q)U(G)T) = 0/(6)0(0)T +0(6) (' (0))" (E72)

and finally,

(F.73)

Q(0) = 0(9)/0(9)T+v(9)(v(9)/)T:( —cos(6/2)sin(6/2) 5“052(9/2)—““2(9/2”),

1 (cos?(8/2) —sin?(0/2)) cos(6/2)sin(6/2)

Using the identities sin = 2sin(#/2) cos(#/2) and cos @ = cos?(/2) — sin?(8/2), the above equation simplifies to
the following compact form,

Q’(G) _ ;(sin@ C?SQ) (E74)

cosf sinf
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Hence, the first-order Taylor approximation of Q(6) comes out to be,

Q0 +¢€) ~Q(0) +eQ'(9)

B cos? (Q> cos (Q sin (Q) —sinf cosf
- (cos (g) Siil (g) sii2 (g) N ( cos f sinG) (F.75)
)

€
2
cos? (%) - %@ cos (g sin (g) + %S(Q)
~ Ccos ( + €esin(0)

g) sin (g) —i—%s(e) sin? %)
After establishing an approximate value of Q(¢ + €) one can proceed by expressing (Q(¢, +¢€) @) pg p in first order
linear approximation as,

(Q(¢y + &) @Mplh; = (Qgly) ©Mp'h, + e(Q'(¢y) @ T)plh, + O(?) (E76)

and terms of anti-commuting and commuting operators from the result of Lemma 10 and (F.69) as,

(Q(¢ly +e) @ D)o’y = {pAB, (¢4 +¢) @I} — [pAB,Q<¢;+e>®HJ (E77)

We expand the commuting and the anti-commuting term individually as,

Pl Q¢ +€) O T — Q¢ +e) @ T plhy
= ol (QUh) @ T+e(Q(9) 2T) + O(?))
- (QUi) @ 1+e(Q(9h) @) +O(e)) iy
= (phs QoY) ©T— Q(g) @1 ply)
e (plls Q) @1 - Q'(9h) @ T plly ) + 0 (¢2)
= [0l Q) @ 1] + elplhp, Q' (1)) 1] + O(?) E78)

5 Qs +€) @1

Similarly, for other terms we get,

{045 QP +€) @} = {5, Q@) @ T} + e{plhp, Q'(9)) @ T} + O(e?)
[ (1= Q@) +€) ® )] = [}, (1= Q@) @ 1) +€[ply, (1= Q' (@) @ 1] + O(€?) (E79)
{04 (1= Qs +€) @)} = {oh5 (1= Q(¢p}s) )} + {4 (T - Q' (ply) @I} + O(€?)

Now, let us consider the following function,

e (A ¢y, 00 ) — R (F.80)

being defined as follows,

h(A,¢f4,p’;iB>=<1—A>Tr([pif;5—( {05 Q) © T} — [pAB,sz)m]) Qi) @

) (F.81)

.. . . 2
- (36 (1= Qo) 9 1) = 31k (1= Q) ©1)] ) {1- Qo) 911 )
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Now, one can bound the small perturbation € in ¢, using triangular inequality as,

1A 9l plhs) — H(A, ¢l + e, php)|
S‘h(/\;(/);\/pi{lB) + ‘h(/\/¢i‘l te pZXB)‘

<(1-N)Tr ([pggB_ (1{sz, () @1}~ 2}y Q<¢z>®n]) Qg @1

.. i . 2
( s (1- Q) D) — 2ok (JIQ(¢2)®H)]) {11@(4&)@11}} )

71 ( [of — (3 (6l Qs + o) @ 1) = 3100k QU0 +0) 1)) Qg +e0) 0T
1

2
( {ohp (- Q¢A+eo)®11)}—*[PAB( —Q(¢2+eo)®n)]) {H_Q(‘Pfq-i-eo)@ﬂ}} ) (F.82)

(pAB ({pAB,QwA)@H} [pAB,Q@fA)@m)Q(wA)@H

B ' ) 2
( (- Q(gly) @ 1)} 1[p23,<n—g<¢z>®n>])<H—Q<4>'A>®H>]
+ [pha- (z{pAB, Qs + e0) @ 1} 3l0l15 Q9 +0) 91 ) Qg +e0) 0T

~ (30ks (1= Q0 +c0) 91}~ 3y (1 Qg + ) @) ) (- Qg + ) )| )}

To simplify the calculation, we simplify the perturbing and non-perturbing terms separately as,

1

Mo y g . 2
A—_ng—(l{p’f . [pABP])Po—(1{p’,43,<11—Po>}—2[p23,<n—zvo>]) -]

[ i 1. i 2
= 91{13 {PAB Po}Po+ 5 [PAB Pyl Po {PAB (I— PO)}(H_PO)"‘Z[P,{xBr(]I_PO)](H_PO)}
S )
= [Phs = (o) kg (o) = (1= Po) plh (1= )]
— (o Pyt Py ol — 2Py ol Py
Pap Lo+ Fopap —2F0 04p 0}
r .. e 2
= (0= Ro) o} (Ro) + (Ro) (1 = )]

(1= Po) s Q) 1 p4p(X = Po) + Py php (L= Po) py o)
= Ap+ A4

(E.83)
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and
B — Ly i i L i i
[pAB (2 {Phs Q@ +c0) @1} — = [ Qs + o) ®H}> Q(¢fy +e) T

2

= (3 {phn1- Q) o1}~ § oy - Qh + ) 1] ) 1= Q6 + ) 01
= ({6}, Qs +c0) ©1} ~ 200y +e0) @1} Q91 + o) @11
— [ (1 Q0 + o) o 1) + (~20(0) + en) 1650041 + o) 1)’
— {0 Q¢ + €0) ©T}2Q(¢)s + €0) @ Tp}Q(¢)s +€0) BT
—2Q(¢)s + €0) ® 1p}Q(¢}s + €0) ® 1o}, Qs + o) © T}
= | (0l o} + ol i} + O+ (s8kntiolet) — ({6l €1260) — (280 kst ol 1)
= | ({0hs PoY* + €0 ({0hp Po} ok, P} + {0 PrHO g Po} ) + €8 (kg P1Y) + (407580058 )
~ ({0%hs 6¥280458) — (200hsc ok 1) | + O(ED)
[({pAB’PO}Z + €0 ({pAB’ PoH{ohs P} + {pAB’Pl}{pAB’P0}> + eO{pAB'P1}2>

+4 (POPABPOPABPO + eo(Pip)l 5 Pop'hsPo + Pop ks Prp'ssPo + PopisPopissP1)

(F.84)

+€(%(POPZXBP1PZXBP1 + PlPZBPOPZprl + PlPZprlpz,{xBPO + Plpizxsplpz,{wpl)) -G - CZ} +0(ep)
= By + €9B1 + €3B, + O(€d)

Bo = {p'h5 Po}? + 4Pop’s 5 Pop's s Po — 2{p, Po} PopPo — 2PopPo{p, Po}

By = {PAB,PO}{PAB,P1} + {pAB, Pl}{PAB,PO} + 4(P1PZ‘BPOPZBPO + POPnglpZBPO + POPZBPOPZBPH
—2({p, Po} (PopP1 + P1pPo) + {p, P1} PopPo) — 2((PopP1 + P1pPo){p, Po} + PopPo{p, P1})

B, = {PZB,P1}2 + 4(P04023P1PZBP1 + PlPZBPOPZBpl + Plpr;BPlpfiBPo + Plngplngpl)
—2({p, Po}P1pP1 + {p, P1 }(PopPy + P1pPy)) — 2 (P1pP1{p, Po} + (PopP1 + P1pPo){p, P1 })
where & = (Py +eoPy + O(€2)), Py = Q(¢'}) ® I Py = Q'(¢}) @1
G =-2 [{PI Po}PopPo + €0 ({p, Po} (PopP1 + PipPo) + {p, P1 } PopPo) + €5 ({p, Po} PrpP1 + {p, P} (PopPy + PlPPO))} + O(e5)
C=-2 [Popl’o{P/ Po} + €0 ((PopP1 + P1pPo){p, Po} + PopPof{p, P1 }) + €5 (PrpPi{p, Po} + (PopPy + PipPo){p, Pl})} + O(e5)
Inserting the explicit forms of A and B in (F.82) yields,
(A, @i, 45) = HA, s+ €0,P45)
< (1—A)[Te(A + B)] (E85)
< (1= A) [Tr(Ao) + Te(A1) + Tr(Bo) + eoTe(By) + € Tr(By)

Now, upon solving each of the term separately we have,

Tr(Ag) = Tr((1— Q(¢4) @ 1) PAB Q(¢ly) @ T p)5(1— Q(¢y) ®1))
:Tr(( Q : )®]I) pAB ( (PA)®]I) pAB) (F.86)
= Tr(pAB (1 Q(¢h) @) plh5 (Qgy) @ T)
< Te( )y (T Q(¢y) @) p'f)



42

The inequality in the above equation arises from the Loewner order for two hermitian I and projector P = (Q(¢';) ®
I) as,

(I-P)>=0

P=<1

YP<YI (forY=p(I—P)p>0)

YP <Y

Y—-YP>0 (F.87)

forp:pZB.
Coming back to the proof for Tr(Ay)
Te(Ag) < Tr( plhp (1— Q(¢y) @ 1) p)
< Tr( pl)y (1 Q(¢y) ®T))
< Te( plhp) — Tr( p)hp(Q(eY) @ 1) (E88)
<1-Te(p)5(Q(¢ly) @ )
<1 (asTe(p)(Qgly) ®T) > 0)

Similarly,

Tr(A1) = Tr(QU9y) © 1) P (1~ Q9ly) © 1) oy (QUo) ©1)
= Tr((Q(¢}a) ® 1) plhg (T— Q) 1) p4p) (F.89)

Now we can proceed towards computing other trace in a similar fashion.

Tr(Bg) = Tr <{pABfP0}2 +4Pop!s s Pop’s s Po — 2{p, Po} PopPo — 2PopPof{p, Po}>
=Tr ((PAB Py + Py PAB) + 4P0PABP0P —2{p, Po}PopPo — 2PopPo{p, Po})
Tr ((PZB Py)? + (P php)? + 0hp PoPo o4 + Po PABPAB Py +4Pop’s s Pop') 5 Po — 2{p, Po} PopPo — 2PopPo{p, Po})
(T (k5 Po p'hp Po) +Te(Po p'h5Po p'h) + Tr(p'hs Po p'hp) + Te(Po p'h0'h s Po) + Te(4Pop’s s Pop's 5 Po)
—2Tr((p Po pPo) — 2Tx(Po p PopPo) — 2Tr(PopPo e Py) — 2Tx(PopPo p)))
(Tr( POpAB Po pAB) +Te(Fo fOABP0 pAB) + Tr(PAB Po 0}4p) + Tr(Py PZBPZB) + 4Tr(POPZBP0PZB)
—2Te((Pop Po p) — 2Tx(Po p Pop) — 2Tr(PopPy p ) — 2Te(PopPo p)))
(Tr(Po 0k s0'hs)) + Te(Po ppp'h ) — 2Te(PopPo P)))

= 2(Te(Py (php)?) = Te((Pop)p)?)

~ (F90)
Using a similar form of Loewner order for two hermetian I and projector P it can be proven that 0 < Tr(P (pi{l p)?) <
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1and Tr(Py (0'h5)2) > Tr((Pop') 5)?).-
P<1I
(1) P= (0 (¥ = (o) = 0)
(0'h5)> = (04p)* P = 0
Tr((0%45)?) — Tr((p%5)> P) >0
1- Tr((pZB)Z P)>0
0< Tr((pZB)2 P) <1 (since pZB > 0and P > 0, lower bound by 0) (F.91)

and,
P <1

(PZB PPZB)P = (PZB PPZB) (Y= PZB PPZB = 0)
Te(p'hs P p'hs) — Tr((plhs P)2) > 0
Te(pl, P o'l p) = Te((o'h; P)?)
Thus,
Tr(By) <2 (F.92)

Tr(B;) can also be computed in a similar fashion.
Tr(B1) = Tr({0ag, PoH{00ag P} + {Php, PrH{Pa, Po} + 4(ProisPopisPo + PoplhsProihsPo + PoplssPoplssPr)
—2({p, Po} (PopP1 + P1pPo) + {p, P1} PopPo) — 2((PopP1 + PrpPo){p, Po} + PopPo{p, P1}))
=Tr (45 Po+ Pophp)(Phs Pr+ Prothp)) +Tr (s P+ Prphs) (ks Po+ Pophs))
+4Tr (Prp}Pop'ksPo + Popk Pk Po + Pop'hsPoplhsP1 ) — 2Tr ({0, Po} (PopPy + PioPo) + {, P} PopPo)
— 2Tr ((PopPy + PrpPo){p, Po} + PopPo{p, P })
=Tr (PZB Py plhp Pl) +Tr (PZB Po Py PZB) +Tr (PO Ohs PAp Pl) +Tr (PO Ohs P1 PZB)
+ Tr (pZB Py pZB Po) + Tr (pZB PPy pi{;B) + Tr (Pl sz pZB Po) +Tr (P1 pZB Py sz)
+4Tr (i)l PoplhpPo ) +4Tr (Poplh PrplhPo) + 4Tr (Pop'tsPop'sP )
—2Tr (p4p Pophg P1) — 2Tr (g Po Pr o4 Po) = 2Tr (Po ok Po pihp P1) — 2Tr (Po plhy Pr k)
—2Tr (PZB Py By PZB PO) —2Tr (Pl PZB Po PZB PO)
—2Tr (Po 4 P hs ) — 2T (Po ok Pr Po ) ) — 2T (P plhs Po ks Po) = 2Tr (Py o) Po o))
—2Tr (PO PZB Py PZB Pl) —2Tr (PO PZB Py Py PZB)
=Tr (PZB Py Py PZB) + Tr (PO PZB PZB Pl) +Tr (PZB Py Py PZB) +Tr (Pl PZB PZB PO) +4Tr (POPZBPWZBPO)
0Ty (pr P Py ol PO) 0Ty (prB P o'l Pl) Ty (pZB Py Py ol PO)
—2Tr (ks Pl P1) — 2T (Ro ok P1 Po ph) — 2Tr (Po plhp Po P pl)s)
= Tr (0 ks Po P1) +Tr (Po kg 00k P1 ) + T (Po ok 0k P1) + T (0045 ks Po P1) +4Te (ks Pop Pt
—2Tr ( Phs Po ks P Pl) — 2T (PZB Po g Pl) —2Ir ( Po 4 Po kg Pl)
—2Tr (ol Po ol P1 ) — 2T ( Po o Po ol P1) — 2T ((0lhs Po ol Po P1)

_ ij i i if ij ij ij ij
*ZTY(PABPAB P0P1> +2Tr (POPABPAB Pl) _4Tr(PAB Py ppp P0P1> _4Tr(P0pAB Py pyp Pl)
(F.93)
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The four trace term can’t be solve as the earlier three cases. P; = Q'(¢/)) xI = Q'(8) = 1 (135}99 Z?;g) is a

Hermitian operator but not a Positive semi-definite operator(eigenvalues are £3).

(I—P) =0 (eigenvalues are % and i)
=P (F.94)
pZB pZB Py # pZB plZ‘B Py Py (Y = sz pZB Py does not commute with P1>
Since PZ B PZ g Po and P; does not commute we can’t use the above partial ordering but since P is hermitian we can
have spectral double sided spectral bound.
Amin(H) T 2 H = Apax(H) T (E95)
Equivalently we can write,
Ain(H) Te(Y) < Tr(YH) < Apax(H) Tr(Y) (F.96)
for Y = 0. Alternatively, (I — Pp) is a Hermitian so we can the following spectral bound.
Amin (= P1)) Tr(Y) < Te(Y(IL = P1)) < Apax (T = P1)) Tr(Y)

1 3 (E97)
ETr(Y) <Te(Y) —Tr(YPy) < ETr(Y)

The above relation requires Y to be a positive semi definite matrix. This possess a serious flaw. As per the given

setting this requires the complete knowledge of the density matrix and the projector operator which compromises
the generality of the proof. Alternatively we can can be upper bounded using the Holder inequality [Wat18] as,

‘TT(PZB PZB Po Pl)‘

i i
<] oz 5 2], 1]

IN

| @hs ]|, [P0l (F98)

Tr(p% )

IN O IA
NI N = N =

Similarly,
‘Tr (PO PZB PZB Pl) ‘

< bl I, o

IN
N =

Also,
’Tr (PZB Py PZB Py Pl)‘
< |5 Pop ksl I1PoP1 |
< I’k Poll, llo4s 1, | PoPa |,
< ll4sl, 10311, 1 Polles 1P 1
= '} 5113 I Polleo [IP1lloo = Tr( (07 5)?) - 1-

1
5

(F.100)

NI~

<
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Finally for Tr (PopZBPOPZB Py)
‘TY(POPZXBPOPZXB Py) ‘

< || PoehsPop sy 1Pl

< || Poozsll2 [ Porasllz 1Pl

< Il 1ol [ o
< (o) 1+ 5
<1
Coming back to evaluating Tr(By)
Tr(By) =2x+2y —4u—4o, |x|,|y|, |ul,|o| < 3, (F.102)
the worst-case bounds are
maxTr(B1) =2(}) +2(1) —4(-3) —4(-1) =6, (F.103)
minTe(B1) =2(—}) +2(-1) —4(3) -4(%) = -e. (F104)
So,
ITr(By)| < 6. (F.105)
A tighter bound exists but for that an additional assumption is needed.
supp(p) C ran(P) (F.106)

Support of p is the span of all eigenvectors with non-zero eigenvalues. Range of the projector Py is span of all nonzero
columns of Py. Following two relation can directly be followed from the given assumption.

olp) =Aly) ¥V (A>0) = ¢ €cran(R)

Poly) = |¢) V|¢) € supp(p) (P act as identity operator to ¢) (E107)

For any vector |¢), decompose p|¢p):

plo) = Y APl @) i) +AZOO' (el o) [9x)

p)
= ;)‘k<¢k|4’>‘¢k>r A >0, [¢r) € supp(p)
P(plp)) = P (;Ak<¢k|¢>lpk>>
= ;)\k<¢k|¢>P|lPk>
= ;Ak<¢k|¢>\¢k>

=plp) Vip)
Pp=p

(F.108)

pt = (Pp)t
— ptpt
=p

(F.109)



From the last two equation,

p = Pp = pP = PpP

Now using the above relation Tr(B; ) bound can be tighten using the third term Tr(pz BP()pZ 5PoP1).

(pABPOpABPOPl)
= Tr((Pop PO)PO(PopABPO)Pl) (substitute p’}; = Pop’s5P0)
= Tr(PO(pABPOPAB)P()Pl)
= Tr((p’43Pop’s ) PoP1 o)
= Tr((pA5Popa5) (PoP1Po))-
Now, Py = Q(6), P; = Q'(6) we have,
P3 =P,
PyPy = P,
PPy + PP =P
PPy Py + PyPyPy = PyPy
PyP1 Py + PPy = PyPy
PoP1Py = 0
thus,
Te(B) = 2x+2y—4o, [xllyllol <} = |Te(By)| <4

Since €y > 0 is a very small quantity, eg << egwehave B= By+¢€yB; + (’)(6(2)). Now, from (F.85),

(A 9, 0h5) = BV @l + €0,005)|

(1-A)[Tr(A + B)]

(1 —=A)[Tr(Ao) + Tr(A1) + Tr(Bo) + eoTr(B1)]

(1= A)[1+1+2+epd]

(1—A)[4+4ey + O(€3)]

The above quantity is O(1) to make it O(e) we can use the result p = Pp = pP = PpP.

VAN VANVANRVAN

l

p'hs (1= Po) p'hs)
(1= Py) p)
(I—Po)Py p'hp Po)

Dy PAB Py — Py PAB Py)

I
=

Tr(Ap)

[
2 =

(
(
(
(

I
=

r

I
o

Similarly,

Te(Bo) = 2(Tr(Po p'h p'h5) — Tr((Pop'sPop'ss)))
2(Tr(P0pAB POPABP0> Te((Po o4 Po )
Z(Tr(POPABPOPAB) Tr((Po 045 Po 045)))

I
o

where Py = Q(¢',) ® I Thus finally,

‘h()\, G”fa'PZB) —h(A, @Yy + €0rPZB)
< (1—A)[4e0 + O(e5)]
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(F.110)

(F.111)

(F.112)

(F.113)

(F.114)

(F.115)

(F.116)

(F.117)
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b. Modified optimization problem incorporating the change in Alice’s angle
Now we are at a point where we can lower bound the maximal error in k" segment centered around (pi‘k. Using

Egs. (F117) and (E.57) in the modified objective function given in (F.19), we get the modified optimization problem
as,

n*(Sy) Z inf Aok — Aol + (1= 2) ks — Al
+ Sl —2(1 - Meo

st Tr (phs CHSH(¢y, 9h)) = Sij — 20 (E118)
¢fA,¢{; e [0,7/2],
PAB z0
r(PAB) =1

By averaging multiple instances or scenarios in the optimisation problem, the maximum deviation of the objective
function’s value from its expected or central tendency is reduced. Specifically, in this case, the maximum deviation
has been halved from ey = 4 to €{, = 2. This reduction occurs because averaging tends to smooth out extreme values.

Given that the optimal value lies within a symmetric interval of 47i4k + €, averaging over multiple such intervals can
lead to a smaller overall range of uncertainty for the optimal value.

Appendix G: Creating a convex hull from all two qubit functions C*(S) for all S € (2,2+/2]

In Eq. (C.22), it had been shown that the function C*(S) can be lower bounded as an integral of the function of
C*(S) over two qubit blocks, Cé4x4(5 ), over the range S € (2,2v/2],i.e., C*(S) > 52/\[2 17(dS") - Clana(S') such that
q([Z,Zﬁ]) <1, >0, and f o1 ( (dS")S" = S. Moreover, it has been showed that each such two qubit function
Céaxa(S') can further be lower bounded through a strongly convex objective function n*(S;;), using a modified
Pinsker’s inequality[SGP21] and the results from Egs. (D.6) (F.19). Now given values of CC4X4(S) for all S €
(2,21/2], one needs a convex function, say, C(S)[SGP*21] that would essentially give,

caxa(Sij) = C(Syj) (G.1)

for ij*" block. Thus incorporating this into (C.22) as,

2V/2 _
c(8) = [ n(ds)-C(s)
st n([2,2v2]) <1
>0

22 ds')s' = s
/S,:Zn( =

(G.2)

gives

C*(8) > C(S) (G.3)
The final task is to prove the existence of one such function C(S) that lower bounds C*(S).
Theorem 6: n*(S) is a valid lower bound for C*(S).

Proof:
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a.  Strong Convexity of the Objective Function

The optimization problem defining n*(S) is given as,

4

n*(Si) zinf{/\HPZB—AO {sz}Hi—i—(l—)&) HPZB — M {pZ\B}Hi pZBHi} (G.4)
st.Tr (ol CHSH(¢ly, 0)) = Sy

2
Now, the given objective function involving the Frobenius norm ||- H%- is strongly convex in p. The term 5 HPZXB HF

introduces y-strong convexity, and the linear constraints of the optimization problem preserve the strong convexity
on the feasible set. For fixed Sj;, the objective function is strongly convex in p. The parameterized problem’s solution
function n*(S;;) inherits convexity. Moreover, strong convexity implies quadratic dependence on the perturbations

in S;;. Thus, n*(S) is strongly convex in S for S € (2,2v/2]

b.  Application of Jensen’s inequality

For the measure 1 with,
2v2 2v2
[aasy =1, gzo [ys)s =s (G5)
2 2

Now application of Jensen’s inequality for strongly convex functions yields,

2v2 2v/2 n
/ 7(ds'yn*(S') > n* / 1(ds))s' ) + £ Vary (s') (G.6)

2 2
Since Vary, (5') > 0,
2v2
/ 7(ds')n*(8") > n*(S). (G.7)
2

Substituting C(S") = n*(S’) into the original inequality, we get,

2V2

C(8) = [ ylasn* (s = w(s) G3)
2
Therefore, C(S) = n*(S) is a valid convex lower bound. O
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