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Abstract

Decentralized min-max optimization allows multi-agent systems to
collaboratively solve global min-max optimization problems by fa-
cilitating the exchange of model updates among neighboring agents,
eliminating the need for a central server. However, sharing model
updates in such systems carry a risk of exposing sensitive data to
inference attacks, raising significant privacy concerns. To mitigate
these privacy risks, differential privacy (DP) has become a widely
adopted technique for safeguarding individual data. Despite its ad-
vantages, implementing DP in decentralized min-max optimization
poses challenges, as the added noise can hinder convergence, par-
ticularly in non-convex scenarios with complex agent interactions
in min-max optimization problems. In this work, we propose an
algorithm called DPMixSGD (Differential Private Minmax Hybrid
Stochastic Gradient Descent), a novel privacy-preserving algorithm
specifically designed for non-convex decentralized min-max opti-
mization. Our method builds on the state-of-the-art STORM-based
algorithm, one of the fastest decentralized min-max solutions. We
rigorously prove that the noise added to local gradients does not
significantly compromise convergence performance, and we pro-
vide theoretical bounds to ensure privacy guarantees. To validate
our theoretical findings, we conduct extensive experiments across
various tasks and models, demonstrating the effectiveness of our
approach.
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1 Introduction

Min-max optimization has been widely applied in various machine
learning (ML) domains, such as in-context learning [43, 47], gen-
erative adversarial networks (GANs) [29, 30, 50], and adversarial
reinforcement learning [32, 34, 69]. Traditionally, ML models have
been trained using high-performance clusters within large data
centers. However, the growing range of ML applications has led
to an increasing shift toward deploying models on edge comput-
ing networks. This change is driven by the need to process data
from geographically distributed sources (e.g., smart devices, ve-
hicles, and sensors) and the high costs or impracticality of trans-
mitting raw training data to centralized cloud servers due to com-
munication bandwidth limitations or privacy concerns [48, 58].
This paradigm is particularly beneficial in scenarios such as multi-
agent pretraining and fine-tuning of large language models (LLMs)
[11, 22, 23, 33, 53, 60], where collaborative efforts are needed due
to the sensitivity of fine-tuning data. It also benefits decentralized
min-max optimization applications, such as decentralized AUC max-
imization [26], multi-agent meta-learning [53, 61], and multi-agent
reinforcement learning [54, 83], as the decentralized framework
reduces communication overhead and mitigates privacy risks by
limiting direct data sharing among agents.

Despite the perceived privacy advantages of decentralized learn-
ing, which limit direct data sharing among agents, recent research
has shown that it remains vulnerable to privacy breaches due to
indirect leakage through model updates or gradient information
[31, 41, 62, 78]. An attacker can exploit shared model updates to
infer sensitive information from agents, and in some cases, even re-
construct the original training data [24, 35, 57]. These vulnerabilities
introduce substantial privacy risks, compromising the anticipated
benefits of decentralized systems. To mitigate these challenges, re-
searchers have employed differential privacy (DP) (7, 15, 17, 51], a
method that strengthens privacy by adding strategically designed
noise to local updates before sharing, thereby offering increased
protection against data breaches. While existing works primarily
focus on incorporating DP into centralized learning or standard
decentralized frameworks such as federated learning, applying DP
to decentralized stochastic min-max optimization remains largely
unexplored and presents unique challenges:
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o Adding noise for differential privacy in decentralized min-max
optimization introduces randomness that degrades gradient ac-
curacy, slowing convergence and destabilizing the optimization.
In such problems, even slight noise can disrupt the delicate min-
max balance and cause oscillations near saddle points. Privacy
noise thus poses unique challenges by destabilizing complex
saddle-point dynamics, complicating convergence in decentral-
ized, privacy-preserving settings.

e Decentralized min-max optimization faces additional difficulty
due to non-IID data across agents, causing local gradients to di-
verge and hindering consensus on saddle points. Adding privacy
noise worsens this by obscuring useful signals. The heterogene-
ity of non-IID data intensifies coordination challenges while
preserving privacy.

e Privacy analysis is especially challenging in decentralized min-
max setups because each agent adds noise locally and commu-
nicates iteratively, complicating cumulative privacy accounting.
Ensuring rigorous differential privacy without harming conver-
gence remains difficult.

In this paper, we bridge a critical gap by introducing DPMixSGD,
an innovative and efficient algorithm for differentially private decen-
tralized min-max optimization. Our method leverages the STORM
framework [16] to reduce gradient variance, crucial for control-
ling noise under differential privacy. Its single-loop design eases
implementation and privacy analysis. Unlike prior non-private
decentralized min-max uses [74], we adapt STORM with privacy-
preserving updates and a noise-aware convergence proof. The core
mechanism of DPMixSGD involves each agent perturbing its gra-
dients with carefully calibrated noise to ensure differential privacy.
These perturbed gradients are then shared with neighboring agents,
enabling decentralized collaboration while maintaining privacy. To
demonstrate the effectiveness of our DPMixSGD, we conduct a
thorough convergence analysis and assess the privacy guarantees
of DPMixSGD under practical and reasonable assumptions.

Our key contributions are as follows:

e We introduce DPMixSGD, a new algorithm that guarantees dif-
ferential privacy in non-convex-strongly-concave decentralized
min-max optimization. DPMixSGD is built upon STORM-based
algorithms tailored for min-max problems, providing robust pri-
vacy protection while maintaining high optimization perfor-
mance.

e We establish rigorous theoretical convergence guarantee and
privacy guarantees for our proposed algorithm, DPMixSGD. Our
proof shows that even with Gaussian noise added to the commu-
nication process of local gradients, DPMixSGD can still maintain
strict convergence. Meanwhile, by strategically designing the
noise added to the communication of local gradients in decentral-
ized min-max optimization framework, we achieve DP without
significantly degrading the algorithm’s performance. This ap-
proach effectively balances privacy preservation with strong
optimization results.

e We empirically evaluate the DPMixSGD algorithm on logistic
regression and AUROC min-max optimization tasks. To assess
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its performance, we compare DPMixSGD with several state-of-
the-art methods, including DM-HSGD [74], SGDA [6], and DP-
SGDA [79]. The results show that DPMixSGD performs robustly,
naturally preserving privacy while achieving results on par with
other methods. Moreover, we conduct a comparative experiment
between our algorithm and DM-HSGD to demonstrate that our
method significantly improves privacy robustness against Deep
Leakage from Gradients (DLG) attacks.

2 Related works

2.1 Decentralized min-max optimization

Numerous methods have been proposed to address min-max op-
timization problems, including gradient descent techniques [77],
momentum-based approaches [3, 37], mirror descent ascent meth-
ods [38], and stochastic gradient methods [14, 25, 55]. Building upon
these foundational techniques, various algorithms have been de-
veloped specifically for decentralized min-max optimization, such
as those in [44, 52, 56, 68]. Our approach draws primarily from
the decentralized min-max hybrid stochastic gradient descent (DM-
HSGD) algorithm [74], which achieves a stochastic first-order oracle
(SFO) complexity of O(x>e~>). Here, k = l% denotes the condition
number of the problem, defined as the ratio between the smoothness
constant L and the strong convexity constant y, and € represents
the target accuracy level for the optimization error. These devel-
opments have significantly expanded the applications of min-max
optimization, especially in the context of machine learning.

2.2 Differential privacy (DP)

Differential Privacy (DP) [19] is a rigorous mathematical frame-
work that ensures strong privacy guarantees when analyzing and
sharing data. Many algorithms have been designed to provide these
guarantees for minimization problems [13, 70, 72, 82], and some
have been further adapted to handle min-max problems [39, 80].
Several recent works have explored differential privacy (DP) in
the context of variational inequalities and saddle point problems.
Boob et al. [8] investigated DP stochastic variational inequalities
and saddle point problems, achieving optimal weak gap guaran-
tees; Gonzalez et al. [28] proposed DP mirror descent methods with
nearly dimension-independent utility guarantees for stochastic
saddle-point problems. However, their analysis is primarily limited
to centralized settings and does not extend to decentralized regime.
Bassily et al. [4] refined strong gap analysis using recursive regu-
larization techniques, but their methods require strong convexity
and are not directly applicable to min-max formulations in decen-
tralized environments. Zhou et al. [86] addressed worst-group risk
minimization through a stability-based lens, but did not consider
interactive or game-theoretic settings such as saddle-point opti-
mization. In the nonconvex-strongly-concave case, Zhao et al. [84]
introduced a DP temporal difference learning algorithm; nonethe-
less, their focus lies in reinforcement learning rather than generic
decentralized optimization. Our algorithm focuses on addressing
the current limitations of these prior works.

Privacy concerns are particularly prominent in distributed sys-
tems, such as federated learning [2, 36, 67, 73] and multi-party
computation, where nodes often need to exchange sensitive in-
formation. The main challenge in these scenarios is to safeguard
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individual data privacy while ensuring effective model training
and robust performance, especially in the face of potential threats
from malicious actors that could compromise the integrity of the
learning process. Unlike centralized settings, decentralized opti-
mization lacks a trusted central authority and requires nodes to
frequently communicate gradients or model updates over untrusted
networks, significantly increasing privacy risks. For instance, ad-
versaries can reconstruct training data from shared gradients, as
demonstrated in [87], making privacy preservation even more chal-
lenging in decentralized settings. To address this, it is crucial to
ensure differential privacy (DP) at each node. While existing work
such as DP-SGDA [79] has explored DP in centralized min-max
optimization, the decentralized case remains largely unaddressed.
In this paper, we propose a novel approach that enhances privacy
by injecting noise directly into local gradients at each node in a
decentralized setting. While DP-SGDA [79] ensures privacy in cen-
tralized min-max optimization through gradient perturbation, it is
not directly applicable to decentralized scenarios due to its reliance
on centralized data access and coordination. In contrast, our method
introduces noise locally in a distributed network, eliminating the
need for central coordination and enabling efficient and privacy-
preserving updates even in multi-agent systems. This design is
naturally compatible with decentralized architectures and leads
to improved scalability and communication efficiency. Following
the strategy in [18], our algorithm operates by exchanging model
variables x; and y;, which depend on gradients. However, instead of
perturbing the variables themselves, we perturb the local gradients
to preserve privacy while maintaining optimization performance.
This design makes our method particularly suitable for privacy-
sensitive decentralized applications, such as federated adversarial
training [64, 88]. We provide the Table 1 to intuitively illustrate
the differences between our algorithm and the baselines we use
in our paper. Our work thus takes a critical step toward bridging
the gap between differential privacy and decentralized min-max
optimization.

Table 1: Comparison of DPMixSGD with baselines.

Method DP Guarantee | Variance Reduction | Min-Max Setting
DM-HSGD X /(STORM) v
SGDA X X v
DP-SGDA v X v
DPMixSGD (ours) v v/ (STORM) v

3 Problem Formulation and Motivation
3.1 Problem Formulation

Before presenting our problem formulation, we first introduce the
mixing matrix W, which represents the averaging weights in the
communication network. The matrix W = {w,- j} € R™* "M js dou-
bly stochastic and satisfies the following conditions:

Wi=W'1=1 (1)

where 1 is an all-ones matrix, and W is the transpose of W. Note
that in this paper W is required to be symmetric, allowing the
communication network to represent undirected graphs.
Decentralized min-max problems are typically formulated in
a multi-agent environment, where each agent has access only to
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its local data and collaborates with other agents via limited com-
munication to optimize a non-convex strongly concave min-max
objective function. The mathematical form of a decentralized min-
max problem can be expressed as follows:

. _1N
min max f(x,y) = m;ﬁ( LY)s

xeXyelY

filxy) =E,up,Fi (X,y;z(i))

@)

where m is the total number of agents; X C R4 and Y C R%
represent the decision spaces for x and y, respectively; The local
objective function F;(x,y; z(i)) is L-smooth, non-convex with re-
spect to x, and strongly concave with respect to y; D; denotes the
data distribution on the i-th agent; z(!) is a random vector sampled
from the local dataset Z.

In order to simplify the min-max problem, we often introduce
@(x) = maxyey f(x y), reducing the problem to one that involves
optimizing only over x:

min ®(x) = min max f(x,y). 3
min (%) xexyeyf( y) )

Additionally, we introduce noise to the local gradients. To establish
the privacy guarantees of our algorithm, we now present the defini-
tion of differential privacy in the context of stochastic decentralized
min-max problems.

Definition 1. [Differential Privacy [20]] An algorithm A
Z" — R4 xR% s said to be (6, y)-differentially private if, for any
adjacent datasets z(!) ~ 2’ (on the i-th agent) and for all output
events O C range(A), the following holds:

P [y{ (z(i)) c o] < P [ﬂ (z(”’) c o] +y, (4)

where A (z(i)) is the output of the decentralized algorithm based

on i-th agent datasets z() P denotes the probability of the algo-
rithm’s output in the corresponding event. Note that two datasets
are said to be adjacent if they differ in at most one data sample.

Empirical risk plays a crucial role in differential privacy. By
optimizing the empirical risk across all agents, the algorithm can
effectively train a global model while protecting individual data
privacy. Furthermore, empirical risk minimization helps evaluate
the impact of privacy-preserving mechanisms on the overall system,
ensuring that the algorithm can still converge correctly and produce
a meaningful model even after the addition of noise. By combining
STORM with gradient tracking, our algorithm effectively mitigates
consensus errors and ensures convergence in decentralized settings
with non-identical data. This makes it more robust and suitable for
complex distributed scenarios. In this paper, we define the average
empirical risk as the mean of the local gradients estimators g; across
all agents, expressed as follows:

_ 1Y ) (D) G
Vxfs(X¥) = g = - Z V«F; (th)’ygt);zgl))
i=1

(5)
1 i i i
LB (gt_l-;zvxﬂ (x;_a,y;_z;zp))
i=1
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The empirical risk is constructed by F; ( (l), (i );z(i)), which is

the local loss functions across all m agents, where z() denotes the
data of the i-th agent.

3.2 Motivating Applications

Our motivation stems from concerns about privacy leaks in the
real-world applications of decentralized learning. Here, we present
two motivating applications to illustrate the practical relevance of
our work:

e Decentralized Min-Max Learning in Healthcare: Decentral-
ized learning is widely used in healthcare to enable collaborative
model training across institutions without sharing sensitive pa-
tient data [41, 46, 65, 66]. Each hospital trains a model locally
using its own records and communicates model updates—such
as gradients—with its neighbors. However, this process intro-
duces privacy risks, as shared updates may leak confidential
information. Beyond privacy, healthcare itself presents intrin-
sic min-max structures: resource allocation problems—such as
distributing ICU beds, vaccines, or staff—often aim to optimize
system-wide performance under limited capacity by minimizing
the worst-case delay or maximizing the earliest service avail-
ability [59]. Motivated by this, we propose a decentralized min-
max optimization framework, where each hospital solves a local
min-max problem that captures both learning objectives and
operational constraints inherent to healthcare. To ensure patient
confidentiality during collaboration, we incorporate DP by inject-
ing calibrated noise into local updates. This mechanism prevents
sensitive information from being inferred from shared gradients,
enabling secure and privacy-preserving model training across
institutions.

e Decentralized Min-Max Learning for Financial Systems:
In financial systems [63, 85], institutions often need to collabo-
ratively train models—for tasks like risk assessment or market
forecasting—without sharing sensitive data. Many of these prob-
lems naturally follow a min-max structure, as each agent seeks
to minimize risk or loss under worst-case scenarios or regulatory
constraints. Since financial data is highly sensitive and regulated,
differential privacy (DP) is critical to prevent leakage of propri-
etary or customer information through shared model updates.
By introducing noise into local computations, DP enables in-
stitutions to collaborate securely without compromising data
confidentiality.

4 Solution Approach

In this section, we first outline the necessary preparations for the
algorithm and then proceed to present the algorithm along with
detailed explanations.

4.1 Preliminaries
Before detailing the proposed algorithms, we define the notations

and key concepts used throughout this paper. Let x( D and y repre-
sent the column vector parameters on the i-th agent at ¢-th iteration.

The matrices X; and Y; are defined by stacking the vectors x( ) and

yg B across all m agents, i.e., X; = xil),xgz), . ..,xim) , Y=
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[ (1) 4@ (m) | The gradient estimators g;i) and hgi) are

5 Y, PRI yt
the local gradient estimators for x and y at the i-th agent, respec-
(i)

tively, while v,”” and ugi) denote their aggregated counterparts
across the network The matrices G¢, Hy, Vi, and U; are constructed

0 p0 )

by stacking the corresponding column vectors g,

( ) from all agents. Additionally, the matrices G; and Hy represent

the gradient estimators with noise components included in g(l)

and h; ), respectively.
For the mean vectors, we denote the lower-case variable with
a bar to represent it, and the upper-case variables with a bar to
represent matrices where each column is the corresponding mean
vector. Specifically, the mean of X; D i given by Xt I ng))
and the matrix X; is defined as X; = [%X¢, %y, ..., X;] . Meanwhile,
the added noise terms n(') ~ N(0, o;z(Idl) and n(l) ~ N(o, O')Z,Idz)
for Vi are applied to the respectlve gradients. We deﬁne their mean
values as follows:
m () o)
Nx,t - i=1 x,t’ Ny,t _ y, . (6)
m m

Next, we define the optimal solution for y as:

y'() =argmax f(-y), §;=argmaxf(X.y), @)
yey yey

where, under the condition that f is strongly concave iny, y; is

unique. We further define the deviation as

S =1yt —yell*. (®)
The vectors 0 and 1 denote m X 1 column vectors of all zeros and
ones, respectively. The frobenius norm is denoted by || - ||, and the

spectral norm by || - ||2. Partial derivatives with respect to x and y
are represented by Vx and Vy.

4.2 DP in decentralized min-max problem

In this subsection, we will explain our new algorithm step by step.
The overall procedure is similar to the STORM-based algorithm,
however, it is important to note that we introduce gradient pertur-
bation in the algorithm to ensure privacy protection.

The original values of the parameters at all agents are set to be

(&) (i)

identical, that is, x;* = xo and y;’ = yo for every agent i. The

quantities g( D and h( ) represent the gradient estimators at the
i-th agent with respect to x and y, respectively. These estimators
are computed following the STORM [16] method used on DM-
HSGD [74]. Specifically, at t = 0, a large batch size of by is used to
estimate the stochastic gradient (see Initialize in Algorithm 1). For
t > 0, the gradient estimators can be computed using either a single
data point or a mini-batch (refer to lines 2 and 3 in Algorithm 1).

(1)

The update rule for the gradient estimator g,
can be expressed as follows:

1< (0 y0) 0
=EZVXFi( Y )

+(1-Bx) (gt 1__ZVXFI( El 1’)';1)1’ ()))

where the mean gradient g; is updated by combining the current
and previous gradients weighted by fx.

across all agents

)
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Algorithm 1 DPMixSGD on the i-th agent.

Initialize: Mixing matrix W, initial value x(()i) = X, y(()l) =

Y0=V(_? = g(_il)* = O,U(_il) = h(_il)* = 0, when the
algorithm can reach the optimal solution with 0 itera-

tion. We set g(l) = VxFi (X(gl>’y(gl)’ (l)) and héi) =
VyF; (x ( (()l),y(()l), (z)) ‘Z(()i)’ = bo.

Parameter: Privacy budgets 0, y, learning rate nx, ny, weight fx, fy,
batch size by, epoch T.

Output: %, where { is chosen randomly from {1,2,---, T}
1: foreacht=1,...,T -1 do

g = 1= ) (g2 = Vi (x 2y ") +
VoF; (ng,yﬁz) ;:))
i = (1= ) (02 = 9y (x5t )+

vyr (x5l

4. //Encrypt gradients when communicating with other agents.

5. Sample noise n( D N(o, ozldl) and n(l) ~ N(0, O'}Z,Idz).

o g oy (1)

» B0 <0 )
8 //At the i-th agent, the encrypted gradient is received and
calculated.

9 v(l) _ Z;_n:l wij (v ( §1)1 +g§j) ggj)l )

10: (l) Z;nl wij ( (J) h(})* hﬁj_)l )

11 //Send the computatlon result to the respective agent and
perform the mixed information calculation at that agent.

() Zmlwz] ( () -y V;;))

t+1
15 ygi)l Z;'n=1 wij ( (J)+,7 u(J))
14: end for

Similarly, the computation for h;i) follows the same procedure

as for g(l) Once the local gradient estimators ggi) and h;i) are
computed, each agent communicates with its neighboring agents to
aggregate the estimates and compute the new gradient estimators

uil) and vgl). To ensure differential privacy, noise is added to the
local gradients during communication with neighboring agents
(see lines 5 to 7 in Algorithm 1). This guarantees that our algo-
rithm meets privacy requirements. To mitigate the consensus error,
gradient tracking is employed (see lines 9 and 10 in Algorithm 1).
After obtaining the updated gradient estimators ugl) and vgl), each
agent communicates with its neighbors again to update the model

parameters x and y.

5 Theoretical Analysis

In this section, we present the convergence analysis and discuss
the privacy guarantees of our DPMixSGD algorithm under certain
mild assumptions. All relevant proofs are provided in Appendix.
We begin by reviewing some essential assumptions and definitions.
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5.1 Convergence analysis

In our proposed DPMixSGD, each agent introduces noise to the lo-
cal gradients to ensure privacy during agent communication. There-
fore, before presenting the privacy guarantees, we first provide a
rigorous proof of convergence to demonstrate that the added noise
does not affect the original algorithm’s convergence. To support
this proof, we introduce several mild assumptions.

AssuMPTION 1. (Lipschitz continuity of the gradient) Each local
function F; (x Vs z(i)) is lipschitz smooth, meaning there exists a

constant L such that for any two pairs (x,y) and (x',y’), we have:
. . 2
HVFI'(X, y;z)) - VF; (x',y';z(’))H
2 2
<2 (fx=xF+ly - ¥'IF).

AssUMPTION 2. (Bounded gradient variance) The gradient of each

(10)

local function F; (x, v z(i)) is an unbiased estimate of Vf;(x,y) and

has bounded variance, i.e.,
) 2
B|[VEix y:2®) - VhiGey)| <o <4 (1)

AssuMPTION 3. (Lower bound of the objective) The global objective
function ®(+) is lower bounded, i.e., infx ®(x) = * > —oo.

REMARK. All the aforementioned assumptions are standard as-
sumptions in optimization analysis [16, 21, 40, 42, 81].

ASSUMPTION 4. (Spectral gap of the mixing matrix) The doubly
stochastic mixing matrix W satisfies the following spectral gap con-

dition: Hw S ISR (31}

REMARK. The spectral gap assumption plays a crucial role in en-
suring effective information transfer across the network, allowing
each agent to achieve global convergence by communicating with its
neighboring agents, as highlighted in prior works [72, 76]. A typical
spectral gap assumption requires the mixing matrix W to be sym-
metric and doubly stochastic, with eigenvalues Ay > Ay > -+ > Ay
such that |Az| < 1 and |A,| < 1. This condition guarantees that the
communication graph remains connected, preventing both excessive
diffusion and slow propagation of information within the system.

We adopt this symmetric and doubly stochastic matrix setting
because undirected graphs are standard and widely adopted in decen-
tralized learning. In many practical scenarios, such as decentralized
federated learning over peer-to-peer networks [5], sensor networks [27],
or cooperative robotics systems [9], communication between agents is
naturally bidirectional—each agent can both send and receive infor-
mation from its neighbors. This symmetric communication structure
simplifies the design and analysis of algorithms and has been shown
to yield stable and efficient convergence in numerous studies. Further-
more, undirected graphs with symmetric weight matrices allow for
well-established consensus-based protocols and spectral methods to be
employed, making them a natural choice for studying theoretical prop-
erties such as convergence and privacy guarantees in decentralized
settings.

AssSUMPTION 5. (Strong concavity) The function f;(x,y) is y-strongly
concave in'y. That is, there exists a constant yi > 0 such that for any
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x,y andy’, we have:
fixy) < fi (x¥) +(Vyfi (x¥').y-¥")

REMARK. The assumption of strong concavity in'y is crucial for
ensuring the well-posedness of the min-max problem. Specifically,
pi-strong concavity ensures the uniqueness of the solution during they-
update step, thereby preventing ambiguity in the optimization process.
This assumption is standard in the analysis of min-max optimization
problems and is essential for deriving theoretical guarantees related
to convergence rates and stability. Many previous works in the field
of decentralized min-max optimization [14] adopt this assumption to
enhance their algorithms’ convergence, stability, and efficiency.

~Sly-yIP a2

Similar to standard nonconvex-strongly-concave problems, we
continue to use the e-stationary point as the convergence crite-
rion, ie., ||[V®(x)|| < e. From the Lemma 4.3 in [49], it is estab-
lished that the function ®(x) is differentiable and satisfies the
(L + xL)-smoothness condition. And it also mention that y*(-) is
k-Lipschitz continuous, meaning for any x;, xs € R%, the inequal-
ity ||y (x1) — y*(x2)]| < K ||x1 — x2]| holds. This indicates that the
variation of y(-) is bounded by k. Consequently, we have:

V& (%) = Vxf (X0, §1) + Vyf &, §1) - 0y" (%4), (13)
where we use Vy f (X4, ;) = 0 as defined earlier. Thus we have
V@ (x¢) = Vxf (X4, §+). With this, we now present the main theo-

rem that show our algorithm maintains convergence despite the
added noise for privacy preservation.

THEOREM 1. Let Assumptions 1 to 5 hold, our Algorithm 1 satisfies

%EEMW ®)I? =0 (€] +0 (me?) + O (o2ds + o2dr)

1500%3
(1-1)%epy
Bx _ (1-2)%By _ (1-2)%By by = 20xe g emin{1,me}
2522 X = 7505Le 0 Y T “TEkLe V0T Tpo o Px S 20
And we have,

S Vo (%) ! 0|
—Z}O o sl =0 —z ) <o)
(m—/) 0, d1 +O’§d2),

3000063 Ty
=12 °

when we set T = and the other parameters satisfy fy =

N]

(14)

when we set T = and the other parameters satisfy fy =

Px _ (-1 _ (-1 _ 20xe 2
25x2° TX = T75013Le ° ’7y = 75kLe ’ bO = ﬂx 5 TO > 10m*, and
ﬂ ml/3

x 20T2/3

REMARK. We build upon the convergence analysis from Xian’s
work [74], however, by introducing noise into the local gradients dur-
ing communication with neighboring agents, additional terms, namely

1) andnll)

terms are ampliﬁed during the proof process and require adjustments
to the entire proof. As a result, we recalculated the bounds for all the-
orems and lemmas involved. To simplify our results, we applied novel
scaling and bounding techniques. (e.g., for% ZT__OI E ||V (%) ||%, we
adopt a similar approach and found that our results, including the ad-
ditional terms, are no greater than twice the original results in Xian’s

and Nyt are introduced into g in our analysis. These additional
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work. Since this already provides a tight bound, we opt to double some
constants in the related terms for simplicity.) From our results, we
conclude that the added noise does not impact the SFO complexity
of the DM-HSGD algorithm. Specifically, when T is determined by
€ which is shown in Eq. (14), if m < O (e™1), the SFO complexity
of Algorithm 1 is O (K3€_3). Form > O (e71), the SFO complexity
is O (k3me™2). When T is independent of € as we show in Eq. (14),

the leading term in the convergence rate remains O thus

1
(mTy)** )’
preserving the linear speedup characteristic of the original algorithm.
Detailed proof of Theorem 1 is provided in Appendix A.

5.2 Privacy analysis

ASSUMPTION 6. [39] For the min-max problem, we say f is p-
strongly-convex-strongly-concave ( p — SC — SC ) if for each fixed
y € Y, the function fi(x,y;") is p-strongly-convex in x for all i. And
for each fixed x € X, the function f;(x,y;") is p-strongly-concave in
y for alli. In this paper, we focus on the p — SC — SC problem.

REMARK. While this assumption may appear restrictive, it captures
a number of important practical scenarios where strong convexity can
be induced through regularization. Examples include robust federated
learning, adversarial training, and resource allocation. We will clarify
this in the revised version and explicitly mention it as a key direction
for future work, to either relax this assumption or extend our analysis
to broader settings.

AssuMPTION 7 (BOUNDED GRADIENT). There exists a constant
Lyg>0 such that, for any x,y and z,

IVeFi(x.y:2)lly < Ly, ||VyFi(xy:2)|, < Ly (15)

Now let’s review the proof for convergence part (Appendix
A), we have already known that v; = g; = (1 - fx) (g,_l - #
5 2,5, 47) 2, s 7 10.5)

by the definition of g; )

g = Z(Z(l—ﬂ )ik [v Fi (xy2?)

vy (o) + i (503 |

From the definition of X;, we know X;41 = X; — xV, so we have:

, we can obtain this recursively:

(16)

Xee1 =X — Nx (Br + Nxt) (17)
where Ny ~ N (0, %’%Idl).

LemMA 1. [71] In single parameter DP-GD paradigm whose model
updates as Xp41 = Xt — lx (gt + Ny t) meanwhile the loss function
is G-lipschitz, for 6,y > 0, for some constant c, it is (0, y)-DP lfthe

random noise is zero mean gaussian noise, i.e., Nyt ~ N |0, Idl)

and 0,2( —G T:ggl/}/).

However, we use a momentum gradient descent method, so the
parameter updates involve g; instead of just VxF; (-, -;-), according
to Assumption 6, since each gradient term VxF; (-, -;-) is L-lipschitz,
the weighted sum operation does not change the lipschitz con-
stant. Therefore, g; is G-lipschitz where G is derived from L, we
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Table 2: AUROC score of each algorithm over epochs during the robust logistic regression experiments on ‘a8a’, ‘a9a’ and

CIFAR-10 datasets.

(a) Impact of total number of agents m.

m m=>5 m =10

m=15 m =20

Method a8a a%a CIFAR-10 a8a a%a

CIFAR-10 a8a a%a

CIFAR-10 a8a a%a CIFAR-10

SGDA 0.7590 | 0.7164 0.6648 0.7801 | 0.7029

0.7626 | 0.6968 0.6762 0.7625 | 0.6887 0.6778

DP-SGDA 0.7383 | 0.7037 0.5910 0.7417 | 0.7047

0.7453 | 0.7453 0.6161 0.7302 | 0.6945 0.6332

DM-HSGD | 0.7519 | 0.6708 0.6644 0.7420 | 0.7169

0.6695

0.7853 | 0.7053 0.6767 0.7702 | 0.6977 0.6772

DPMixSGD | 0.8094 | 0.7003 0.5927 0.7392 | 0.6692

0.6099 0.7751 | 0.6970 0.6259 0.7457 | 0.6926 0.6367

(b) Impact of sparsity level p.

P r=02 p=05

p=038 p=1

Method a8a a%a CIFAR-10 a8a a%a

CIFAR-10 a8a a%a

CIFAR-10 a8a a%a CIFAR-10

SGDA 0.7388 | 0.6778 0.6624 0.7270 | 0.6357

0.6648 0.7373 | 0.6965 0.6612 0.7276 | 0.6971 0.6601

DP-SGDA | 0.7500 | 0.6582 0.5914 0.7374 | 0.6591

0.5910 0.7181 | 0.7096 0.5937 0.7380 | 0.7178 0.5969

DM-HSGD | 0.7674 | 0.6588 0.6632 0.7018 | 0.7059

0.6644 0.7247 | 0.6753 0.6622 0.6888 | 0.6716 0.6619

DPMixSGD | 0.7272 | 0.5971 0.5987 0.7825 | 0.7039

0.5927 0.7696 | 0.6504

0.5910 0.7666 | 0.6758 0.5906

(c) Impact of 6.

% 6 =0.005 6 =0.01

6 =0.05 6=0.1

Method a8a a%a CIFAR-10 a8a a%a

CIFAR-10 a8a a%a

CIFAR-10 a8a a%a CIFAR-10

SGDA 0.7719 | 0.6957 0.6648 0.7719 | 0.6957

0.6648 0.7719 | 0.6957 0.6648 0.7719 | 0.6957 0.6648

DP-SGDA | 0.7595 | 0.6691 0.5918 0.7555 | 0.6673

0.5910 0.7257 | 0.6778

0.5965 0.7321 | 0.6750 0.6127

DM-HSGD | 0.7941 | 0.7142 0.6644 0.7941 | 0.7142

0.6644 0.7941 | 0.7142 0.6644 0.7941 | 0.7142 0.6644

DPMixSGD | 0.6653 | 0.5644 0.5932 0.6991 | 0.6026

0.5927 0.7651 | 0.7011 0.6000 0.7658 | 0.6170 0.5978

(d) Impact of y.
Y ¥ = 1/60000 ¥ = 1/30000 ¥ = 1/5000 ¥ = 1/1000
Method a8a a%a CIFAR-10 a8a a%a CIFAR-10 a8a a9 CIFAR-10 a8a a%a CIFAR-10

SGDA 0.7719 | 0.6957 0.6644 0.7719 | 0.6957

0.7719 | 0.6957 0.6644 0.7719 | 0.6957 0.6644

DP-SGDA | 0.7325 | 0.6507 0.5922 0.7564 | 0.7112

0.7383 | 0.6990 0.6168 0.7757 | 0.7102 0.6007

DM-HSGD | 0.7941 | 0.7142 0.6644 0.7941 | 0.7142

0.7941 | 0.7142 0.6644 0.7941 | 0.7142 0.6644

DPMixSGD | 0.7741 | 0.6927 0.5962 0.7979 | 0.6692

0.7444 | 0.7023 0.5948 0.7719 | 0.6859 0.5927

clarify that the Lipschitz constant G follows from the L-Lipschitz
continuity of VF and the structure of Eq. (9), where g; is a linear
combination of Lipschitz-smooth gradients. Using the recursion
G < L+(1-fx)G, wegetG < 7.

The authors in [71] provide a tight noise bound for differen-
tially private gradient descent under a single-parameter condition.
However, in the min-max paradigm, privacy leakage also arises
from the gradient information, regardless of whether it is used for
minimization or maximization. Since the updates for y share the
same structure as those for x, the noise variance derived in [71] can
be symmetrically applied to y. Notably, the privacy cost is indepen-
dent of whether the process involves minimization or maximization.
Therefore, by injecting the noise proposed in [71] into both x and
y, the DP guarantee can still be ensured. Since the proof process is
nearly identical (with the only difference being its application to y
as well), we directly adopt the result in our theorem. Therefore, by
Lemma 1 we give the privacy guarantees of DPMixSGD.

THEOREM 2. IfFi(-, ;") satisfies Assumption 6 then for some pri-
Lyd' log(1/y)"/*
milZet

vacy budget 6 = Q( ),y > 0, we get a utility for

DPMixSGD to be (6,y)-DP if

Lg\/(sT(T+13)(2T+1) +4T) log(1/y)

204/m

(18)

ox,0y =0

REMARK. While o and oy scale with T as given in Theorem 2,
the additional noise-induced error remains controlled under an ap-
propriate choice of 0. Specifically, by ensuring

Lyd'/?log(1/y)"/?
_ 9
0=0 —Jigh (19)
we obtain:
12dlog(1/y)
g _ 2
"m0 20
Then we can get an optimization error bound of
1 T-1
T ; B[Ve()|* = 0(<?) (21)

which ensures that our algorithm maintains the desired conver-
gence rate without being dominated by noise.
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6 Experiments

6.1 Robust logistic regression in decentralized
min-max problem

In this section, we conduct the experiment of decentralized robust
logistic regression based on “a8a” [12] ;‘a9a” [12], and CIFAR-10 [45]
datasets. In these experiments, we compare the DPMixSGD, DM-
HSGD [74], SGDA [6], and DP-SGDA [79] algorithms. We partition
the given dataset as {(a;, b;) }] |, where each feature vector a; € R4
and each label b; € {1, 1}. Robust logistic regression is formulated
as the following min-max problem:

min max f(x.y) = Z yili(0) =V(y) +9(,  (22)

xeR4 yeEA
where m is the total number of agents, y; represents the i-th com-
ponent of the variable y. The logistic loss function is defined by
li(x) = log (1+exp (~b;a] x)) . The divergence measure V (y) is
given by V(y) = %/11||my — 1||%. The simplex A, in R™ is de-
fined as A, = {y € R’"lO <yi<tforalli ¥ y;=1}. Addi-
tionally, the nonconvex regularization term ¢g(x) is formulated as

g(X) /12 Zl 1 la

outlined here, we set the parameters to 4 =
a = 10 in our experiments.

For the evaluation of the DPMixSGD, DM-HSGD, SGDA, and
DP-SGDA algorithms, we show the results of our experiment in
Table 2. Regarding the optimization parameters within the neural
network, the learning rates for the model parameters x and their
dual variables y are selected from the set {1.0,0.1,0.01,0.001}. The
mini-batch size is fixed at 20. Specifically for the DPMixSGD and
DM-HSGD algorithms, the batch size for the initial iteration is
set to bg = 10,000. Additionally, the gradient weight adjustment
parameters fix and f3, are chosen from the set {0.5,0.1,0.01}.

. Following the experimental configurations

W’ Ay = 0.001, and

REMARK. It is worth noting that our experiments did not apply
gradient clipping, although gradient clipping is common in differential
privacy (DP) training but not strictly required. In our case, the DP
noise level is moderate, and a well-tuned learning rate ensures stable
convergence without clipping. Experimental results show no signs of
instability. Additional experiment on gradient clipping is provided in
Appendix C, showing similar trends.

In the experiment, the communication topology among agents
is modeled using an Erdés-Rényi random graph G(m, p) , where
m is the number of agents and p € [0, 1] denotes the sparsity level,
i.e., the probability that an edge exists between any two agents. A
higher p implies a denser communication network. Formally, each
edge is included in the graph independently with probability:

PLL) €8l =p. Vi), (23)
where & denotes the edge set of the communication graph. The
expected degree of each node is (m — 1)p, and the total expected
number of edges is w Therefore, we have the definition of
sparsity level p:

28|
= —, 24
m(m—1) (24)

where |E| is the total number of edges or links in the system.

Yueyang Quan et al.

We conduct control group experiments on robust logistic re-
gression, examined the impact of several factors. These include
the number of agents in the network, the sparsity level p of the
connectivity matrix, and the adding noise is affected by 6 and y.
Table 2 illustrates the AUROC score of each algorithm over epochs
during the robust logistic regression experiments.

From the Table 2, we observe that our algorithm performs better
with a small number of agents. This can be attributed to the injection
of noise into the local gradients before the model updates. How-
ever, as the communication frequency increases, the performance
inevitably declines. Furthermore, in the experiments regarding spar-
sity levels, our algorithm exhibits superior performance compared
to other algorithms under high sparsity conditions. The experimen-
tal data on the two parameters affecting noise show that our algo-
rithm demonstrates greater stability when adding noise at different
levels. Therefore, this indicates that its theoretical design is effective
in practical applications, outperforming existing methods such as
DP-SGDA, and in certain cases, approaching or even surpassing
non-private mechanisms like SGDA and DM-HSGD. To further
assess the applicability of our algorithm in non-convex deep learn-
ing settings, we also conduct experiments on image classification
tasks using a multilayer perceptron (MLP) with the Fashion-MNIST
dataset. These results, which demonstrate consistent advantages of
our method over baselines, are provided in Appendix C.

6.2 Robustness to DLG Attacks

To further evaluate the privacy protection capabilities of our pro-
posed DPMixSGD algorithm, we conduct additional experiments
on the MNIST and Fashion-MNIST datasets using a multi-layer per-
ceptron (MLP) model. These experiments focus on the algorithm’s
robustness against Deep Leakage from Gradients (DLG) attacks [87],
a gradient inversion method that can potentially recover private
training data from shared gradients. We assess the reconstruction
quality of the DLG attack under a given noise level o = 1. The re-
sults shown in Figure 1 demonstrate that our differentially private
algorithm effectively mitigates the risk of visual identity recovery,
significantly enhancing privacy robustness. For transparency and
reproducibility, the experimental settings are specified as follows:
the learning rate is set to 0.01 for the primal variable x and 0.001 for
the dual variable y, and the mini-batch size is fixed at 128. The eval-
uation confirms that DPMixSGD not only maintains strong privacy
guarantees but also resists gradient leakage attacks in practical

decentralized learning scenarios.
ecoves s |. . fp —— oi v Reconre:puover
| m e | ; " o,im hi e h? iM. Bai
T m e o e et e, ignat e fecoured:Sncte
e e on

g
DM-HSGD DPMixSGD[Ours] DM-HSGD

(a) MNIST dataset (b) Fashion-MNIST dataset

Figure 1: DLG Attack Reconstruction Results.

Original: 1

DPMIxSGD[OurS]
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Conclusion

In this paper, we addressed the challenges of privacy protection
in decentralized min-max learning problem by proposing a novel
DPMixSGD algorithm. Our theoretical analysis proves that DP-
MixSGD ensures rigorous privacy guarantees while maintaining
provable convergence.Empirical results demonstrate that out pro-
posed method DPMixSGD not only upholds strong privacy guar-
antees but also effectively resists gradient leakage in practical de-
centralized learning scenarios. This work contributes to advancing
decentralized learning by effectively balancing the need for pri-
vacy and efficient communication in distributed systems, providing
a robust framework for future applications in privacy-sensitive
domains.
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A Proof of convergence

From the algorithm, we obtain that:

10 ()
B =8t — D
i=1

(25)
_ 1<
Z V F; ( (l)>y§l)’ ZI(LI)) + (1 - ﬁx) (gt—l - E Z VXFi ( ;l)laygl)l’ Zt(Ll))) + Nx,t
i=1
m n(l)
Where Ny ; = %
A.1 Basic Lemmas and Important Conclusions
First, we introduce following basic lemmas, which are broadly used in the convergence analysis of optimization algorithms.
Lemma 2. Let vector X be a stochastic variable. Then we have
0 < B|IX - EX|I* = E|X|I* - IEX|® < E|IX|® (26)
Lemma 3. Let X3, X3, - - -, X, be m independent stochastic variables of which the means are 0. Then we have
m 2 m
E|Y x| = > BIX| (27)
i=1 i=
Lemma 4. Suppose A and B are two matrices. Then it satisfies
IABllF < llAll2lIBllF (28)

Lemma 5. (Lemma 4.3 from [49]) ®(x) is (L + xkL)-smooth and y*(-) is k-Lipschitz, which means [|y* (x1) — y* (x2)|| < k ||x1 — x2]| for any
X1,Xp € R,
Lemma 6. When 1y < SLL we have following estimation for &;.

T-1 T-1 t-1 m 2 T-1
4 10 T-t-1 1 . . 40 2
R 3 R 3 L R
— Lryy u — 4 — m & m &
t=0 t=1 s=0 i=1 t=0
1 (29)
o |12 2\, 20ktng 14’7y . Hy\T=8)
(e = el + s = i) + =5, T Z 192 - 1= (1-2) ) e
1=
Proof: As we defined before, §; = arg maxyc y f (X:,y), we obatin:
_ . _ T B _ o
901 = 3e1? = |92 + mye = 9el|” = 152 = 31% + 15 [0 11® + 2y (52 = 9. 0r) (30)
As function f is strongly-concave in y, we get:
- A - - - - A - [T -2
F&e90) < f &y + (Vyf R ¥0) .90 - ¥e) — 5 Iy — 3¢l
=f(Z¥1) - g I5e = 5ell® + (@, Fe = Veer) + (Vyf (Re, e) = 0§t = Fea1) (31)

+(Vyf (X6, ¥1) . Vee1 — V1)

From assumption 1, and let Lyjy < % we know:

el ZSSE 71 e |Iyt+1 -yl
1077y (32)

<f (Xt,Yt+1) - f(&e¥e) - <Vyf (e, §1) 1 — }_’t>
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Adding Eq.(31) and (32) together, and from the algorithm, we know that y;+1 — y; = u;.
f &30 = f Reeyes) + £ 150 = ol
< e = o) + (Vyf Re §1) = 06,50 — Fea1) + ﬁ 9241 — ¥ell?
= (@19 = 90) + @ 91 — 1) + (T f (0, 90) — 00,91 - yt+l> #25 a]?

=0, —§i) — Ny llagl® + <Vyf (X6, 71) — 0¥t — Yt+1> + = ||‘1t||2

10
N _ o . _ Oy . _
= (U, §r = §e) + (Vyf K. §1) = 00,51 = Fee1) — _y ||11t||2 (33)
<0, 9 —Fe) + = ||Vyf (%, 91) — ut” + = ||Yt Yt+1||2 - ||u 12
2 2 9y 2

<ULV =Yy + = HVyf (%X¢,¥1) —llt” += ||Yt yell* + = ||Yt = Vel = To [la|

. 2 T A L P ’7y“’7y
= (Ut —§e) + l_l HVyf (X, §1) — “t” + 1 ly: - }’t||2 - (E la ||

Where in the second inequality, we use Young’s inequality, and in the last inequality we use Cauchy-Schwartz inequality. As we defined y7,
so f (X, ¥t) = f (e, ¥241)-

3
I”?y _ _ Ony: Hy |
9 = 3ell® < 20y (8s, ¥t — Vi) + — ||Vyf (X, ¥1) — ut” - (T - l[a]? (39)
Combining Eq.(30) and (34), and we set uny < Liy < % we can get:
2
_ R Hiyy\ . 4ny o w2 Iy
Ievs =l < (1= =7 g = 5ell+ = 9y f (e = welf* = 3 el (35)
By Young’s inequality we have:
7641 = o1 ll?
17 _ . 4 N .
< (14 52 g =500 ¢ (10 22 e =50l
4 Hiy
Hny /”7y o2 (4’7y z) e o2
1-— - +|—+ Vyf (Xt -
( 1 Iy: = 3l PR [Vyf (%o, 70) — | (36)
2
poy+4, o o2 ( /wy) My e
+ - |1+ —=| —
921 = 3 ) 22 el
Hny N g
< (1= B2 g = 9l 2 0 ) = 2 - S 2 g P
y
2,2
Using Eq. (35) and the fact that Lyy < % in the calculation of the second inequality, we obtain £ qu > 0. Additionally, 4% + 732, <

4 1 5 L . . . N . .
% + 5Lyy < Zy and - ( HT’ZY) < —1. We simplify the inequality using an approximation method, and the last inequality holds because
the function y* () is K—Lipschitz therefore, we have |[§r+1 — ¥¢|° < k%52 HVZH In combination with the previously provided conditions, we

have #* o 5 _

iy S oy s L” . By the Cauchy-Schwarz inequality and Assumption 1, we also have:

m 2
o o2 B 1 2L > 112 > 112
”Vyf (%6, 91) - ut” < 2o - ™ Z Vi (X§Z)=Y§l)) + m (”Xf _Xf”F + ”Yt - Yf“F) (37)
i=1
By definition of §; and the recursion in Eq.(36) we obtain:
t-1
un 57 Hny \E=s=L - o2
& < (l - _y) do + Ty (1 - Ty> ”Us - Vyf (Xt,}’t)”
t-1 = 2 t-1 (38)
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Using Eq.(37) to sum above equation we have:

T-1 T-1 t-1 m T-1
4 10 T-t-1 1 40x2

oS oo = 0 (1) o= 2 VA ()| =

=0 Lny HoE 4 s=0 mi3 L

N _ 20;<17 14r7 = py\T=t\
(o A A A "Zn - (1-(1—%) J ol

t=

Lemma 7. Forall t € {0,1,---,T} we have v; = gf and a; = h’;
Proof: As matrix W is doubly stochastic, we have:

- _% =%
Ve =Vi-1+ 8 — 8

which is equivalent to v; — § = v;—1 — g;_,. Additionally, v_1 = g* |, so v; = g}. Thus, from the above: v; = §; + Nx;.

Lemma 8. Let A, B; be positive sequences satisfying
Apr1 £ (1-c)As + By

for some constant ¢ € (0,1). Then for any positive integer T we have

gl
>
Ly
c:|»—-
Gl»—l

Proof: Using recursion on Eq.(41) we can obtain
-1

Ar < (1-¢)'Ag +Z(1 —c)t=slp,
s=0

(39)

(43)

for Vt > 0. Sum above inequality and we achieve the desired conclusion Eq.(42), where we use the condtion A;, B; are positive and the fact

that 3132 (1 -~ o)f =1
Lemma 9. We can prove the following bound for gradient estimator v; and ;.

Vs ZVXf (Xgl)’ygl)) 2
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~ mbofx m
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=
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20 2Byo’t 121% K 2 2y oL S
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(B9 + n2B NG 12) +2 ) B [Wis = sl
s=0

forallt € {1,2,---,T}.

Proof: By the definition of g( D and Lemma 7, now we have

v _Nxt - —ZV ﬁ (Xgl)’ygl))
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(&)

Taking expectation (Zt ) , the last two terms of Equation above are 0. Therefore, By using Cauchy-Schwarz inequality, we obtain:
1 m
o~ 2 S
i=1
1 m
E||(1 - fx) (vt_l - Z Vifi ( Ez)l y;z)l)) + Nt — (1= Bx) Nxr—1
i=1

o $ o (07:) -5 1)
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+2(1-f) — > (prl (<7, 975207 = Vi (xf2 v 27
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The first inequality is obtained by Cauchy-Schwartz inequality. Then we use Lemma 3 on the last two terms, and then use Assumption 2,
Lemma 2 and Assumption 1, we can obtain.

¥ -~ Z Vif; (ng)’ygz))

¢ _iivA i 0
t-1 m £ Xfl(t1yt 1)

2
. 2p25° . 2L% (1= By) (

m m

2

2

<2(1-po)’E + 2B [Ny = (1= ) Mo (47)

BIX, = X-1ll3 + B 1Y: - Yioal)
At the same time, by using Cauchy-Schwarz inequality, we have a rewritten form for X; — X;_1, Y; — Y;_1.

(1% —Xt—l”?: <3|x: _Xt”i: +3mn |[9e-]1* +3 (X1 —Xt—lmzc

2 7. |12 2 2 v 2 (48)
Y = Yiall% < 3]|Ye - Y[z + 3mny [[a;-1]1" +3 [¥i-1 = Yeal|5
Combining above two inequalities with Eq.(47) and Lemma 8, we have:
t-1 2
- 2 8w (e)
s=0
2 ﬂ o t < 2 2
< 5Bl - W (a0, 3ol + 22 Z (Bl - Xl + 2% - %)
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6L2 t=2
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200 2P0t 1202 '3 - .
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6L2 t—2
+m—ﬁX;( B INsl1? + n2E | )+22E||Nxs 1= ) N

forall t € {1,2,---,T}. In the first inequality we use the fact Tﬁ)z < ﬁ when fx < 1. Where E ||[vo — Vxf (X0, y0)||2 UZO holds

because of Assumption 2 and Lemma 3. Mimic above steps we can also prove the second conclusion.
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Lemma 10. The consensus error satisfies the following recursive relation

_ 222n2 _
~Xel[p+ ] '7" -Vl
/12 2 (50)
o2
- Yt“F MRl ”Ut UIHF

_ 1+41
o1 = Koo < —

||Yt+1 - Yt+1”§: <

T
Proof. As we set | = % then we obtain:

[[Xe+1 _Xt+1||i~ =||(Xe = V) W = (X; - Uth)”f:

_ _ 9 (51)
= [|(Xe = %) (W = 1) = nx (Ve = Vi) (W = D7
Now, we use Lemma 4 and Assumption 4 on Eq.(51)
”Xt+1 —)_(t+1”12c 52)
< 22X - Xt“?: + 2205 ||ve - Vt”i- =2((Xe = X¢) (W = ]).nx (Ve = Vi) (W =)
We use the Young’s inequality to eliminate the last term above, and we set the constant a = 12_/{;2 .
2 2 APng 2,2 AL
s = Kol < (32 022) e = el o (25 222 v = il
53
1+ A2 2 _ 2 3)
<—— X = Xl + aar
Mimic the steps above, we can also get:
B ~ /12 2
[Viss = T2 < Y s A T 9
Lemma 11. For all t’ € {0,1,---,T — 1} we have
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Proof: Similar as Eq.(51) and (52), by definition of V;, we obtain:
Ve = Ve[ (56)

< A2 |\Ve = Va3 + 221Gy g = Gill + 2 (Vi = Vi) (W = J). (G}yy = GF) (W = ]))
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By the definition of g(l)*.
() _ ( )x
t+1 ~ Bt
:VXF( 1y§i)1’ ii)l) VxFi( gl)’ygl)’ E-le—)l) ﬂX( -V f(xil)’yil))) (57)

B (i (0,500 - 9t (52, 519) 40, -

Because of E [n)((ig*_1 n(l)] =0-0=0, thus

E[gﬁil gi)] fo( Ei)l,ym) v f(xt Vi )) Px ( -V f(xt ,Y§'))) (58)

Considering about all the agents, we get:
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Taking expectation on zgi)l the last term of Eq.(56) can be bounded by
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<
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Where we use Young’s inequality in the second inequality, and then we use Cauchy-Schwartz inequality in the third inequality, and the last
inequality is resulted from Assumption 1. Besides, applying Cauchy-Schwartz inequality to Eq.(57) we have:
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where in the last inequality we use Assumption 1 and Assumption 2. Combining Eq.(56) (60), (61) and the definition of Ny ; we can obtain
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Then, we have the result below.
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Using Eq.(48) for substitution:
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12 /12L2 2
B O S )

+42°mE ||Nx,t+1 - /Vx,tH2

Summing over Eq.(64), we obtain:

t/
D ElIVe - Villy
s=0

_ 481212
< =Bl - ol + TESOEPA Z (Bl = Xellz + £ - YsIIF)

( (65)

-1 -1

24mA%L? 8mA? /3
Zn E |l | + —ZZ n2E |1V 1% +

s/lzﬁx Z Z

s=0 i=1

24m/12L
;LZ

2 8)2
- Vi (Xs ’YSI))” + ﬁ ZE“NX,S - /Vx,s—lH2
s=0

forall t’ € {0,1,---,T — 1}. Here we should notice that term E ||Xt+1 - Xf““f? in Eq.(64) is summed from E ||X1 - )_(1”?7 toE ||X[/ - X[/”i,
while term E ||X, - Xt“i" is summed from E ||Xo — XOH; toE ||Xy_1 —Xp_1 ||; As Xy = Xo, these two terms can be merged together. And it

. . 5 . . , 2. .
is the same with term E HYt+1 - Yt+1||;. Mimic above steps and we can prove the conclusion for Zé:o E ||US - US”  in the similar way.
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Lemma 12. We have the local average gradient estimators g; and h; satisfy the following conclusion

" SR gl - v (57 O < mo’ | ompeott+ 2 (Bllx - X1
;; 8 — Vxfi (Xs > Ys _ﬂx_bo+ mpxo +IS:0 s SllF
~ N2 6mL? =
B[ - BlE) + 75 (BN + niE Na)?)
s=0
ShY E h(l) V. (i) (i) 2 < mo* 2 2t 1212 : EHX e ”2 (0
;; ”s - yfl(xs »Ys )) —%"' mﬁyo' +W§( s — Xs||p
- )+ 2 S (221vulR ¢ 2 hul?)
s sl|ip ﬁy Zi Nx s Ny s
Proof: According to the definition of g;i) , we have:
ggi) —Vefi (Xgi),ygi))
= (1= B (&) = i (<7 yi™, ) + B (Vi (. 9527 ) = Vi (x( 7 v1) o
(1= ) (Vs (x( 7y 252?) = Vi (x2 v 22l ) 495 () yi2))
el
The last two terms of Eq.(67) will be 0 if we taking expectation of zgi).
E H(l - Bx) (VxFi (Xf),y;i) ; z;”) — VxF; (XEZ, y;?l; Z§i)) +Vxfi (XEZ,Y,@)
vt (s ) (68
68
< ZﬂiE VxF; (xgi),ygi);zgi)) - V«fi (xgi),ygi))nz +2(1- B2 E|ViF; (xt(i),yt(i);zgi))
—VxF; (Xﬁi_)pyg?lé Z;:’))HZ
As Eq.(68) is 0, by using Cauchy-Schwartz we get:
IE,‘ ggi) —Vyf; (Xgi)’ygi))wz
< (1= o7 B[6, — Vi (x(y )| + 2828 s (112, (75 2(9)
Vi fi (XE"),y;"))“z +2(1-px)%E HVxFi (xii),ygi);zii)) - VxF; (xfi)l,yﬁi_)l;zi"))(|z (69)

ngi) - Xii—)1“2

< (1- poB[Jg?, - Vi (xy )| + 2620 + 21 - 0?22 (E|

=l -y
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where we use Assumption 1 and Assumption 2 in the last inequality. Sum above inequality from i = 1 to m and we have:

32l et (751"

< (1-Br)? ZEHg(') Vxfi (x ( ﬁ’)py;’)l)”

+2ampla? +2(1 fo)? 12 (BIX = Xea |2+ B 1Y - Yoor |?)

(70)
< (1- By ZEHg(’) Vi (22
+2mpBlo? +12 (1= fo)? I (B]X; - %[5 + B||Y: - ¥i[[2)
+6m (1= B 17 (2B 1191 I + n2E N1 12)
Applying Lemma 8 to Eq.(70), we have:
t m
223l - v ()
s=0 i=1
< o 3 B ul” - v (x5 d7 ) + 2 Z(Enx - %l + B - %)
=
4 oL’ ti( 28 %12 + n2E Il )+2mﬁ ot (71)
By < Nx s Ny s X

<7 ot + 223 (B - K2 4 - K2
= Bebo X B 2 s sllp s — Is||p

6mL? 'S
+ =2 2 (B IwIP + B s )
X =0

2 .
forallt € {0,1,---,T — 1}. Here the last inequality is derived by E ”gé - Vxfi ( X, 5 Y, ))” < Z—z due to Lemma 3. The estimation of h;l)
can be achieved in the same way as above.

(1-1)?

_ 12
Lemma 13. Let njx < (ETAL and ny < TOL)' The consensus error can be bounded by

t
> (Bl - Xl + B[ - %)

s=0

1622 1672p2 i 576mA*L? (n2 + n2) t=2
< ﬁE”VO oll7 + WE”UO—%”; ( / (e
- s=0
(72)
B ”2) 64mA* (ﬁxqi+ﬂyry}2,) 2 192m/14 (ﬁxryx+ yryy)at
u +
’ (1-42)* by (1-12)*
t—1

64mAin2

64mAtn2
) 3ZEIINxs Nl + =58 N = Ny

(1-22)’
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Proof: Combining Lemma 8 and Lemma 10 , for all t € {0,1,-- -, T} we have:

t
2 s = Xl
5=0

t-1

s ”x 7 2wl

8A2n2 192441292 'S

> 112 = 12

< P _/12)3E||V0_V0”F+—( )t & (Bl - X7 + B [ - %) (73)

L% /14L2 i 96mAtL2y? 32mA4B2n2o2(t —

i Z Bl + uZﬂiEll S ¢ 2P (2 1)
=0 (1 (1-22)°

32mA%n2 & , 3244 ﬁx 2 W )
+ 3 E”Nx,s‘Nx,s—l” ZZ gs -V f(xs A )“

(1_12) s=0 s=0 i=1

Where we use Lemma 11 in the last inequality. Using Lemma 12 to replace the last term in the result.

t
DBl - X[z
s=0

8A2p2 192441292 'S

- 12 _ 2 _ 12
< (I_AZ)3E||vo—vo||F+—(I_W ;(E||XS—XS||F+E||YS—YS||F)

96mA*L%n2 g 32mA4Bynio?  64amAiBniot(t - 2)
e X (B R ) N

(-2 & (1-22)" by (1-22)°
| 32mA Bnfo® (= 1) 3840 el = . _
e e 4 -Xsni+Ean -5)
- =0
(74)
192m/14ﬁXL2 213 ) 32mAty2
———== ) (BENI? + niE llal 3 Nx,s = Ny
( /12) ;( Vs Ny ([Us ) (l—/l) Zi H X,$ X,5— l”
822 576441202 & ] N
< ﬁEIIVo = Vo[ + (Bl = Xell7 + £ - %[

- s=0

N 288mA4L2n2 'C 2( 2 9.l + n2E ||a ”2) 32mA* Bynio? . 96maAtB2niatt
(-t G\ T T T et T (1)

32mA4

+(m—’7XZE“Nxs Nys— 1”
We use the condition fx < 1 in the inequality substitutions to simplify the expressions. Similarly, we can get:
: 2
2 Bl -l
=0
2,2 472
ny 57614L%n2
< ol - ol + (I—AZ)YZ( s = Xl + 2 % - %)
- =0
288m/14L2 79

32mAtBynia?  96mAtpinZat
UYZ( 2B v I° + nZE 1us ) + T A/i Y)Zyb = ﬁAZ)Y
T2y by _
32mﬂ4 2 t—1
+ (1-22)° ZE”Nys Nys-1]’
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Add Eq.(74) and (75), we obtain:

t B B 8).2172 B 8/12172 B
2 (Bl - %l +E v - %) < WE Vo = Vol + ﬁE 1o ~ ol
s=0 - -

576A4L2 (qx + qy) -1 ) i 32mA* (ﬂx’?;z( + ﬂyﬂ%) o?
3 (B0l 5l )+ ——
S=d

288m)L4L2 (qx + 17 2 , , 96mA* (ﬁxryx }2,77}2,) o?t

B (95117 + 72 152 +
a2 ( nZE[195]1% + n2E la] TeSE
32mAtn2 & 32mAty 2
+WS y E | Vs = Ngs-1[° +(T 1Ny, = Ny -1
P P A4L2 ’2( 2
As A < 1, when nx < (1556121 and Ny < (E&?L)z, it holds that % < % thus, we can obtain:

t
> (Bl - Xl + £ - %)
s=0

612 162272 i 576nA*L? (n% + 13 ) t=2
< 2 g W+, - Gl + —( )
(1-22)° (1-22) 520
64maAt (,Bx’hz( + ﬁy’]}zr) o?  192mAt (ﬁx']x y’7y) o't
+
(1-22)* by (1-22)*

(n22 1% 12

42 [s]1?) +

64mA*n? ‘S 64mA*
+—( I ZEHNXS Nxs 1” —( A’]XE”Nys Nys 1”
A.2 Proof for main Theorems
Here, we firstly prove the first equation in Theorem 1, we set
By = e min{1, me} B 15003
X 20 T T (1= A)2%ephy

Since ®(x) is (kL + L)-smooth we have:
@ (%¢) <O (Xr-1) — 1x (Ve-1, VO (1)) + nikL 91|

=0 (%¢-1) = 2 et I = 21V (&) 124 2 1921 = VO (ke 2+ 3L 191 1

Then we use Cauchy-Schwartz on above equation, we have:

@ (%) <O (Rr-1) = 2 V0 (S-1)|I2 = (2 = n2iL) ¥e-1]1? + e [¥e-1 = Vf (%o-1,72-0) 1

+ 1% IV0 (%¢-1) = Vi f (Re-1,7-1) I
Because VO (%;-1) = Vxf (Xt-1,¥¢-1), according to Assumption 1, the last term satisfies:
IV® (R¢-1) = Vaf Fe—1,Fe-DI1* < L2121 = Fe-1l1* = L2611
Additionally, using Cauchy-Schwartz inequality and Assumption 1 we have:
1961 = Vxf (Re-1.5e-1) |

< 2|lv,- 1——va( @ 0 1)

2

va(tl’ tl) Vuf (Xe-1,¥-1)

2 2

< 2|[Vio1 — —Zfo( ;1)1, tl 1) +2 i (fol( X, 1 yﬁ’)l) —fo(it—l,}_’t—l))

i=1

2
212 _ _
2= DA () |+ B (s S = )

(76)

(77)

(78)



MobiHoc 2025, June 2025, Houston, USA

Combine Eq.(80) (81) and (82) and we can get the inequality:
IV® (¢-1)|1?
2@ ()~ (%)

412 9
= (1= 2KL) 19112 + 21281 + = (|- = K[}
x m

i S i)

o= 5+

Telescoping and taking expectation on Eq.(83) we have:
1 T-1
o N2
T ZO E|[Ve (%)]
1=

_ 2(®(x0) ~ B (%))
< —

42’ o o
+ T Z (E“Xt _Xt”F +EHYt - Yt”F) + - Z

=0
Using Lemma 6 to replace
1 T-1

-2
T ;Enw )l

2(d - o 40K*n?
L 2(®@(x0) )—(1—zqux— kg

nxT

T-1
(1 -2xLny) _
_ - x ZE”V
=0

2

le

+—ZE5t
Vt——ZVXf (xt ,yt )
i=1

t=0

T-1 2
1 B 8k L4

7| 7 2, B+ 5
’7y =0 Ny

—— Zl(l—(l—l?)m)}an- 24 L E(E“Xf‘xfn’z’

28k Ly T
t=0
, 4 T-1
+E”Yt - Yt”F) + T E||v Vi —
t=0
20kLyy [y Topopt=l
2 -7
t=1 s=0

And using Lemma 9 to replace the last two terms.
1 T-1
L NP
= ; E[Ve (%)

2(® - o* 40
PRACAC ) il N PP k!
nxT

8o? 4L? 12 240
+ 2 (ﬂx + 20x2ﬁy) + — [21k2 + £
m mT mﬁx mfy

24L2 =

S ) s

t=0

1— Hily

—_——
i

+

~|

s=0 T t=1

For the sum of 1 — fix

ﬁix(l—(l— BT f)

8KkL? S 8a2 (1 20x?
Z E v ])? + —+
TLny

-1 40xL T-t-1
B|[Nas = (1= ) N[+ —2 Z( -7

t=0
2

ZV fi(x ﬁl),yy))
ﬁt——ZVf( Oy0)

2
E

mboT Px By

) z (5l1% - |2 + &) - %]2)

T-1
_ _ 480K L?
922 + n2E e ) + >

mﬁy

=0

T-t ~ 281<L17y pny\T-t ~
1-=7) )(U§E||vt||2+qy1a||ut||2) Z(l‘(l‘T) B lay |

s.
._-

4

I}
o

S

T—-t-1

PINEEYNG

t—
s=0

E||Ny.s = (1 - By) Ny.s—1||"

Yueyang Quan et al.

(83)

(84)

(85)

(87)
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we know Eq.(87) is increasing when ﬁx is decreasing.

T-t 300 (1=2)*Bx\T—t . - A-1)%Bx . H1
Hence —x (1 - (1-px) ) = A;czﬂ (1 -(1-55a) ) According to the definition of fx and 7y, we have “— == < =* and
, Tt
% (1 —(1- ﬁx)T—t) < % (1 - (1 - %) ) Therefore, using the definition of By, fy and ry we obtain:
=
= Z IV (x0)II°
=0
P* 40 8kL%8)  80® (1 . 20x?
2(P(x0) - @) | = 2Ky — Kﬂx ZE” 2+ kL% 80 (_+ K )
qXT TL?] mbOT ﬂx ﬂy
802 5 412 5 12 240x?
+— (ﬁx + 20K ﬁy) T (21K * mpPyx " mpy Z (E”Xt Xt”F +EY, - YtHF) (88)
2470} 480k°L%n} ) , 84 2
+( A ) ZEM fll? - ZEH 1l +—Z:] Vs = (1= ) Mg
160K2 ' 2
t Z E[My.s = (1= By) Nys—1]|
s=0

Using Lemma 13 to replace E [|X; — XSH; +E||Ys - Ys“;

1 T-1
7 ZOEIIW )
t=

2(d —Q* 40 8kL26 802 (1 L2
L 2(@00) - | = 2Ky — K 'lx ZE” [+ KL 8o ( K )
nxT TLny mboT \ fx ﬁy

802 9 412 , 12 240k%\ [ 1642 r]x
+ — + 20 ) + — |21k° + + —_— -V
m (ﬁx K ﬂy mT ( K mﬁx mﬁy ( ” 0 OHF

16},277}2, 2 64m},4 (ﬁx”)z( +ﬂyr7)2,) 0-2 . 192m14 (ﬁqu + y’]y) T
(1—/12)4170 (1_/12)

(89)
576mA4L (r] +r]y) T-1

412 12 240> _
+_(21K2+_+ ) (7B 1912 + n2E e 1)

mT mPx  mpPy (1- AZ par
24L%n2  480k2L%n> KLgy " 8 = )
(B e ) ZEM - ;Euutuhf > B[N — (1~ ) Ao

mfx mp. “

160x2 " 2 256L20%n2 (2 2, 12 240;<2)

;E“Nygs_u-ﬁy)/vy,s-lll fraon) mpx | mpy

= 256L2A*n2 12 240K
2 y 2
Sl M+ T o S 5

When fy, By, nx and ny are defined as Theorem 1, we have

412 5 12 2402
— |21k"+ — +
mT mPx  mpPy

472 (2, 2
576mA*L (r]x+ryy) 2 . KLiy

(1-22)* Ty ="or

(90)

and
40k*n2  241%p2  480k%L%n2

ny mpx mpy

1-2kLnx —

472 (,,2 2 (91)
al? (, 12 240x2) O76mA'L (’7x +’7y) , 2

-—|21xk"+ — + 1 Nx 2 =

m mPx  mpy (1-22) 5
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Therefore, subtracting the terms containing these two quantities will not affect the validity of the inequality. This simplification is achieved
by using this scaling method.

1 T-1
= ;Enw )

2(d — ")  8kL%5 802 (1 20k%\ 802
< 2@ 0) 29 8Ly, 8o ( K)+i(ﬁx+20xzﬂy)

—
nxT TLny mboT \ fx ﬁy

al? (., 12 240k%) [ 16A%p2 o 16475 2
L (21;< s ) (—(1 sl Rl s - Gl

64mA* (ﬁxr],z( + ﬁyry)2,> 2 192m/14 (ﬂqu }2’,7}2,) o’T g =l (92)
+ + = E ||Nx,s - (1 - ﬂx) Afx,s—l”2

(1-22)"bo (1-22)* T SZ:(;

160K2 2 256L2A%n2 , 2402 =

+ E|Nys — (1= By) Nys—1]]” + ——= (21;<2 + )
T ; ” y.s ( 'BY) ysSs 1” T (1 B ).2)3 mﬁx mﬁy ;

256122452
E||Ngs = Ns—1* + Ty (21K2 12 24062

T(1-22)° T mpe T mpy )ZEHNYS Nyl

By Assumption 4 and Cauchy-Schwartz inequality we also have

_ 12 2mA20? L
E|[Vo ~ Vol[z = ElIGo(W ~ D < PEllGoll; < + 202 3" ||V i (x0, y0)II” (93)
i=1

Similarly, we have

2mA% g2

E|vo - Gol, < +2)? Z 1934 (xo.y0) (949

With the definition of By, fy, nx and 5y are given in Theorem 1, therefore we get:

256L%A*n2 12 2406%\  A*(1-—
—’72( 2y — 4 K)< ( )( +261<)
T (1-22) nPx  npy T
244,2 (95)
256L°A%ny , 12 240x? /14(1 -
— +— + ( €% + 26K )
T(1-22) nfx  npy T
We know that the maximum of A4(1 - 1) is 32057535 < 1, meanwhile, by the definition of k = II—; 1 thus, we have:
25612242 ( 2, 12 240;<2) B (m%e? + 3k?)
T(1- /12)3 nPx  nPy T
2942 2 9 (96)
256L°A%ny ( , 12 +24o;<2)< (m?e? +3)
T(1- /12)3 K2 nfx  npy T
Combine above three inequalities and substitute the parameters with their definitions. We achieve
1 T-1
N
7 D Elve )]
=0
e -
L(® (x0) = ") € +2L200¢” + 207" + — Vs (x0, y0) I
i=1 (97)

2 2.2 4 3,2) T=1
6 (m € T+ K ) Z (E HNx,s _Nx,s—1||2 +E||Ny,s _Ny,s—1||2)

s=0

DIV (o, y0) 1P +

i

m

2N — (1~ i) N[+ 292 ZEuNy,S— (1= By) Ny

s=0

1
T-1
s=0
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Now, review the definition of Ny s and Ny s, we can obtain that:

o2 0}2}
Nxt ~N (0, ;"Idl) Nyt ~ N0, Zldz (98)

(i)

Ny,s and Ny s—1 are independent normally distributed random variables because the noises ny s and nl?)

+s_1 generated at times s and s — 1 are
independent. Therefore, the distribution of Ny s — Ny s—1 is also normally distributed, with mean 0 and a covariance matrix that is the sum

of the covariances of the two independent normal distributions.

2
o;
Nxs — Nys—1 ~N (o, 2;"1511) (99)
Therefore:
2 % %
E||Ns = Ns—1||” =Tr|2- 21, | =224, (100)
m m
Sum up from 0 to T — 1:
T-1 , T-1 0_2 o_z
DB [N = Nesa|f = D020 = dy =22aiT (101)
m m
s=0 s=0
Similarly, we can get:
T-1 2
2_ 9%
Z E||Nys = Nys-1||” = 2—=doT (102)
s=0 m
Mimic the process above, we know that:
o3 2
Nis = (1= i) Mot ~ N (0.2 (1, + (1= ) L)) (103)
Therefore, we have:
T-1

2
B[N = (1= o) Mo = T2 (14 (1= )?)
m

=0
T-1 o2 (104)
E||Nys = (1= By) Nys—1| = T=da (1+ (1 - fy)?
yss y) Ny.s=1]| = m 2 y
=0
Therefore, Eq.(97) can be written as:
1 T-1 &2 m
7 D EIVR @I <L (@ (x0) ~ @7) € +2L%60¢” + 20°¢" + — > |V fi (x0. y0)II
t=0 i=1
2. m 2.2 2
€ (2m®e® + 6K°)
o D19 oy I+ S (c2ar + o2 (105)
1602d; 320K20'}2,d2
+—=— 4
m m
where we use following inequalities for simplification.
12 240k° 1000L%
Bx > Py, 4L? (21;<2 o 2 ) < 100L%k% 4 ———
mfyx mﬂy mﬂy
L2 Bxn? e(min{1, me})°e? Lzﬁyﬂ)zz e(min{1, me})>e?
< < (106)

(1=1%*T = 20 - 400% - 30000x3 (15000,<3)2’ (1=2)%T ~ 500 - 400k - 30000%3 (1500x)?

L2B2n2 < €?(min{1, me})* Lzﬁfr’?fr < €?(min{1, me})*
(1=D* 7 400 (1500063)* ~ (1 =D* = (5002)? (1500x)?

Therefore, if T is determined by €, we have the first conclusion in Theorem 1:

% EE Ve (%,)[1* =0 (62) +0 (mez) +0 (g§d1 + o'}z,dz) (107)
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In the above proof, we have established the convergence result when T is determined by €. Next, we analyze the case when T is uncertain,
for which we provide the following proof. Before presenting our proof, we first provide some definitions regarding T.

30000k3T;
Ty > 10m?, T=>t 0 (108)
(1-2)2

Similarly, we can obtain:

1 T-1
7 ZO B[Ve (=)
1=l

2(d —-®*)  8kL%§ 862 (1 20k?\ 80?2
< (@ (x0) ) £ % 7 ( - )+ 2 (ﬁx+20k2ﬁy)
m

J— + [EN—
nxT TLyy — mboT \fx Py

4r? 12 24062\ [ 1622 16A%n? i
+— (21K2+ + = ) _’7x E|Vo - 0||F —ygE”UO_UOHJZT

mT mPx  mpy (1 ) (1-22)

64mrd (ﬁxq)z( +ﬂy’7}21) 2 192m}L4 (ﬁxnx }2,77}27) O'ZT 8 T-1 5 (109)
+ 7 + = Z E HNx,s - Nx,s—l”

(1=22)"bo (1-22)* I'=

, 160¢? 25612242 [, 2401c*
;EnNys Nys|[ + m(m" +mﬂx mpy )Z—;

256L%A%m5 (12 240k
s S

Substituting the parameter values given in above Eq.(108) and the relationships between all these parameters in Theorem 1, and using the
scaling method to simplify the calculations, we can get:

E ||Nos — Nygs—a| +

T-1 1 m 2
1 L(® - 0" +20% +2L%8) 7 ity EllVxfi (%o,
1Y Eive GOIP < (@ (x0) ) 2/3(; 0, m it [ Txﬁ( 0 yo)ll
=0 (mTo) 0
1 m 2
Lym gy £ (x, 2/3 2
4 m &=l ” yfi (Xo YO)” n 2m + 3k* (Uzdl +o—2d2) (110)
T T2/3 X y
0

1602d;  320k%02d,
R S Y

m m

Therefore, if the number of iteration is not fixed, we have the second conclusion in Theorem 1, we have:

ml/3

T-1
1 = \I12 _ 1 ) )
T;Ellvcb(m)ll _O(—(mT0)2/3)+O(To)+O( 2/3)+O(axd1+0yd2) (111)

B Proof of privacy guarantee

Before we start our privacy analysis, let’s introduce moments accountant method [1].
Definition 2. [Privacy Loss [1]] For adjacent datasets D and D’, mechanism M, and output o € R, the privacy loss at o is defined as:

/ PIM(D) = o]
; D,D’) =1 e TV T —— 112
¢(o:M.D.IY) Og(P[M(D’)zo] (112)
Definition 3. [Moment [1]] For a mechanism M and the privacy loss at output o, the A-th moment is defined as:
apm (4D, D) =log (E0~M(D) [exp (Ac (0; M, D, D'))]) (113)
with the upper bound given by:
apm(A) = max a (A:D,D’) (114)

Lemma 14. [Composability [1]] Let a 5 (4) be defined as above. Suppose M is composed of several mechanisms Mj, ..., M, where M;
depends on My, ..., M;_1. Then, for any A:

k
am(@) £ Y ap (D) (115)
i=1



Enhancing Privacy in Decentralized Min-Max Optimization:
A Differentially Private Approach MobiHoc 2025, June 2025, Houston, USA

Lemma 15. [Tail Bound [1]] For any 6 > 0, mechanism M is (6, y)-differentially private if:
Y= m/lin exp (ap(4) — A0) (116)

Definition 4. [Rényi Divergence [10]] Let P and Q be probability distributions. For p € (1, o), the Rényi Divergence of order p between P

and Q is deﬁned as:
Q(X)

Lemma 16. For Gaussian distributions N (g, azlp) and N (v, O'ZIP), where p,v € RP, o € R, and p € (1, ), the Rényi Divergence of order p
is given by:

Dp(PIQ) =~ ) (117)

1 log (EX~P

2

Dy (N (1) I (1)) = 21T (119

Firstly, let’s review training process in DP-DM-HSGD:

Xe+1 = Xr — nx (Bt + Nt

B ~ _ (119)
Yee1 = e + 0y (e + Ny)
.2 o2 Lg\/( 8T(T+13)(2T+1)+4T) log(1/y)
where Ny; ~ N (0, Hxldl)’ Nyt ~N (0, myldz), and oy = ¢ 20y
Now, we will present the full proof for Theorem 2. We first analyze parameter x.
When updating x, at iteration ¢, the randomized mechanism M; which may disclose privacy is
M =gt + Nt
m o, t
_1 M a-por* [V F ( (i) ), <:>) _V.F; (Xm OO )]
m & X xJ >k xEj\Xe Ve % (120)

oty (517525 ) M

We set probability distribution of M; over adjacent datasets D, D" as P and Q, respectively, also, we assume the single different data sample
is on the mth one, and we obtain:

-1 t
P:%’; (kZ_O(l Bt k[v K, ( W 30, m)_VXF ( 0y, ;(ffl)]
0 (520 ) + (;)u—ﬂx)f [ (™ y ™)
VF; (X](cm),y](cm) gr;))] + Vi F ( (M),yim), ;’_”1)))+Nx,t
o (121)
Q:%’; (;)(1 Bt k[v Fy (x,y52) = 9y (50,50 ;(cl)l)]
F o (<, 310, §z+>1)) (Z(l_ﬁx)t [ty (7,552

T ({7 B (7))
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For the simplicity of the next steps, we set

i“‘ " k[v (0.7 0:20) - Vs (x50 gl)]

(x 30, ;31)) (Z(l‘ ' [T (5, y ™)

v.E, (X ™y, Eﬁ))]w P, ( (m) ym. il"l)))

=
=]

(122)
15 [« r—k (i) (i), () (0 (0. ()
1S (530S ot () 5 ()
i=1 ‘k=0
ety ) 4 S50 50 s o)
W ()] S (k)
As we define z(!) as an index sample in local dataset Z, therefore, according to Assumption 7:
[ (7550 St 7,500 < 1, w9
The inequality above stands because ng) and ng) " are adjacent data samples. Now, we can get:
Il -7
¢
e t—k A (m) _(m) _(m) e (m) _(m)  (m)
_Hg(kz_o(l—ﬁx) [VXFJ (Xk Ve Z )—VXF] (Xk Ve Zk+1)]
t
+VoF; (xﬁm),yim), E:-nl))) (Z (1 _ﬂx)t—k [Vij (X](Cm))yl(cm), I(Cm) )
k=0
2
0By (x5 )4 9 (x ) )”
t
2 t—k A (m) _(m) _(m) ((m) (m)_ (m)r
= ﬁ(kz_o(l_ﬁ") (HV"F’ (Xk Ve )_VXFJ (xk Vi )2 (124)

))

ehs (") 9 ()

A (m) _(m) _(m) A (m) _(m) _(m)/
VxFj (Xk Vi Zk+1)_VXFJ (Xk Vi ’zk+1)

|

+_(|
m
2

t 2
2 1k 8Lg
Sm(;(l—ﬂx) 4Lg) r—
=0

J

2

212 t 2 212 L
g t—k g 2 _ 9 2
W(16(§ (1-px) ) +4)SW<161‘ +4)_—m2 (32t +8)

IA

k=0

where we use Young’s inequality in the first inequality, and simplify th<=0 (1= o)t “* to ZZ:O 1 in last inequality as we have a bound

2
0 < By < 1. Noting that Ny ; ~ N (O, %Ip), we have

0'2 0'2
P~N(I, —XIP),Q~N(I’, —"Ip) (125)
m m

o o)) - el 6

With Definition 2 and 3, we obtain:

= AD)11(PlIQ) (126)

apm, (A;D,D’) =log (E0~P
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Where we use Definition 4 to get the last inequality. From lemma 16, we have:

mA(A+1) [T - 1|2 . (16£% +4) LIA(A+1)
202 - mao?

The inequality holds because F; (-, -; -) is L-Lipschitz, and the last step holds because of Definition 3. By Lemma 14, there are T iterations, so

we have

(127)

ap, (1D.D') = = ap, ()

2 (16¢% + 4) L3

> (128)

mo

T
amh) £ ap, () <
t=1

where the last inequality holds because A € (1, 0). We also assume that the maximum value of a (, (1) is no greater than twice the average
of its sum.

Lg\/( 8T(T+13)(2T+1)+4T) log(1/y)
20m
2
exp(—A0/2), and in this way, it leads (0, y)-DP to parameter X. Similarly, we have the same proof for y;, if Ny; ~ N (0, %Ip) with

Lg\/(wﬁr) log(1/y)
oy =¢ 20ym

Taking ox = ¢ , we can guarantee a (A1) < A6/2, and as the consequence, by Lemma 16, we obtain y <

is used when updating y;, then (6, y)-DP can be guaranteed. The proof is completed.

C Additional Experiments

C.1 Gradient clipping

We conducted experiments on DPMixSGD and DM-HSGD with a clipping threshold set to clip the top 20% of gradients, which yielded
similar results, further confirming the reliability of our original findings. See in Table 3, here ¢ represents the intensity of the noise added in
the DPMixSGD algorithm.

Table 3: AUC Performance of DPMixSGD and DM-HSGD under Different Noise Levels with Gradient Clipping Comparison

oc=0.5 o=1
Dataset | DM-HSGD | 5530 SGD | DPMixSGD (Clip) | DPMixSGD | DPMixSGD (Clip)
MNIST 0.9937 0.9897 0.9733 0.979 0.9548
Fashion  MNIST 0.9859 0.9757 0.9493 0.9627 0.9184
ljcnnl 0.9984 0.9962 0.9889 0.9901 0.9711

C.2 Decentralized min-max problem in multilayer perceptron of image classification problem

This experiment focuses on image classification of the Fashion-MNIST [75] dataset using a multilayer perceptron (MLP) model. We introduce
corresponding dual variables to formulate a min-max problem. Additionally, we also compare the AUROC performance of the DPMixSGD,
DM-HSGD, SGDA, and DP-SGDA algorithms across different scenarios. In this problem, we consider a distributed network composed of
m agents. Each agent i possesses its own model parameter x; as well as a set of dual variables y4;, yp, ;, and y,;. These dual variables are
typically employed to handle constraints or to model adversarial factors. The optimization objective of the entire MLP system is defined as
follows:

min max @ ({xi}, {Yais p,is Ywi}) (129)
{Xi };:1 { Ya,isYb,i>Yw.i };:1
where @ is the global objective function, defined as the average of all agents’ local objective functions as the following:

1 m
® ({xi}, {Yai- Upi» Ywi}) = - Z $i (%is Yais Yb,i» Ywii) - (130)

i=1

Each agent i has a local optimization function ¢; defined as:
i (Xis Yais Yb,is Yw,i)

=L (xi3Di) +Yai - fa Xi) +yp; - fo (Xi) + Yw,i - fow (Xi), (131)

where L (x;; D;) is the primary loss function based on the local dataset D; (e.g., cross-entropy loss). fz (%), fp (xi), and f,, (x;) are auxiliary
functions associated with the dual variables, introduce to impose additional constraints or model adversarial factors. yq,i, yp,;, and yy,; are
the corresponding dual variables, typically acting as lagrange multipliers to balance the primary loss with the auxiliary terms.

For the image classification algorithms DPMixSGD, DM-HSGD, SGDA, and DP-SGDA, we conduct extensive experimental validations
and compare their AUROC metrics. The primary parameters involved in the experiments are as follows: the learning rates for the model
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Table 4: AUROC results over epochs for each algorithm during the image classification experiments on Fashion-MNIST dataset.

(a) Impact of total number of agents m.

m m=5|m=10 | m=15 | m=20
SGDA 0.7978 | 0.7227 | 0.5602 | 0.5503
DP-SGDA 0.7754 | 0.7251 0.5367 | 0.5506
DM-HSGD | 0.9352 | 0.9179 | 0.9345 | 0.9087
DPMixSGD | 0.9311 | 0.9310 | 0.9296 | 0.9317
(b) Impact of sparsity level p.
P p=02|p=05|p=08| p=1
SGDA 0.7881 0.7978 0.7978 | 0.7971
DP-SGDA 0.7816 0.7796 0.7754 | 0.7769
DM-HSGD | 0.9359 0.9357 0.9352 | 0.9329
DPMixSGD | 0.9328 0.9373 0.9311 | 0.9369
(c) Impact of 6.
0 0 =0.005| 6=0.01| 6=0.05| 0=0.1
SGDA 0.7978 0.7978 0.7978 0.7978
DP-SGDA 0.6637 0.5773 0.7066 0.7542
DM-HSGD 0.9351 0.9351 0.9351 0.9351
DPMixSGD 0.9048 0.9213 0.9356 0.9355
(d) Impact of y.
_ _1 _ _1 _ _1 _ _1
14 V= %0000 | Y= 30000 | Y= 5000 | ¥ = Tooo
SGDA 0.7978 0.7978 0.7978 0.7978
DP-SGDA 0.5795 0.5773 0.5732 0.5725
DM-HSGD 0.9351 0.9351 0.9351 0.9351
DPMixSGD 0.9206 0.9213 0.9237 0.9264

parameters x and their dual variables y are selected from the set {0.01,0.001,0.0001}. The mini-batch size is set to 64. Specifically, for
the DPMixSGD and DM-HSGD algorithms, the initial batch size is set to by = 64. The gradient weight adjustment parameters fx and f
are chosen from the set {0.1,0.01}. Table 4 illustrates the AUROC results over epochs for each algorithm during the image classification
experiments. In all compared groups, our proposed method surpasses existing algorithms, because the introduced noise aids in escaping
saddle points while expediting the model’s training process.
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