arXiv:2505.23581v2 [quant-ph] 30 May 2025

Quantum Hilbert Transform
Nitin Jha'-" and Abhishek Parakh!

'Kennesaw State University, Marietta, GA, USA
“Corresponding author: njhal@students.kennesaw.edu

ABSTRACT

The Hilbert transform has been one of the foundational transforms in signal processing, finding it's way into multiple disciplines
from cryptography to biomedical sciences. However, there does not exist any quantum analogue for the Hilbert transform. In
this work, we introduce a formulation for the quantum Hilbert transform (QHT)and apply it to a quantum steganography protocol.
By bridging classical phase-shift techniques with quantum operations, QHT opens new pathways in quantum signal processing,
communications, sensing, and secure information hiding.

1 Introduction

The Hilbert transform is one of the most significant signal and image processing tools used to generate an analytic signal
from a real-valued signal by introducing a =7 /2 phase shift to its frequency components. This transformation has been of
immense importance in cases where one needs to extract the instantaneous phase, frequency, or amplitude of any given signal
crucial in applications ranging from envelope detection in biomedical signals to feature extraction in radar systems'=. Hilbert
transform enables the use of Single Sideband modulation (SSB) which reduces the bandwidth requirements and thus has even
been exploited to embed imperceptible covert channels in audio streams®’ . The use of Hilbert transform in steganography
is often done by using Hilbert-Huang transform. There have been several studies which uses the classical Discrete Hilbert
transform (DHT) and its adaptive extension, the Hilbert—-Huang transform (HHT), to hide and detect secret information in a
variety of signal and image domains®~!!.

To exploit the usefulness of Hilbert transform in digital domain, several discrete Hilbert transform (DHT) algorithms
have been developed. Kak’s lifting-based DHT'? and subsequent trigonometric variants'>~!> allow efficient computation
via the discrete Fourier transform (DFT). Hilbert-Huang transform is an adaptive, two-stage signal analysis technique that
first decomposes any nonlinear, nonstationary time series into a finite set of data-driven Intrinsic Mode Functions (IMFs)
via Empirical Mode Decomposition. Hilbert transform is then applied to determine instantaneous amplitude and frequency
information. This gives us Hilbert Spectrum. Kandregula® showed that a finite-length discrete Hilbert transform can carry binary
data by alternately transmitting the original or a subtly phase-shifted version of the host signal—an approach that leverages
our near-complete insensitivity to small phase changes to embed information imperceptibly and reversibly in audio and other
one-dimensional signals. Tan et al.'® extended this idea to Enhanced Bit-Plane Complexity Segmentation (BPCS) steganography
by applying empirical mode decomposition and the Hilbert transform to bit-plane complexity difference sequences; the resulting
phase-sequence feature vectors, when classified with an Support Vector Machine (SVM), reliably expose hidden payloads in
both spatial and JPEG2000 images. Li and Zhou'?, employed the Hilbert—Huang transform to break an image’s pixel-value
histogram into intrinsic mode functions and then extracted instantaneous amplitude and frequency descriptors—features that,
fed into a machine-learning classifier, achieve very high accuracy in detecting embedded data across diverse image formats.

Subsequently, in the field of quantum computing, the quantum Fourier transform (QFT) has emerged as a core primitive
for phase estimation, period finding, and quantum signal processing'” 8. Quantum signal processing is a rapidly growing
area of research and several quantum analogues of classical transforms, such as the wavelet and cosine transforms, have been
proposed!~?!. Yet, despite the importance of both the classical Hilbert transform and the QFT in their respective domains, no
direct quantum analogue of the Hilbert transform is proposed at this point. A quantum Hilbert transform (QHT) would enable
coherent, unitary phase-shift operations on multiqubit states, opening new possibilities in quantum signal analysis, quantum
communications, and quantum steganography.

This paper develops a quantum analogue of the classical Hilbert transform and introduces its application to quantum
steganography. The paper is structured as follows. Section 1.1 gives the mathematical definition of the continuous and discrete
Hilbert transforms. We also explain the basic mathematical formulation of quantum Fourier transform, which is central to
the development of the proposed quantum Hilbert transform. Section 2 defines the quantum Hilbert transform, analogous to
the classical Hilbert transform. This study defines a discrete quantum Hilbert transform based on a discrete quantum Fourier
transform. Section 3 provides example use cases for the newly proposed QHT. Finally, Section 4 provides a discussion and
introduces the applications of QHT in steganography, outlining the importance of this work.
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1.1 Hilbert transform
The Hilbert transform (#[g(t)]), for a signal g(t), is defined as follows,'

Al =g0)s L= [* 8 Tag m

where the Hilbert transform is the convolution product of the signal with 1/7¢. The Hilbert transform is often denoted as g(¢) or
[g(£)]" This particular definition of HT is rather complicated at first glance due to the presence of improper integrals containing
singularities. Hilbert transform is defined as Cauchy’s principal value of the integral in eq(1). This is defined as,

L%Mm—lhm([8“®m+zmﬂ“”m) 2
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Therefore, the integral from eq(1) represents the Cauchy principal value'. To understand HT in an easier way, we look at it’s
interaction with Fourier transform. Thus, we move from the time to frequency domain.
For the signal 1/(7t), the Fourier transform can be written as,

—j, iff>0
—jsgn(f) =40, iff=0 3
i, iff<o0

Therefore, if g(¢) signal has a Fourier transform G(f), the using the convolution property of FT, we can write 7 (g()) in
frequency domain as,

G(f) = —j sen(f)G(f). )

Its evident from eq(4) that HT doesn’t change the magnitude of the input signal, rather than changes the phase of the signal.
All the positive frequency components are multiplied by — j (phase shift of —7/2), and negative frequency components are
multiplied by j (phase shift of 7/2). Therefore, HT exchanges the real and imaginary parts of G(f) (changes sign of one of the
components) in the Fourier Basis.

1.1.1 Discrete Hilbert transform

The Discrete Hilbert transform (DHT) of a real-valued sequence x[n] can be defined in the frequency domain using the Discrete
Fourier transform (DFT). We start with computing the DFT of the real-valued sequence. Multiply the DFT coefficients by
a filter to shift the negative frequency components to zero and double the positive frequency components. This operation
corresponds to the Hilbert transform in the frequency domain. We compute the DFT as,

N—I
X[k =Y x[n] ¢ 2mikn/N. 3)
n=0

Now, we need to define the filter H[k] is defined as,

1, ifk=0
2, if1<k<¥-1
HE =7 =T (©)
1, ifk= 75 (if Niseven)
0, if J+1<k<N-—1
where N is the length of the sequence. Now we construct the analytic signal as follows,
X[k] = X[k] Han K]. @
Take the inverse DFT,
1 N—-1 _ i
xan[n} = N k;oX[k] e+ ﬂlkn/N. (8)
And, finally, we can get the DHT as, (by extracting the imaginary part of the analytical signal)
£[n] = Im{xu(n]}. 9
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1.2 quantum Fourier transform
Discrete Fourier transform (DFT) is defined to take a unit vector, £ = (xg,x;...xy_1) € CV, produce another unit vector,
$= (y0,¥1...yn_1). Where the output unit vector, ¥, can be written as, '®

— ¥ RNy k=0,1,...,N—1. (10)

The quantum Fourier transform (QFT) performs an operation similar to the discrete Fourier transform but in amplitudes.
Mathematically,

N—1 N—1
Y xili) = Y yulk). (11)
j=0 k=0

From eq(11), we can see that QFT takes a quantum state from a computational basis to Fourier basis. The state information
is encoded in Fourier coefficients.

QFT(|y)) f Z (Z xkez’”fk/’v> i) (12)

where f; = (): +€2™IkIN) are the Fourier coefficients. We will use the phase information extracted from these Fourier
coefficients in the next section when we define the quantum Hilbert transform.

2 quantum Hilbert transform

Now that we have established a relationship between the Hilbert transform and the Fourier transforms, we can define the
quantum analogue of the classical Hilbert transform, which we shall refer to as the quantum Hilbert transform (QHT). The
QHT might serve an essential tool in quantum signal processing, mirroring the role of the classical Hilbert transform in the
analysis and filtering of signals.

1. To begin, let us first define a quantum state. For a system with N possible states, the general form of a quantum state |y)
can be expressed as:

N-1
=) alx), (13)
x=0

where o, are complex coefficients that determine the amplitude and phase of each basis state |x). The coefficients o are
subject to the normalization condition ¥, [0, |* = 1.

2. With the quantum state |y) defined, we now apply the quantum Fourier transform (QFT) to this state. When the QFT is
applied to the quantum state |y), the resulting state |@) can be written as,

0) = QFT(|y)) Zﬁ,lj (14)

where f3; are the Fourier coefficients, which encode the amplitude and phase information of the transformed state in the
Fourier basis. The Fourier coefficients f3; are derived from the original coefficients o through a linear transformation, as
detailed in eq(12).

3. Once the QFT has been applied and the Fourier coefficients f3; have been obtained, we can extract the phase information
associated with each coefficient. The relationship between the Fourier coefficient and its corresponding phase shift can
be expressed as:
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B, =r;e', 15)

where r; = | B;| is the magnitude of the coefficient, and 6; represents the phase-information associated with the j-th state
in the Fourier basis. This phase shift 8; carries crucial information about the periodicity and symmetry of the original
quantum state.

4. Analogous to the classical Hilbert transform, which introduces a phase shift of +7/2 to the frequency components of a
signal, we define a phase modification in the quantum context based on the nature of these phase shifts 6;. The modified
phase 91’» is defined as follows:

9]'—71'/2, 1f9] >0,
0 =10, if6, =0, (16)
9j-‘r7l'/2, if 6; <0,

where 6]’- is the phase after it has been shifted based on the initial sign of 6;. This phase shift is intended to mimic the
effect of the Hilbert transform, which systematically adjusts the phase of each component according to its sign, effectively
filtering the quantum state.

After applying this phase modulation, we obtain a new quantum state |¢’), which can be expressed as:

N—1
10" ="Y Bilj), (17)
j=0

.0/
where [3]’ =r je’ef' represents the Fourier coefficients with the modified phase 6]’-.

5. Once we have the phase modulated state in the Fourier basis, we take it back to computation basis to perform the final
measurements. This can be done by applying the inverse QFT (IQFT). Mathematically, taking a state |¢) from Fourier
basis to | ) in computation basis is represented as,

)= Nf (NZIB 27 /N>> (18)
V)= —F= j€ o X)),
\/Nx:O =0 ’

we can clearly see that if we apply QFT on a state |y) and then apply the inverse operation of IQFT, we should get the
original state back. However, in the definition of QHT, we change the Fourier coefficients based on phase-shifts. Thus,
B j’ # B;. Therefore, the new coefficients, @, to states in computational basis can be written as,

1 N-1 -
o — /'672m]x/N. 19
. TN;OIS, (19)

From eq(19), we write the modified quantum state, |y’) as,
N—1
V) =Y o). 20)
x=0

It’s trivial to note that in this new state, the phase of each ¢ is changed based on the changes done in the Fourier basis in
step 4. For all 8; > 0, we see an addition of 7r/2 phase to respective c,.
This concludes the steps for the discrete quantum Hilbert transform. The QHT can be used to modify a given quantum state just
based on the phase information, by using the Fourier basis for easier phase extraction.
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3 Examples

In this section, we would described some examples of the Hilbert transform, and a graphical representation of the quantum
Hilbert transform (QHT) as described in previous sections.

3.1 Example of Hilbert transform

In this section, we would present some graphical representation of the Hilbert transform over an input signal. We start with a
signal as described,

x(t) =2cos(2mfit) +2sin(2w fot), 2D

where f] and f, are the two frequencies. f] contributes to the cosine component, and f, contributes to the sine component
of the input signal. We perform Hilbert transform on it, and present both the original and transformed signal below. Another
important application of Hilbert transform is in broadband modulation. Here, we take a Amplitude Modulated (AM) signal
(x(2)). We apply Hilbert transform and find the analytical signal (z(¢)).

z(t) = x(t) + ji(t), (22)

where j = +/—1. We can find the magnitude of the analytical signal as,

)? (23)
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Figure 1. (a) Demonstration of using Hilbert transform to find the envelope of AM signals. (b) Application of Hilbert
transform to a signal to generate an analytic signal and observe the 7 /2 phase shift.

3.2 Example of quantum Hilbert transform
The main focus of this study is to develop a quantum analogue of the classical Hilbert transform for quantum states. We defined
the theoretical foundation for QHT in Sec[2]. The main idea behind QHT is the phase modulation of the quantum states in
Fourier Bases. Here, we would apply QHT on some fundamental quantum states (superposition of 2 qubits, entangled states),
and show how the phase is modulated for these. For N = 8, i.e., 3—qubit state we plot the initial state |y) on Q-sphere and the
QHT modified |y') state in fig(2).

As explained earlier, due to the rules governing the phase modulation in Fourier basis, the amplitude of the modified
quantum state also changed. We would quantify this by plotting the amplitude of the original quantum states vs the amplitude
of the states post-QHT.
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(@) Initial random quantum 3—qubit state |y) with their phase (b) Modified quantum state |y’) with their phase and amplitude
and amplitude magnitude displayed using IBM Q-sphere. magnitude displayed using IBM Q-sphere after the application
Bigger circles on the states represent higher amplitude, and ~ of QHT on the initial quantum state |y). Bigger circles on the
different colors represent the state’s phase as represented states represent higher amplitude, and different colors represent
through the color wheel. the state’s phase as represented through the color wheel.

Figure 2. We plot Q-sphere to represent the multi-qubit state represented by |y). We initiate random |y) for N = 8 basis
states, i.e., 3-qubit system, with each state having a random amplitude, all normalized. We then apply QHT as described in
Sec[2], and obtain the transformed state, |y’). The states have transformed amplitudes and phases as seen on the right.
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(b) Phase of the different quantum states in |y). We apply
(a) Amplitude of different quantum states in |y) as defined in QHT to a given quantum state initialized as defined in eq(13).
eq(13). The black bars show the original amplitudes, and the = We shift the phase of this states based on the signs of the 0 as
red bars show the post-QHT amplitudes. described in eq(16).

Figure 3. In this figure base state refers to |x;) as the quantum state |y) is defined as a sequence of basis states defined in
eq(13) for N = 32, i.e., 5—qubit state. (a) Comparison of amplitudes before and after applying QHT. (b) Visualization of phase
modifications introduced by QHT.

We notice from fig(3) that both the amplitude and phase changes for the signal when we apply QHT, due to the nature of
the phase modulation. It is also interesting to note that some amplitudes are more suppressed after we apply QHT. We do a
polar plot to understand these changes in a simpler manner too in fig(4).
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Figure 4. In this figure, red stars show the modified state, and blue dots show the original state. The closer a point is to the
origin, the lesser it’s amplitude is. The phase is denoted by the angle of the point from the origin.

4 Discussion

The formulation of QHT allows a user to modulate phase information in quantum states on a Fourier basis. We can expand this
idea of phase modulation and hide secret information using QHT. This process is described as follows.

We start with using two quantum states: |y),.; and \l//)msg. The reference state (|y),.¢) is used by Bob to get information
about the original phase associated with the quantum states, and \lll)msg state is used to encode the secret message. Therefore,
this way of sharing a secret message can be conducted in two steps: (1) Transmitting the |y) . stage, and Bob obtaining the
original phase information. (2) Transmitting the |y) _ state, which contains the modified phase information using QHT, that
is, the hidden message.

msg

Step I: Transmitting the ref state.

* Alice prepares the quantum state as mentioned in eq(13).

* Alice can use a secure protocol to transmit these states to Bob. For example, Alice can use the three-stage protocol?
to transmit this state.

* After the protocol is completed, Bob can measure the phase information of the quantum states. Bob should now
have a list of phase and amplitude information for the reference states.

Step II: Transmitting the msg state.

* At this point, Bob already has the list of original phase and amplitude information. Alice creates the same state as
Step I. Now, Alice applies QHT to modify the phase information as explained in eq(16).

» Alice now adds a sequence at the end of this state to determine which qubits are used to hide secret information,
i.e., we only use part of the sequence to hide the secret message. Thus, the length of the secret message (s) is less
than the original length of the qubit sequence.

For example, Alice ref state was originally 6-bits long, and she wants to hide a secret message. Alice would attach
a 6-bit identifier sequence at the end of the original message: 1 if that qubit contributes to the secret message, 0 if
it does not. At the very end, Alice also puts the encoding state, i.e., 10 if phase change of /2 encrypts 1, else 01
if /2 encrypts 0. For this example, the length of the msg sequence would be 14. In general, the length of the msg
sequence is [ = 25 4 2, where s is the length of the ref sequence.
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This entire state is converted into the quantum state. Note that the identifier sequence is only attached after Alice
performed QHT on the original sequence.

* Alice would transmit this updated sequence to Bob using the three-stage protocol. Bob performs the following
steps,

Bob determines the message, identifier, and encryption scheme for the hidden message.

From the message sequence, Bob identifies the modified phase and amplitudes with respect to the reference
state. Bob can thus calculate which qubits had +7/2 phase changes.

Using the identifier sequence, Bob can identify the qubits used to hide the message. Bob can further determine
the encryption scheme.

Using this information, Bob can recover the binary string of hidden information hidden in the modified phase
of the quantum states.

Example: Hiding a 3-bit secret in a 6-qubit sequence

Reference bits (6):

100101 (11)[0)[0)[1)[0) 1))

Secret message bits (3):

101

Identifier sequence (6):

101010 (marks qubits 1, 3,5 for hiding)

Encoding scheme bits (2):

10 (Z shift — “17)

Combined |y), ., (14 qubits):

msg

Vinsg) = | [100101)" || [101010) || |10
g

where [100101)’ refers to the updated reference state due to application of QHT.

Here we presented an application of the formulation of the QHT we described in this work, where Alice can hide some
secret information in the phase of the quantum states transmitted using QHT and steps outlined above.

This method utilities a quantum communication protocol to transmit a hidden message embedded using phase modification
in qubit states. Since, it needs Alice to pre-share a reference state, an older communication between Alice and Bob can be
used to eliminate the need of sharing the reference state again. Alice and Bob can, thus, score phase information for a shared
communication and use it for future use as the reference state. Moreover, the receiver needs to know the exact qubit index
whose phase were modified to extract the secret message, it adds a layer of uncertainty for the eavesdropper. As a result, to
decode the secret message eavesdropper needs three quantities: (1) original phase information from reference state (2) encoding
detail and qubit indices (3) decryption for communication protocol. The information leakage can, thus, be approximated based
on the communication protocol used. For example, we proposed using three-stage protocol to conduct this. So the information
leakage can be quantified by Holevo bound®*2* for three-stage protocol.

1. For noise-less (i.e., ideal case), an eavesdropper intercepting one of the three stages of communication gets a maximally
mixed state, the reduced density matrix can be written as,

1 N-1
PE= (;6 [x) <X|> ; 24)
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which is independent of |y) ¢ or |y) msg State. As per, Holevo’s bound the mutual information accessible to eavesdropper
for s-qubit payload, let’s say M, can be written as,

1 1
x=S (N;pm> - N;S(pm) =logN — logN =0, 25

Therefore, for ideal case, Igyejy = 0.

. For practical case, where the gate and channel noises (0) disrupts the perfect mixing, and introduces a small information
leakage that can be bounded as follows,

I(Eve: M) < Hz(@) ~ H2<1—g) ~ 0(5), 26)

where Hy(p) = —plog, p— (1 — p)log, (1 — p) is the binary entropy function. Therefore, if § < 1, the information
leakage can be minimized.

5 Conclusions

This work presents a quantum analogue of the classical Hilbert transform for quantum states. We explain the basics of classical
Hilbert transform (both continuous and discrete), go over the definitions of Fourier and quantum Fourier transform and present
the proposed working of quantum Hilbert transform (QHT). We also present a use case for QHT where a sender can use QHT
to hide information in a particular quantum state, which can be retrieved by performing a phase analysis.
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