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REPRESENTATION GAPS OF RIGID PLANAR DIAGRAM MONOIDS

WILLOW STEWART AND DANIEL TUBBENHAUER

ABSTRACT. We define non-pivotal analogs of the Temperley—Lieb, Motzkin, and planar rook monoids,
and compute bounds for the sizes of their nontrivial simple representations. From this, we assess
the two types of monoids in their relative suitability for use in cryptography by comparing their
representation gaps and gap ratios. We conclude that the non-pivotal monoids are generally worse
for cryptographic purposes.
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1. INTRODUCTION

The main question of this paper is how representations behave when a pivotal structure is relaxed
to a rigid, yet non-pivotal, one. Our primary objects of study are (partially) novel diagram cate-
gories that serve as non-pivotal analogs of classical diagram categories, such as the Temperley—Lieb
category.

1A. Setting the stage: diagram monoids and representation gaps. Motivated by the problem
of developing cryptographic protocols based on finite noncommutative monoids, [KST24] developed
a framework to connect monoidal categories and cryptography. Noncommutative monoids are often
vulnerable to linear attacks: an attacker can convert a protocol operating in such a monoid into a
linear algebra problem, enabling the use of powerful linear algebra techniques to break the encryption;
see e.g. [MRI15] for examples. Converting such a protocol to linear algebra requires a nontrivial,
say simple or faithful, representation of the monoid. In short, a cryptographic protocol based on
a noncommutative monoid can be bypassed by targeting the nontrivial simple representations, so
if these are too low in dimension, the protocol will not be secure. The security of such a protocol
can be roughly measured by the representation gap (RepGap). As such, it is important to find
monoids with large RepGaps. There are also many other reasons to study these numerical invariants
of monoids, see, for example, [BG08, Go08].

Monoidal categories provide a wealth of such monoids, since each object X provides an endomor-
phism monoid End(X®™) for each n € Z>o, and by the Schur-Weyl dual of [COT24] it is expected
that their representations grow exponentially. In particular, [KST24, Section 4 & 5] discusses di-
agram monoids, which arise from endomorphisms of subcategories of the partition category. These
are split into the symmetric monoids, namely the partition monoid, rook Brauer monoid, Brauer
monoid, rook monoid, and symmetric monoid (group), and their planar counterparts, the planar
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partition monoid, Motzkin monoid, Temperley—Lieb monoid, planar rook monoid, and planar sym-
metric monoid (the trivial group). The main tools for computing the representations of these monoids
and their dimensions are based on cell theory (a.k.a. Green’s relations) as in [Gr51].

The paper [KST24] primarily explores planar monoids, noting that symmetric monoids may be
less suitable for cryptographic applications than their planar counterparts. While this hypothe-
sis remains unproven, it raises the question of how categorical structures, such as symmetry, in a
monoidal category influence the RepGap (see e.g. [EGINO15] or, more diagrammatic, [Tub22] for
background on such structures). This is where our story starts: The monoidal categories above
(excluding the rook categories and those for the groups) are pivotal, meaning every object X has a
left and right dual, which essentially means that the category is rigid, and further the double dual of
X is isomorphic to X. A natural generalization is to consider non-pivotal, rigid monoidal categories
as a potential source of monoids for cryptographic purposes. These are, in a sense, more “compli-
cated” than pivotal monoidal categories: For example, the Temperley—Lieb category is equivalent
to the category Rep(SLs) of finite dimensional representations of the special linear group (a classic
result; see [RT'W32]) or quantum versions of the group SLg, and Schur-Weyl duality arguments
[Er95, S099, AST18] then imply that the RepGap problem can be solved using representation
theory of SLo. No such equivalence exists for any non-pivotal, rigid monoidal category and finite
dimensional representations of any group G.

Remark 1A.1. To avoid confusion, note that in the classical diagram categories under discussion,
the object X is self-dual. Relaxing this assumption, while retaining pivotality, would, for example,
require introducing an orientation. However, this is not what we do here: we break the symmetry of
left and right duals, and, as far as we can tell, the categories and monoids we study are (partially)
new. Importantly, we expect that passing to oriented versions of the classical diagram categories
does not affect the RepGap. For a related result, see [GT25] for the Schur-Weyl dual statement in
the context of the Brauer category. <&

This paper begins the study of this with non-pivotal, rigid analogs of some of the planar diagram
monoids above, namely the Temperley—Lieb monoid, Motzkin monoid, and the planar rook monoid.
The rigid Temperley—Lieb category, as we define it, has been studied as the free rigid monoidal
category, for example in [CSB21, St21, Tub22]. As far as we are aware, there is no existing
definition for a rigid analog for the Motzkin monoid. Since the planar rook category has no duals,
we treat it as a two-color submonoid of the rigid Motzkin monoid. We directly ignore the planar
partition monoid and the planar symmetric monoid, as the former is isomorphic to the even-strand
Temperley—Lieb monoids, see [HRO05], and the latter is isomorphic to the trivial group.

1B. Results. One might assume that a more complicated monoidal category would translate to
more secure cryptographic protocols; however, surprisingly, we find that the RepGap and gap
ratio (=the RepGap normalized by the order of the monoid; we want this to drop to zero as slow as
possible) are largely worse for the non-pivotal diagram monoids. The asymptotic behavior of these
is summarized in the table below (more precise results are given in the main body of the paper),
with the pivotal monoids on the left and the non-pivotal monoids on the right. We also colored the
quantities that are larger when comparing between non-pivotal and pivotal.

Monoid ‘ RepGap ‘ Gap Ratio H Monoid ‘ RepGap ‘ Gap Ratio
TLo, > O(n5/2 . 4m) < O(n=3/4) rTLy, | <O Y227 [ > O(n Ve /M)
Mooy, Gapl/n —9 Ratio'/™ — 1 r Mooy, Gap'/™ — 4 Ratio'/™ — 1
pRoy, | =0 2e /.47 > O(n Ve ™) rpRoy, < O(n"Y2.2m) < 0(0.87)

Focusing on the Temperley—Lieb monoid, we see that while the gap ratio for the non-pivotal version
is slightly better, the RepGap is exponentially worse, illustrated by the Logl0-scale plots in Figure 1.
For the Motzkin monoids our results are not fine enough to come to a conclusion for the gap ratio,
but the RepGap is again much worse.

We ideally aim for a more secure protocol over improved relative security for the computational
complexity, so in this case we still say that the pivotal Temperley—Lieb monoid is better for cryp-
tographic purposes than the non-pivotal analog; ditto for the Motzkin monoids. For the remaining
case, it is clear that the pivotal monoids are better. With this, we build on the results from [KST24]
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FIGURE 1. Left: comparison of the RepGaps in Logl0 scale up to n = 1000; Right:
comparison of the gap ratios in Logl0 scale at n = 100, with vertical lines indicating
where r1T'L,, is truncated.

to determine that pivotal planar diagram monoids are generally better for cryptographic purposes
than non-pivotal planar diagram monoids.

The results related to the symmetric monoids in [KST24, Section 5] are much less precise than
those of the planar monoids. This is because there is greater difficulty in computing the dimensions
of simple representations for these monoids, although some work toward that has been done in, for
example, [DWH99, CAVMO09, Tu24|. Future work based on this paper should thus begin from
these symmetric monoids, both in the pivotal and non-pivotal cases.

Remark 1B.1. We assume some familiarity with diagrammatic algebras, monoids, and categories,
and (sandwich) cellularity a.k.a. Green’s relations. There are many references for these, see e.g.
[KST24, Sections 3 and 4]. (For readers acquainted with diagram algebras such as the Temperley—
Lieb algebra, the monoids we study can be obtained by specializing all parameters, i.e., floating
components to 1.) &

Remark 1B.2. Some parts of this paper are based on computer calculations. For the reader who wants
to run these calculations themselves, we have collected all relevant material on GitHub following the
link [St25]. This applies to all Mathematica and GAP computations in this paper. That page also
contains an erratum, which may be empty. &
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2. CELLS AND MONOID REPGAPS

The main representation theory of monoids that we will be using is discussed in detail in [KST24,
Section 2 & 3|, which we follow closely; see also [St16]. In this section, we will simply state the main
results and tools that we require without proof.

2A. Monoid representations. Let M be a finite monoid, and let K be a field. Except where
specified, K has arbitrary characteristic and representations are left representations over K. We
define preorders on M, called left, right and two-sided cell order, by

(a <1 b) < Je:b=ca,
(a <, b) & Je: b= ac,
(a <pr b) & Je,d : b = cad.
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Remark 2A.1. There are similar notions of cells in the study of cellular algebras as, e.g., in [GL96,
KX12, TV23, Tu24]. As in [KST24, Remark 3.1], these orders are in-line with the most common
convention used in the theory of cellular algebras but the opposite of the one usually used in monoid
theory. O

We define equivalence relations, the left, right and two-sided equivalence, by
(@~ b) < (a<;band b < a),
(@ ~pb) < (a<,band b <, a),
(a ~pp b) < (a < band b <y a).
The respective equivalence classes are called left, right respectively two-sided cells. We denote all

these by £, R and J and call two-sided cells J-cells. Finally, an H-cell H =H(L,R) = LNR is an
intersection of a left £ and a right cell R.

The picture to keep in mind is

J. L

.................................................

(2A.2) My | Hoy | Hog | Mo )

R M P H ey | H
31E 32 33 -(i—H(ﬁ,R):Hgg

where we use matrix notation for the twelve H-cells in 7. In this notation left cells are columns,
right cells are rows, the J-cell is the whole block and H-cells are the small blocks.

We will also write <; or >, etc., having the evident meanings. Note that the three preorders also
give rise to preorders on the set of cells, as well as between elements of M and cells. For example,
the notations £ >; a or £ <; £’ make sense. In particular, for a fixed left cell £ we can define

M = {a € Mla 2, L},

as well as others which we will distinguish by the subscript. We write H(e) if H contains an idem-
potent e € S. The H-cells of the form H(e) are called idempotent H-cells, and the J-cells J(e)
containing these H(e) C J(e) are called idempotent J-cells.

Notation 2A.3. When #(e) = 1 is the trivial group, we say H(e) is trivial. This is the most relevant
case for planar diagram monoids (in fact, one might define planar diagram monoids to be those with
trivial H-cells). In the following, we will be specifically addressing the case H(e) = 1. <&

We have minimal and maximal J-cells in the <j.-order. In our illustrations the minimal cell will
be at the bottom, so we call it the bottom cell Jp, while the maximal cell will be at the top, so we
call it the top cell J;.

Lemma 2A.4. Every monoid has a unique bottom and top J-cell which are minimal respectively
maximal in the <j.-order. Both are idempotent J-cells. O

Cells can be considered M-representations, called cell representations or Schiitzenberger represen-
tations, up to higher order terms:

Lemma 2A.5. Each left cell L of M gives rise to a left M-representation Ap = KL by

a.lEA[;:{al ifal € L,

0 else.

Similarly, right cells give right M-representations Ag and J-cells give M-birepresentations. We have
dim(Agz) = |£| and dimg(ARr) = |R]|. O
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The top and bottom cells of Lemma 2A.4 correspond to the two trivial representations of the
monoid M as in the following definition.

Definition 2A.6. Let G C M be the subgroup of all invertible elements of M, i.e. G is the group of
units. Then we define trivial representations

1 if G
Iy: M= K, s~ HS€b MoK, se L
0 else,
An M-representation M is called trivial if M = 1, or M = 1;. &

The subscripts b and ¢ are short for bottom and top, respectively. The top trivial representation
14 is also what is called the trivial representation 1 of S, the unit object of the monoidal category of
representations of S with 1 ® M = M for any M-representation M.

Remark 2A.7. With respect to the above, we again warn the reader familiar with monoid theory
that the order we use for J-cells (a.k.a. Green’s J-classes) is opposite of the one often used in monoid
theory. Thus, what we call bottom/top is usually the top/bottom in monoid theory. In contrast, our
convention matches most of the cellular algebra literature. <&

The annihilator Anny (M) = {s € M|s. M = 0} of an M-representation M is a two-sided ideal of
M. An apezr of M is a J-cell J such that, firstly, J N Anny (M) = @, and secondly, all J-cells J’
with J' N Anny (M) = () satisfy J’ <; J. In other words, an apex is the <j;-maximal J-cell not
annihilating M. The following justifies the terminology of the apez of a simple M-representation:

Lemma 2A.8. Every simple M-representation has a unique apex, and apexes correspond 1:1 to
idempotent J-cells. O

Then, we can classify the simple representations with the Clifford—Munn—Ponizovskit theorem or
H -reduction:

Theorem 2A.9. For a monoid M with only trivial H-cells:

{simple M-representations}/ = & {tdempotent J-cells} ,

and the association can be chosen (and we will do this) such that simple M-representations are mapped
to their apex. O

We can define a partial order, also denoted by <;., on the set of simple M-representations by
saying that one simple is strictly smaller than another if its apex is strictly smaller.

We can estimate the size of simple representations with the following upper bound:

Lemma 2A.10. The dimension of the simple M-representation L associated to the apex J wvia
Theorem 2A.9 can be bounded by

dimg (L7) < [£],

where L C J is arbitrary. |

We call ssdimg (L) := |£| = dimg A, the semisimple dimension of J. This name is justified by
the following:

Proposition 2A.11. The following are equivalent for a monoid M with only trivial H-cells.

(a) The monoid M is semisimple over K.

(b) All J-cells are idempotent and square, and we have dimg (L) = ssdimg (L) for all J-cells
J,and Ly = Ar. O



6 W. STEWART AND D. TUBBENHAUER

2B. The RepGap. We now define the main quantities that are important for cryptography. We
define them slightly differently when compared to [KST24] (which is the correct definition), but
that does not matter for our purposes; see Lemma 2B.2 below.

Definition 2B.1. The RepGap Gapg (M) is the dimension of the smallest nontrivial simple rep-
resentation of M. The gap ratio is the quantity Ratiox (M) := Gapyg (M)//IM|. The semisimple
RepGap ssGapg (M) is the minimal semisimple dimension of the nontrivial simple M-representations.
The semsimple gap ratio is ssRatiox (M) := ssGapg (M)//|M]| <&

The semisimple RepGap is less important than the RepGap, but easier to compute.

Lemma 2B.2. The RepGap from Definition 2B.1 is always bigger or equal to the one in [KST24].
Moreover, for our reference diagram monoids, Temperley—Lieb, Motzkin and planar rook, the two
definitions agree. U

Our main results will imply that the rigid diagram monoids have a smaller RepGap than their
pivotal counterparts, even when using our more generous RepGap definition compared to [KST24].
Hence, by Lemma 2B.2, we can still say that they are worse for our purposes, and therefore we do
not have to (and will not) worry about the more subtle definition of the RepGap from [KST24].

Remark 2B.3. The gap ratio roughly measures the ratio of the security of the cryptographic protocol
based on the monoid to the computational complexity of the monoid. More precisely, recall that the
dimension of a simple representation over an algebraically closed field is at most the square root of
the size of the monoid.

If the RepGap is significantly smaller than this upper bound, then the impact from linear attacks
is greater; if the monoid is relatively large, the computational complexity for utilizing any encryption
protocols based on it is greater, however there is little security gain from this since it can be bypassed
by a linear attack, due to the smaller simple representation. In other words, the closer the RepGap
is to the square root of the size of the monoid, the less of an impact the linear attack will have. <

Remark 2B.4. Faithfulness is the minimal dimension of nontrivial faithful representations. We will
not compute or discuss it further in this paper, as the RepGap and gap ratio are sufficient for
comparing the monoids we are interested in. <&

In practice, for cryptographic purposes, we generally look for families of monoids indexed by
n € Z>o such that the RepGap tends to infinity erponentially with n, and the gap ratio
does not exponentially tend to zero. We will discuss examples of such monoids in the next
section.

3. DIAGRAM CATEGORIES AND MONOIDS

Martin [Mar91] and Jones [Jo94] discovered the partition algebra as a generalization of the
Temperley—Lieb algebra, extending the construction that relates the Temperley—Lieb algebra to the
Potts model in statistical mechanics; see [HRO05] for a self-contained summary. Specializing the
parameter yields the partition monoid and its associated category.

3A. Pivotal diagram categories. The diagram monoids we refer to are submonoids of the parti-
tion monoid. For m € Z>( the picture to keep in mind, taken from [Tu24], is:

e The partition monoid Pa,, of all diagrams of partitions of a 2m-element set. The planar
partition monoid pPa,, is the respective planar submonoid of Pay,.

AN

e The rook-Brauer monoid RoBry, consisting of all diagrams with components of size 1 or 2.
The planar rook-Brauer monoid pRoBr,, = Mo,, is also called the Motzkin monoid.

‘/Q—3<RB ‘/*UM
€ Robry, € Mo,y,.
t Mt A~ 1

€ pPay,.
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e The Brauer monoid Br,, consisting of all diagrams with components of size 2. The planar
Brauer monoid pBr,, = T'L,, is known as the Temperley—Lieb monoid (sometimes T L, is
called Jones monoid or Kauffman monoid).

MGB'&M / \eTL
AN

e The rook monoid or symmetric inverse semigroup Ro.,, consisting of all diagrams with com-
ponents of size 1 or 2, and all partitions have at most one component at the bottom and at
most one at the top. The planar rook monoid pRo,, is the corresponding submonoid.

3 3 4 'y
S R0m7 // \
t T !

e The symmetric monoid/group Sy, consisting of all matchings with components of size 1. The
planar symmetric group is trivial pS,, = 1.

We will only be considering the planar monoids, however we included the non-planar (“symmetric”)
monoids above for completeness. We also focus on T'L,,,, Mo,, and pRo,,, since pS,, is trivial and
pPay, = TLs, by [HRO05, (1.5)].

These monoids each have corresponding monoidal categories, with objects made up of words in
a single letter o of length m € Zx>(, and morphism sets consisting of diagrams like the above with
each letter in the object acting as a node. The endomorphism sets on objects of length m recover
the original monoids. Composition is given by stacking diagrams on top of each other, as long as the
objects in the middle are the same, then reducing based on the final pairings of each node (i.e. the
partition of nodes). When the diagrams are endomorphisms, this is the same composition as in the
original monoids.

€ pRoy,.

€ pSp.

For example, for the Temperley—Lieb category, T'L, we have:

///‘“\ € Homy(e e e e 00 ee).

Remark 3A.1. Further details about these monoids can be found in numerous sources; see, for
example, [HRO5]. Since the partition category can be identified with cobordisms modulo certain
relations, [Ko04] provides a convenient framework for translating these monoids into categorical
language, see [Hul9] for an explicit summary. &

We also pick particular values m for these monoids, for reasons that will become clear in the
following section. From now

we will simply write TL,,, Mo,, and pRo,, to mean endomorphisms on (e e)®" instead,

which is equivalent to TL,,, Mo,,, and pRo,,, for m = 2n using the previous definitions. We also
truncate the monoids to keep only the representations that are sufficiently large, following [KST24,
Section 4].

Remark 3A.2. One key advantage of monoids over groups is their flexibility: we can truncate them
either from below, by annihilating small cells and adjoining a unit, or from above, by collapsing large
cells to an adjoint zero. This allows us to strategically eliminate representations that are too small,
and we will do this throughout. &

Recall that this works as follows. Let D be any of our diagram monoids. Then the J-cells of D
are a subset of Z>g, where every J-cell corresponds to a fixed number k£ € Zx>( being the number
of through strands. We can then define D?<F<t as the Rees factor (adjoining a unit, if necessary)

supported on the cells with a < k < b through strands. In this paper, we use TL! := TL%S’“Q\/%7
Mog = Mogé’@m, and pRo = pRo”_‘/%<k<”+m
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Theorem 3A.3. Assuming that charK = 0 for Mo, and TL,, we have the following inequalities
for the asymptotics of the RepGaps and gap ratios:

27521 TS24 | < Gapg TLE < 275/2 | n=3/2 - |4n |,

f(n) 19" | < Gapg Mol < |273/2|. n=3/2 |4 |

77*1/26_2_$ nl/2 |y SGaprROES a2 2. 4n |,

~3/2

for some function f in n asymptotically smaller than (2n) . The ratios are

2= T/Ag3/4|. | p=T/4 SRatioKTLZ < 9=3/473/4|. n*3/4,

ml/44=13=3/4 1. f(n)n®/* < Ratiogx Mol <|/2r/4373/4]. n=3/4

71*1/421/46_2_$ Spml/A4 SRatioKpRog < g l/491/4 ] | p-1/4

for the same f.

Proof. For TLY the bounds on the RepGap come from [KST24, Theorem 4E.2], noting that the
upper bound is from the semisimple RepGap. The pRol asymptotics come from the formulas in
[KST24, Section 4F]. The asymptotics for the gap ratios then follow easily when dividing by the
asymptotics of |T'L,| and |pRoy,|, since the latter are straightforward binomials whose asymptotics
can be calculated directly in Mathematica.

For MoZ, the result that the exponential growth factor of the RepGap is 32", and that it is worse
than 327(2n) /2, is found in [Ar25].

To obtain an asymptotic for |[Mo,|, we can start with the recurrence for the Motzkin numbers in
[Be99], which naturally leads to a generating function and an asymptotic for the Motzkin numbers.
The sequence of sizes of the Motzkin monoid is a bisection of the Motzkin numbers, so we can
finally use [F'S09] to obtain the asymptotic of |Mo,|. [Kol2] has already calculated this to be
|Moy| ~ (3*73/2) /(16,/7n3/?), from which we can get the gap ratio. O

Remark 3A.4. Strictly speaking, we should be taking the size of the truncated monoid on the de-
nominator in the gap ratios, however in the above we have used the full size of the monoids. We
justify this by observing that the asymptotic growth up to the exponential factor is the same for the
full monoid and truncated monoid. Indeed, if M, = > }_, f(n,k) is the size of the monoid, then
taking m(n) := max{f(n,k)|k = 0,1,...,n}, we have m(n) < M, < nm(n). Taking the nth root
to find the exponential growth, (nm(n))Y/™ — (m(n))"/" since the contribution from n is negligible,
so by the sandwich theorem MY = (m(n))'/™ (note that for all the monoids we are dealing with,
f(n, k) is continuous in n and k).

Therefore, as long as M;{ contains m(n), which it does by design in the cases above, the asymptotic
of the nth root will be m(n), meaning they have the same exponential growth factor. As a result,
we can simply use the size of the monoid itself in the above ratios, when doing otherwise would be
computationally difficult, as long as n is sufficiently large. &

3B. Non-pivotal diagram categories. Define left and right duals in the usual way, e.g. following
[EGNO15, Section 2].

Definition 3B.1. A monoidal category is rigid if every object has a left and right dual. An object
X in a rigid monoidal category with a dual X* is pivotal if X™ = X. A rigid monoidal category is
called pivotal if every object is pivotal. &

Remark 3B.2. We have simplified the definition, however one should keep in mind that each dual is
actually a monoidal functor, and the isomorphisms are isomorphisms of monoidal functors. &
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A key feature of the categories described above is that they are all pivotal. This follows from the
fact that the object e is self-dual, which is just the zigzag equations:

In the following sections, we will compute the RepGaps and gap ratios for rigid, non-pivotal coun-
terparts to the familiar categories above, and compare them to the results for the original pivotal
versions. This will give some indication of which, between pivotal and non-pivotal, are more suitable
for use in cryptography.

The exploration of non-pivotal analogs is justified with the following result:

Lemma 3B.3. Let R, P be rigid monoidal categories and F : R — P a full monoidal functor. If
Y € Obj(P) such that Y is pivotal, then 3X € Obj(R) such that X is pivotal. Moreover, if P is a
pivotal monoidal category and F is additionally faithful, then R is also a pivotal monoidal category.

Proof. Since Y € P is pivotal, Y is the left dual of Y*, so there is an evaluation morphism evy :
Y ® Y* — 1p. Since F is a full monoidal functor, 3X € Obj(R) and evy : X ® X* — 1y such
that F(evy) : F(X)® F(X*) —» F(1g) =evy : Y @ Y* — 1p. Similarly, there is a corresponding
co-evaluation morphism in R, which means that X is a left dual of X*, and since duals are unique
up to (unique) isomorphism [EGNO15, Proposition 2.10.5], this means X = X** so X is pivotal.

If P is pivotal, the above argument gives a pivotal X € Obj(R) for every Y € Obj(P), and if F is
faithful then this means that this is all the objects in R, i.e., every X € Obj(R) is pivotal. O

Let G be a group and Rep(G) be the monoidal category of all finite dimensional representations
of G. Since V** 2V for any finite dimensional vector space V', Rep(G) is pivotal.

Corollary 3B.4. Let R be a non-pivotal rigid monoidal category. Then there is no fully faithful
monoidal functor from R to Rep(QG). O

This shows that a non-pivotal counterpart to the Temperley—Lieb, Motzkin, and planar rook
categories is meaningfully different, since the pivotal versions do have category equivalences to Rep(G)
for some group G; for example, the Temperley—Lieb category (when the circle is evalauted to 2 instead
of 1) is equivalent to Rep(SL9) via the functor that sends e to the standard two-dimensional S Ls-
representation.

Remark 3B.5. The categories we use where the parameter is evaluated to 1 are actually equivalent
to representations of quantum groups (or rather quantum enveloping algebras) and not groups, but
the difference wll not play a role for us. &

This result also suggests that the monoids from non-pivotal categories will in some sense be more
complicated than those from the pivotal categories. When designing encryption protocols, it would
be more desirable to have more complicated, less easily described monoids, since that would hopefully
make it harder to decrypt. This is incredibly imprecise; however, the RepGap and gap ratio are useful
concrete tools to determine which monoids will likely be more effective for use in cryptography.

In the next three sections, we prove the following bounds on the RepGaps and gap ratios for the
non-pivotal T'L, Mo, and pRo monoids:

Theorem 3B.6. We have the following inequalities for the asymptotics of the RepGaps and gap
ratios:

9—1/2,—1/2,~1—5- | .| ,=1/2 |9n SGapKTTLZS 9-1/27=1/2 .| p=1/2| | on|
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12w -‘n_?’/Q -1 4" SssGapKTMoz < 4\/571'_1/267% ST |4n

\/iﬂ‘lﬂg*zl*é% T2 o < GapKrpRog <\ V212512 o

21/47'('_1/46_1_3% L pT1/4 §RatioKrTL£ < o/ Ar=1/4 .| p=1/4

712 - |. n=3/2 §ssRatioKrMo£ < 4\/§7r_1/2 it

Ratiog rpRol < |237/2330/45-5n/4 | ~10.87™ |

Theorem 3B.6 will be proven case by case in the next sections. Note that Theorem 3B.6 implies
that the table in the introduction holds.

4. THE RIGID TEMPERLEY—LIEB MONOID

We start with our first non-pivotal diagram monoid.

4A. Definition of rT'L,,. We now define a non-pivotal analog of the Temperley—Lieb category, a
rigid monoidal category that we call the rigid Temperley—Lieb category and denote by rT'L.

Definition 4A.1. The objects, morphisms, and tensor product of rT'L are defined as follows:

(a) The collection of objects Obj(rT'L) consists of all finite words X;, X;,...X;, in the alphabet
{X; :i€Z}. We will typically only write the subscripts, for example the object X3 XoX1 X
will often simply be written 1212. The empty word is denoted 1.

(b) The length of an object X = X;, X;,...X;, is length(X) = n, that is, the number of letters
used to make up the word. The length of 1 is zero.

(c) The collection of morphisms between two objects Hom(X,Y), for X = X;, X;,...X;, and
Y = X;, Xj,...X},., consists of all partitions of {1,2,...,m,—1,—-2,..., —n} into ordered pairs
(a,b), with the following properties:

(i) (a,b), axb<0,is avalid pair < j_p = ig,
(ii) (a,b), a > 0,b> 0, is a valid pair <= i, =i, + 1,
(iii) (a,b), a < 0,b < 0, is a valid pair <= j_p, =j_, — 1,
(iv) the partition is planar, meaning there are no pairs [a, b], [u, v] such that a < u < b < v.

(d) Tt will be useful to represent such morphisms as diagrams, drawn vertically from j, ..., jm, to
i1,..., i (i.e. just keeping the subscripts of the two objects, drawing from bottom to top),
connecting each pair via an unbroken line, we call a string. For example, the morphism
[(1,-1),(2,—6),(—2,—5),(—3,—4)] from X;X2X1X0X; X2 — X1X2 would be represented
by:

1 2

/ \ € Homrp.(121012,12).
AN

121012

The above conditions, when translated to the language of these diagrams, are:
(i) (a,b), with ab < 0 and j_ = i, is called a through strand,

(ii) (a,b), with @ > 0,b > 0 and i, = i, + 1, is called a cup, denoted cupy 4+1,
(iii) (a,b), with a <0,b <0 and j_p = j_, — 1, is called a cap, denoted cap, ,—1,

(iv) and the partition being planar simply means that the diagram is planar, that is, no
strings are allowed to intersect.
Henceforth we will consider diagrams and partitions interchangeably.

(e) The size of a diagram f: X — Y is size(f) = (length(X), length(Y")).
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(f) Composition of two morphisms f: X — Y andg:Y — Z, fog: X — Z, is given by
vertically placing the diagram f on top of the diagram g, then obtaining a new partition by
creating pairs that are connected by strings (noting that a string is not broken by a subscript).
For example:

1 01

N\

101 12101 101

/u \/u /m /u

o =12101= :

AN AN \/u AN

12101 12101 12101
AN

12101

(g) The identity morphism on X € Obj(rTL), denoted 1x, is simply the diagram consisting only
of through strands, that is, every subscript in X at the bottom of the diagram is connected
to its corresponding subscript at the top via a vertical line. 11 is defined as there being no
diagram, the empty diagram (or empty partition []).

(h) Define a functor ) : ¥T'L x rTL — rTL by:
() If X = X;, X5,..X;,, Y = X;,X},... X, € Obj(rTL), then

XY = XilXiQ---Xianlng---ij
that is, we simple concatenate the words X and Y, and

(i) if f: X Y € Hom,7(X,Y), g: A — B € Hom,pr(A, B), then we obtain f ® g €
Hom, 71 (X ®A,Y ®B) by placing the diagram g to the right of f, that is, concatenating
the diagrams horizontally.

We call the resulting construction the (set-theoretic) rigid Temperley—Lieb category. &
Lemma 4A.2. With the structure above, r'TL is a rigid monoidal category, and no object is pivotal.
Proof. The composition of morphisms in rT'L is clearly associative, since we can simply stack all
multiplied diagrams and obtain the result by following the strings from their top-most objects to

the bottom-most objects they are connected to. Moreover, @) defines a monoidal product, with the
empty word and diagram (1, 11) being the monoidal unit. So rT'L is a monoidal category.

For every i € Z, we have:
(a) The left dual of X; is (X} = X;—1, cupi—1,, cap;i—1), and
(b) the right dual of X; is (*X; = Xiy1,cup; ;41,capP;41,),

which follows from the familiar zigzag equations:

~.

i

(4A.3) i i1 i =i i—-1 i =

Therefore, given an object X = X;, X;,...X; , the left dual of X is the object X* = X; _1®X;, ,—1®
.. ® Xi,—1 ® Xj,—1, along with the evaluation and coevaluation morphisms, cupx« x and capx x=,
defined by vertically concatenating cups and caps on the corresponding subscripts of X and X*. The
right dual is found similarly, and hence rT'L is a rigid monoidal category.

Finally, X" = X;10 2 X; and ™ X; = X;_» 2 X, for all ¢ € Z, and hence no object in rT'L is
pivotal. O
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We have defined rTL, the rigid Temperley—Lieb category, a rigid, non-pivotal analog of the
Temperley—Lieb category, and from this we pick the monoid of endomorphisms

rTLy, = End.rr(12)%"
to analyze for cryptographic purposes. We call rT'L,, the rigid Temperley—Lieb monoid.

Remark 4A.4. The above definition does not include all endomorphisms in rT'L of length 2n. This is
because, unlike in T'L, we have multiple different objects of the same length, meaning the endomor-
phisms cannot be composed. As a result, the best we can do is pick one object for our endomorphism
monoid; the alternative would be to take a direct sum @y cop;(rrr),(x)=m Endrrr(X), however this
would require performing a completely different, generally nontrivial, calculation for each different
endomorphism monoid, for no discernible extra benefit.

The choice of (12)®™ as our object is because it captures enough of the structure of endomorphisms
in rT'L, while being relatively easier to compute cells. &

4B. Computing cells for rTL,. We have the following sandwich factorization:

Lemma 4B.1. Every diagram d € r'T'Ly, with k through strands can be written as 701,08, where
T and B are diagrams of size (n,k) and (k,n) respectively, and a(k) = 12...12 is of length k, where
k is an even positive integer.

Proof. Firstly, clearly it is impossible to have a diagram with zero through strands, since there is no
valid cap arrangement on 12...12. Moreover, there cannot be a negative number of through strands,
so k must be a positive integer.

Now, consider the possibilities for through strands of a diagram in rT'L,. Let k be the number
of through strands, and «(k) the sequence, of length k, of the letters paired by the through strands,
read from left to right. For example, the following diagram has the sequence 12:

If the leftmost through strand pairs two 2s, then on the left we will have an odd number of letters
on both the top and bottom. Since this is the leftmost through strand, the letters in the top must be
paired up independently from the letters in the bottom, and vice versa. This is clearly impossible,
since the number of letters in each is odd. A similar argument holds for the rightmost through strand.

If there is a through strand to the left that pairs the same letters as the through strand to its
right, then we will also have an odd number of letters on both the top and bottom, and the same
reasoning holds again. This therefore shows that the sequence a(k) must be of the form 12...12,
which is necessarily of even length.

The above reasoning is illustrated below, first with a “bad” sequence of through strands, which
cannot occur for any diagram in r7'L,,:

121212 - 1212 - 121212
a(k) =221,

121212 - 1212 -+ 121212

then with a “good” sequence that does appear in some diagrams in 71 L,,.
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121212 - 1212 - 121212
ak) =1212.

121212 - 1212 -+ 121212

Note that this is only a necessary condition for the sequence of through strands; for example, it is
also required that the leftmost through strand connects to the leftmost 1 on the bottom, and the
rightmost through strand connects to the rightmost 2 on the bottom.

Finally, the factorisation into 70 1, o 8 follows from observing that the result of a composition
depends only on the final pairings between the numbers in the very top object and very bottom
object, so we can “stretch out” the through strands like so:

12121 2
12121 2 1 2
N\ N\
/\: || :Tollgoﬁ.
M M
12121 2 1 2

O

We will write 1,) = 1k, with k the number of through strands, since the meaning is clear. For
x € rI'L,, write k, for the number of through strands in .

Lemma 4B.2. If x,y € rT'L,, then ky > kyy and ky > ky,. (The number of through strands cannot
decrease.)

Proof. In the composition xy, each strand arises from a strand in x and a strand in y, such that
there is a continuous line between the top object of x and the bottom object of y. Therefore, it is not
possible to increase the number of through strands in xy compared to x. It is possible to decrease
the number of through strands, since for example we have

1 2
1 2
N\
1 2=
7
1 2
1 2
Hence, 1,, < 1j,, and similarly 1z, < 1, . g

With the above two lemmas, we can describe the cells of ¥T'L,,:
Proposition 4B.3. The cells of r'T'L,, have the following properties:

(a) The J-cells of rT'Ly, are indexed by the number of through strands, with order 2 <y, ... <i. 2n.
That is, number of through strands k is the apex of the J-cell.

(b) The size of the left and right cells of 7T Ly, is given by the number of diagrams possible when
fizing the top and bottom half, respectively.
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(c) Every J-cell in rTLy, is idemptotent.
Proof. The sandwich pictures below, which we will use from now on, are meant to show the factor-

ization in Lemma 4B.1. The reader unfamiliar with these illustrations is referred to [Tu24].

Fix a J-cell J, and suppose a,b € J, meaning a <;,. b and b <;,. a. This means Jec,c’,d,d € rTL,
such that b = cad and a = /bd’.

Using Lemma 4B.1, we have:

Ty, T
Iy, | = =1k |lk,| = = g,
Bb Ba

In the left equation, the middle of the right hand side must resolve to 1j,, and since 1j, is contained
within that middle, k, > & (using Lemma 4B.2. Similarly, k&, > k), and thus k, = k. This proves
(a).

Clearly, if k, = kp, then a <; b and b <j. a, and hence the J-cells of rTL,, are completely
determined by the number of through strands. Moreover, the above argument shows that a <.
b = 13, < 1j,, making <, a total order on the J-cells.

The argument for right and left cells is similar. If we have a,b € J, with k through strands, then
the condition for a ~, b is:

which shows that a ~,. b <= T, = Ty, i.e. the top halves of the diagrams are the same. Similar
reasoning shows that a ~; b <= B, = By, proving (b).

Finally, suppose we have a fixed J-cell J of apex k through strands. If £ = 2n then the identity
is an idempotent in J.

Suppose now that 2 < k < 2n. Then there exists a diagram of the form:

121 2 12121 2 1 2

12121 2121 2 1 2

where we have simply moved all caps and cups as far to the left as possible. Stacking this diagram on
top of itself shows that this diagram is idempotent, and hence every J-cell contains an idempotent. [J

Remark 4B.4. k = 2n corresponds to the bottom J-cell and bottom trivial representation, and k = 2
corresponds to the top J-cell and top trivial representation. Those familiar with the representations
of T'L,, might be surprised, since the top trivial representation typically corresponds to k = 0, which
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is missing for »T'L,,. This can be reconciled by noting that k£ = 0 corresponds to the maximal number
of cups and caps in a Temperley-Lieb diagram, while k = 2 does the same in rT'L,,. &

Example 4B.5. For rT'Ls and rTLs the cells are illustrated in Figure 2. It is explained in [St25]
how to produce these pictures in GAP. &

J1 7 Y He) =1

w1 ///: (o) 21
AN

I o=

J-:

w

FIGURE 2. Left: the cell structure of rT'Ls, produced with the Semigroups package
in GAP (adjusted to match our conventions): every block represents a J-cell, and
every shaded box an H-cell containing an idempotent. Right: the cell structure of
rT Lz, with each H-cell written explicitly.

Now, we calculate the sizes of the left and right cells.

Proposition 4B.6. For a fized number of through strands k, we have:

n—1 n
RE = (k) k| = (k)
2 2

Zn—l) )

moreover, the total number of elements in rTL,, is ( n

Proof. Fix k through strands, and fix the letters in the diagram that each through strand pairs up.
Then, all that’s left is to arrange the cups and caps on the top and bottom respectively, and the
arrangements on the top and bottom are independent of each other.

Consider the bottom first. There are n letters on the bottom, and only 2%-2 = n — 1 spots a cap

can be placed (with no nesting allowed), since on the far left and far right we have 12. Of the 2n
total letters in the diagram, k are already paired up, so there are only 2”2_ k remaining on each of the

bottom and top words.

Once we place the caps, there is only one possible arrangement of the through strands, since the
diagrams in rT'L,, are planar. Hence, the number of different bottom half diagrams is equal to the
number of ways to choose (2n — k)/2 pairs of letters (i.e. 1s and 2s) to be placed in the n — 1 valid
cap positions. This is equal to ( @ ), proving the formula for \Riﬂ

2
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The size of the left cells can be computed similarly, noting that the far left 1 and the far right 2
can be used for cups on the top.

Finally, since the top and bottom are independent once we’ve fixed k through strands (note that
k must be even, by Lemma 4B.1), the total number of possible diagrams is

2n n n 1 n n n 1 n 2n 1
kypk| _ - = - = -
E ’RnH‘Cn‘_Z(M) <M>_Z(n—k> (k‘>_< n >7
k=0 k=0 % 2 ? k=0

where the final step follows from the Chu—Vandermonde identity. O

4C. RepGap and gap ratio of r1'L,,. We are on the final round in our proof of Theorem 3B.6 for
rTL,. As a first step:

Proposition 4C.1. The simple rT L, -representation are indexed and ordered by 2 <y ... <pr 2n.
Moreover, the right representations ARZ are all stmple, and provide a complete list, up to isomor-
phism, of the simple representations of r’I’Ly,.

Proof. The first statement is immediate from Theorem 2A.9 and Proposition 4B.3

Suppose W is a nontrivial subspace of Agx such that W # Agx. Let w € basis(W) such that w has
at least one cap (this always exists since W' is nontrivial). Then, we find an « € rT'L,, = basis(Ags )
such that wz € rTLy, \ basis(W), which shows that W' cannot be 7T Ly-invariant, proving that Agx
is simple.

Using Lemma 4B.1, we can write w = Ty, o 1, o By,, where T,, = T is the fixed top half of the
diagrams in 71 L,,.

Then, we define x = T, o m,; o B, to have:

(a) k through strands, so my, = 1,
(b) B, # B, for any y € W, which is always possible to define since W C Rk,

3 . . in B,,. whi

(c) and T, such that there is a cup placed directly to the left of every cap in B,,, which is always
possible since w has at least one cap, and there can be no caps on the far left of the object
1212....

Then, using the zigzag equations (4A.3), B, o T, is reduced to the identity on k through strands,
while T}, remains unchanged on the top. Therefore, zw = Ty, 01,0 B, € RF, so zw # 0, but zw ¢ W
by definition of B, hence W cannot be 7T L,-invariant. This is illustrated below:

T, T,

1 1,

B
w\ __ — 1 W.

T lf J\J‘] v &

1 1,

B, B,

Finally, the fact that this is all the simple representations of r1'L,, follows from the classification
Theorem 2A.9. O

Remark 4C.2. All cell representations are semisimple, but the monoid 77T L,, is not semisimple: being
semisimple would imply that the sum of the squares of the simple representations is the order of the
monoid, but that is not true as our J-cells are not squares; cf. Proposition 4B.6. However, we can
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think of rT'L,, as being almost semisimple: only the slight asymmetry in its left and right cells sizes
prevents it from being semisimple. &

Following [KST24], we will now truncate 71" L,,, similarly to T'L,,. From Proposition 4B.6 we find
that the maximum of |R%| occurs at k = n + 1 (simply by the properties of the binomial coefficient).
We consider the interval n+1—+/2n < k < n+ 1+ +/2n, which has a width on the order of v/2n, up
to a scalar, and is centered around the peak at k = n 4+ 1. This is illustrated in Figure 3. To avoid
unwieldy superscripts, as with the pivotal monoids, we will denote this truncated monoid by rTLZ.

29-
28 [ L
5510 M
4x10%8 | 270
3x1028 | 26-
2x 1028 [ 25)
1% 1028 [ 24 C
L L L L L 237 I Il I I I Il 1 1 1 Il 1 1 1 1 I I I Il
60 80 100 120 140 F 60 80 100 120 140

FiGURE 3. Left: The dimension of the simple representations over k, for n = 100,
with vertical lines marking the truncation end points. Right: A Logl0 version of the
same graph.

Now we can find the RepGap and gap ratio, and compare the results with those for T'L,,.
Theorem 4C.3. We have the following inequalities for the RepGaps and gap ratios of rTLY

9-1/27-1/20=1=3 | p=1/2 .| gn| < Gapg rTLT < | 271271/ | n=1/2 |9 |,

21/47r_1/4e_1_3% L pT1/4 §RatioKrTL£ < o/ Ap=1/4 1. p=1/4

This is true over an arbitrary field K.

Proof. The simple representations have dimension ( ik)) (combining the previous two proposi-

ne
%(Zn
tions), which obviously has a maximum of ( 1 ?nf_ll)). Due to the symmetry of the binomial coefficient,
2
the minium will be at the two end points of the truncated interval, i.e. kK = n + 1+ v/2n. Picking
the lower endpoint, we can easily find the asymptotics of these using Mathematica.

Finally, due to the reasoning in Remark 3A.4, the bounds on the gap ratio are calculated based
on |[rTLy|. O

Combining this with Theorem 3A.3, we have the following conclusion for charK = 0 (which is
only needed for T'L,, itself, see Remark 4C.5).

Corollary 4C.4. Assume charK = 0. Then:
Gapg rTLY < ' 27" |. Gapg TLY,

Ratiog 7T LT > e 173 |- nl/2 -Ratiog TLL.

Thus, we get the table entries as in the introduction. O

Although rT' L, is slightly better than T'L,, in terms of the gap ratio, the fact that it is significantly
worse in terms of RepGap makes it less suitable for cryptographic purposes. Also, rT'L,, is essentially
semisimple over an arbitrary field, see Remark 4C.2, and for these reasons it may be too easy for
cryptography purposes.
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Remark 4C.5. The behavior of the monoid T'L,, /category T'L is very different in prime characteristic
compared to charK = 0, see e.g. [An19, Sp23, STWZ23] (where we specialize so that the circle
parameter is one in these papers). In contrast, surprisingly, rT'L,, is characteristic free. &

5. THE RIGID MOTZKIN MONOID

In this section we define a non-pivotal version of the Motzkin algebra/monoid as, for example, in
[BH14]. This will be done in a similar way to the previous section, so we will be brief whenever
appropriate.

5A. Definition of rMo,,. Similarly to rTL,, we define:

Definition 5A.1. The rigid Motzkin category rMo has objects the same as those in 71'L, and
morphisms defined as partitions of those objects, similarly to rT'L, however we also allow parts of
size 1, i.e. we allow unpaired partitions. In diagram form, this would be denoted by a top dot or
bottom dot, generally referred to as dots, as seen in the following example:

1 2101 2
*/&\J

A 1
1 2101 2

Composition of diagrams is defined similarly to rT'L, for example:

1 2101 2
t/tu
A

121012

- —
[ o\
- —
- O

—_
C..

9

-

— -.
[\
=
o
=
N -e

Everything else, such as the tensor product, tensor unit, duals, etc., are defined in the same way as
in rT'L. Finally, the rigid Motzkin monoid is

rMoy, := End,pr(12)%",

where, as before, our object of choice is (12)®". &

We leave it to the reader to formulate and verify that rMo shares the same categorical properties
as rT'L.
5B. Computing cells for rMo,. We proceed analogously to r1T'L:
Lemma 5B.1. Any d € rMo,, can be written
(5B.2) d=T1olamop
for diagrams T, € rMo and some sequence a(k) of length k in 1 and 2, 0 < k < 2n.
Proof. If d € rMo, has k through strands, define the sequence «(k) as the sequence of through
strands read from left to right; explicitly, a(k); = 1 if the ith through strand pairs two 1s, and

a(k); = 2 if the ith through strand pairs two 2s. For example, the following diagram has the
sequence 12:

121212
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Note that, unlike rT'L,,, the number of through strands can be any integer 0 < k < 2n.

Given the sequence «(k), the result follows via the same argument as that used for Lemma 4B.1,
as once again only the final partition matters when determining the result of a composition. For
example, the above diagram with a(k) = 12 becomes:

=T7o0l120p0.

The proof is complete. O

Now, for n > 0 fix a sequence of k through strands a/(k). Since the diagrams in rMo,, are planar,
the through strands create an ordered partition of both the top and bottom objects. For the above
example, (k) partitions the bottom and top object into the blocks [[],[],[1212]] and [[12],]], [12]]
respectively, including the empty blocks.

Denote by ji, 1 < i < k+ 1, the size of the block to the left of the through strand «(k);. Then we
have an ordered partition

(5B3) J1+Jd2+ . Jky1 =2n — k.

Define a partial order on the sequences a(k) by a(k) < B(k') <= «(k) is a subsequence of 3(k’). Let
k, denote the number of through strands in the diagram z, and «(k,) the corresponding sequence.

Lemma 5B.4. For any diagrams x,y € rMoy, a(ky) > a(kyy) and a(ky) > akys).

Proof. This follows by observing that composing two diagrams can never add any through strands,
while they can remove them. Through strands only occur in the composition xy when a number
in the top object of x is connected to a number in the bottom object of y via a continuous line.
Therefore, each through strand in xy is a result of a composition between a through strand in x and
a through strand in y, possibly with some caps and cups in the middle.

This naturally means that there is no way to add any new through strands via composition, since
they each must correspond to a pair of through strands from x,y. In all other cases, the through
strand from x or y will disappear in zy, to become either a cap, cup, or dot, since there is no
continuous line between the top object of x and the bottom object of y.

As a result, the resulting sequence of through strands of xy must be a subsequence of both «(k;)
and «a(ky). The diagrams below summarize some of the possible cases for compositions involving
through strands:

1112112

1112112

)
~ >
1112112=
L AN /

1112112

1112112
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1212121

1212121

M M M
1212121=
v v YV

1212121

1212121

The general pattern is similar. O
Proposition 5B.5. The cells of rMo, have the following properties:

(a) The J-cells of rMo, are uniquely determined by the sequence of through strands a(k). That
is, each J-cell is of apex a(k), with a partial order given by the partial order on sequences.

(b) Within each J-cell, sizes of the right and left cells can be found by counting the number of
diagrams when fizing the top respectively bottom half. Explicitly, we have

k+1

DO | £

itk =1
=2n—k

and
k+1

=y 1w

St =1
=2n—k

where the sum is over the partition of through strands (5B.3), and B?i and Tgi denote the
number of possible diagrams on the block of the bottom respectively top object of size j;.

(c) Every J-cell of rMo,, is idempotent.

Proof. Fix a J-cell J, and suppose a,b € J, meaning a <;,. b and b <j,. a. This means Jec,c’,d,d' €
rMo,, such that b = cad and a = ¢'bd’.

Using Lemma 5B.1, we have:

Ty Te
lag)| = = o) |leka| = = lak,)
By B,

In the left equation, the middle of the right hand side must resolve to 1,,), and since 1y, is
contained within that middle, a(kq) > a(kp) (using Lemma 5B.4. Similarly, a(kp) > a(kg), and thus
a(ky) = a(ky).

Clearly, if a(k,) = a(ky), then a <j. b and b <j,. a, and hence the J-cells of Mo, are completely
determined by the sequences of through strands.

The argument for right and left cells is similar. If we have a,b € J, with sequence of through
strands «(k), then the condition for a ~, b is:
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which shows that a ~, b < T, = T}, i.e. the top half of the diagrams is the same. Similar
reasoning shows that a ~; b < B, = By.

Given this, we know that the through strands of a diagram partition both the top and bottom into
blocks, with sizes given by (5B.3). For a fixed partition, these blocks are independent of each other,
thus the number of diagrams is the product of the number of diagrams within each block. Taking
the sum over all partitions gives the desired result.

Finally, if there are k through strands, the J-cell of apex «(k) contains an idempotent that has
pairs of dots everywhere there are no through strands (in general there are multiple of these for each
sequence of through strands). For example, if n = 3 and «(k) = 122, then the following diagram is
an idempotent in the corresponding J-cell:

121212

| . | ‘ |
L | ?
121212
The general case can be verified similarly. O

Remark 5B.6. In general, we cannot compare all J-cells of rMo,, so there is no total order like with
7T Ly, only the partial order determined by the sequences of through strands: Jo,) < Jom,) <
a(k1) is a subsequence of a(ksz). As a result, we have a more complicated (or exciting) cell structure,
seen in Figure 4. &

With this set up, we will continue to focus on the right cells, and the results for the left cells follow
similarly.

Proposition 56B.7. For all m € Z>(, the number of possible diagrams on the bottom object 1212...
of length m is given by:

(5B.8) A&:c7(rn;1J>

where C(l) denotes the lth Catalan number. Moreover, if instead we have 2121 of length m, then
the number of diagrams is A9n+2 if m is even and Amy1 if m is odd.

Proof. Let m = 2l be even, and note that AJ = 1 (the only option is the empty diagram 11). We
claim that:

l
(5B.9) Agz = Z Agi72Agl—2i
i=1

which is the familiar recurrence relation for the Catalan numbers, so assuming (5B.9), we obtain
AY, = C(I) = C(m/2). Observe also that if we consider 1212...121 of length 21 — 1, adding a 2 to
the right changes nothing, since it cannot pair with anything to the left, and there is no 1 to the

right to pair with. Therefore, Agl—l = Agl so we finally have A? = C (LmT—HJ)

Now, to prove (5B.9), consider the possibilities for the first 2 in 1212...12 (of length 2I):

R
1212 12 . 1212
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12121 2
) ‘ ) ‘ 4 ‘
? t t
12121 2
1 2121 2
) ) )
! ' !
1 21 21 2
12121 2
) ‘ ‘ ) ‘ ]
1 1 t
121 21 2
12121 2
‘ ‘ ‘ ‘ | *
1 ? t
12121 2

FIGURE 4. Left: The cell structure for rMos. Right: explicit diagrams representing
the single elements of the four J-cells of size 1 for k = 3.

If we pair the first 2 with the ith 1 following that 2, we have 12...12 of length 2¢ — 2 under the cap,
and 12...12 of length 2 — 27 remaining outside the cap, noting that the interruption where the cap
is placed can be ignored, since the diagram is planar and thus we treat inside and outside the cap
separately. These can be arranged independently in Agi_2Agl_2i ways. Setting ¢ = [ for the case
where the first 2 remains unpaired, we thus conclude the recurrence relation (5B.9).
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Finally, if we have 1212...12 of length m + 2, the first 1 and the final 2 must remain unpaired, so
the number of diagrams A%, o on this object is the same as the number of diagrams on 2121...21 of
length m. In the case 2121...212 of length m (i.e. odd), the final 2 must remain unpaired, so the
number of ways is the same as 2121...21 of length m — 1, which is A9, ;. O

Consider now the following cases for a(k):
Oé(]{)l =1 Oé(/{?)l =2
1212 12 1212 1212 | 12 . 1212
(k)1 =2 a(k)k1 =1 ,
1212 12 1212 1212 | 12 | 1212

a(k)i_la(k)i =12 a(k)i_la(k)i =21

1212 12 1212 1212 12 .
a(k)i_la(k)i =11 a(k)i_la(k)i

/o N/ N\

1212 12 1212 1212 12 _ 1212

AN
7

where 2 < i < k+ 1. Recall from (5B.3) that the through strands partition the bottom object into
k + 1 blocks of size > 0. Each block is of size j; and corresponds to the block to the left of the ith
through strand, except for block £+ 1, which corresponds to the block to the right of the kth through
strand. We summarise the above cases for each block, using Proposition 5B.7, in the following table:

Case \ Block \ Block Shape ‘ No. Diagrams
alk); =1 J1 even, j1 >0 12..12 C(51/2)
alk); =2 jiodd, j; >1 12..121 C((j1+1)/2)
Oé(k)k+1 =2 jk-‘,—l even, jk-i-l > 0 12...12 C(]k+1/2)
(5B.10) (k)p1 =1 Jk+1 0dd, Jrp1 >1 21..212 C(Uk+1+1)/2)
alk)i—1a(k); =12 Jji even, j; >0 21..21 C(ji/2+1)
alk)i—1a(k); =21 Ji even, j; >0 12...12 C(5:/2)
alk )Z wa(k); =11 jiodd, j; >1 21..212 C((ji +1)/2)
a(k)i1a(k); =22 j; odd, j; > 1 12121 C((j: +1)/2)

Observe that for all even j;, except if a(k);—1a(k); = 12, the number of diagrams is equal to C(j;/2),
and for all odd j;, the number of diagrams is equal to C'((j; + 1)/2). For this reason, we need the
following lemma.

Lemma 5B.11. Let a(k) be a sequence of k through strands with j occurrences of the block 12.
Then, we have:

(a) all such sequences B(k) with j occurrences of 12 have the same numbers of odd and even
blocks, and
k+1)

(b) the number of such sequences is equal to (2j+1 )

Proof. For part (a), we begin with a sequence a(k) with j 12 blocks, then we show that if we create
a new sequence (k) by changing a 1 into a 2 or a 2 into a 1, we either preserve the counts outlined
in the proposition, or the number of 12 blocks changes. We have the following cases:

(a) The first number is a 1 and a(k) = 11...12a(k);>m+1 where we have only considered up to
the first appearance of a 2 at ¢ = m. Then if we set S(k) = 21...12(k);>m+1, the number
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of 12 blocks hasn’t changed, the first block has changed from even to odd, and the second
block has changed from odd to even. Hence, the required counts remain the same.

(b) The first number is a 2 and a(k) =22..211...12a(k)i>m+1-
Then, if 5(k) =12...21...12(k);>m+1 we have increased the number of 12 blocks.

(c) The last number is a 1 and in B(k) we change this 1 into a 2. Then there are two cases:
(i) a(k) = a(k)i<k—221, then if S(k) = a(k)i<k—222, we have changed the final block
from odd to even and changed the second last block from even to odd, leaving the rest
unchanged.

(ii) a(k) = a(k)i<k—211, then if B(k) = a(k);<x—212, we have increased the number of 12
blocks.

(d) The last number is a 2 and in (k) we change this 2 into a 1. Then there are two cases:
(i) a(k) = a(k)i<k—222, then if B(k) = a(k)i<k—221, we have changed the final block from
even to odd and changed the second last block from odd to even, so the overall counts
remain unchanged.

(ii) a(k) = a(k)i<x—212, then if 5(k) = a(k)i<k—211, we have decreased the number of 12
blocks.

(e) a(k) = a(k)icm—11a(k)i>m+1, and B(k) = a(k)icm—120(k)i>m+1. Then, there are four
cases:
(i) Oé(k) = a(k)igm_Qllla(k)iZm+2. If 5(]6) = Oé(k‘)igm_21210((]€)i2m+2, then we have
increased the number of 12 blocks.

(11) Oé(ki) = a(k)igm,21 1 2a(k)i2m+2- If ﬁ(k‘) = Oé(ki)igmfgl 2 QQ(k)i2m+2, then we have lost
a 12 block in the the m + 1st position and an odd block in the m — 1st position, but
gained a 12 block in the m — 1st position and an odd block in the m + 1st position, so
the overall counts remain unchanged.

(iii) a(kz) = a(k‘)igm_QQ 1 1a(k)i2m+2. If ,3(]{7) = a(/{?)igm_222 10é(k)i2m+2, then we have lost
an even block in the m — 1st position and an odd block in the m + 1st position, but
gained an odd block in the m — 1st position and an even block in the m + 1st position,
so the overall counts remain unchanged.

(iV) Oé(k?) = a(k)igm,2212a(k§)izm+2. If B(kﬁ) = Oé(k’)igm72222oé(k’)izm+2, then we have
decreased the number of 12 blocks.

(f) a(k) = a(k)icm—12a(k)i>m+1, and (k) = a(k)icm—1la(k)i>m+1. Then, there are four
cases:

(1) a(k) = a(k)igm_glzla(k)izm_;,_g. If 5(k) = Oé(k)igm_gllla(k)izm_;,_g, then we have
decreased the number of 12 blocks.

(ii) a(k) = a(k)icm—21220(k)i>my2. If B(k) = a(k)i<m—2112a(k)i>m+2, then we have lost
a 12 block in the m — 1st position and an odd block in the m + 1st position, but gained
an odd block in the m — 1st position and a 12 block in the m + 1st position, so the
overall counts remain unchanged.

(111) Oé(ki) = Oé(k})igm,222 1a(k)i2m+2- If ﬁ(k‘) = Oé(k?)igm,QQ 1 10é(k)i2m+2, then we have lost
an odd block in the m — 1st position and an even block in the m -+ 1st position, but
gained an even block in the m — 1st position and an odd block in the m + 1st position,
so the overall counts remain unchanged.

(iV) Oz(k)) = a(k)igm_2222a(k:)i2m+2. If 5(]6) = a(k)igm_2212a(k)i2m+2, then we have
increased the number of 12 blocks.

Hence, since this covers every case for changing a 1 into a 2 or a 2 into a 1 for a(k), we have shown
that the numbers of odd and even blocks remain unchanged if the number of 12 blocks remains
unchanged.

Now, for part (b), consider a sequence a(k) of length k, made only of 1s and 2s, with j occurrences
of the substring 12. Firstly, observe that if j = 0, the number of possible sequences is clearly
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k+1= (lﬂl'l), since it’s the number of sequences of the form 22...211...1 (including the sequences

of all 2s and all 1s).

Now suppose 1 < j < LgJ Suppose the first 1 is in the ith position, 1 < ¢ < k — 25 4+ 1, and
suppose there is a sequence of 1s of length [ (including the first 1), 1 <! <k —i— 25+ 1:
4
22.211..11 %
—— ——
i—i I k—i—l41

Then, we are placing 25 — 1 1s and 2s (including the first 2 after the 1s) somewhere inside the

remaining sequence of length k — 7 — [ + 1, which can be done in (k?;lfr 1) ways.
Thus, the total number of ways is Zf:_f g+l Z;:f —2+2 (k_;]__lf 1). Using the Hockey-Stick identity,
we obtain: ‘ o
kiﬂ kzZZj+2 <k: i 1)
i=1 1=1 2j -1
_’“‘i“ (k:i+1>
i=1 2j
_(k+1
C\2j+1
as required. O

Remark 5B.12. Lemma 5B.11 shows that to find the sizes of right cells, we only need to consider
the sequence of the form 1212...122...2, for each number of 12 blocks 7, 0 < j < LgJ Furthermore,
we see that the 12 blocks have C(j;/2 + 1) possible diagrams, which is larger than any of the other
blocks, and the number of different partitions (5B.3) also increases as j increases. We prove the
latter fact when discussing the planar rook monoid below (see Proposition 6B.1). Thus, the total
number of possible diagrams increases as j increases, with a minimum at j = 0. This means that
when finding the semisimple RepGap, we will need to focus on the j = 0 case. &

We denote by REJ the right cell arising from this particular sequence.
Proposition 5B.13. Fiz n € Z>p, 0 < k < n, and sequence of through strands a(k) with j 12
blocks, 0 < 5 < L%J Then, the size of the corresponding right cell is:
k—j

5B ‘RZ,J-’:Z(_DT"’_V’H(k—j><2n+k—r+1>

n+k—r+1 T n
r=0

the size of the corresponding left cell is:
k—j+1

; E—r+1 E—j+1\/2n+k—7+3
5B.15 Lhi| = )y —
I S O vy

and the size of the monoid is:
on 3]
(5B.16) rMoa| =3 % ( * )mﬁﬂucm

k=0 j=0 2j +1

Proof. We have the sequence
alk) =1212...1222...2
——_——— S~
2 k—2j
creating an ordered partition of the bottom object, with sizes j1, j2, ..., jx+1 such that
1+ je+ gk =2n— k.
With reference to the table (5B.10), the blocks of the partition are as follows:

(a) ji1 is even, j; > 0, and the number of possible diagrams in the block is C(j1/2)
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(b) Jjk+1 is even, jrir1 > 0, and the number of possible diagrams in the block is C'(jg11/2)

(c) jor is even, jo > 0, and the number of possible diagrams in the block is C'(jy/2 + 1) for
l=1,2,...,5

(d) jom+1 is even, jop+1 > 0, and the number of possible diagrams in the block is C'(j2m+1/2)
form=1,2,....,5—1

(e) jp is odd, j, > 1, and the number of possible diagrams in the block is C((j, + 1)/2) for
P=2j+1,2]+2, ..k

Hence, using Proposition 5B.5, we obtain

RE = > Cl1/2)C(2/241)C(i3/2)..-C 2 /24+1)C((2j 11+1)/2)..C((jk+1)/2)C (k41/2).
JitFik+1
=2n—k
Now set 1 = 321, To = % +1forl=1,..,7, xoms1 = j2’"“ form=1,..,7 -1, z, = jpgrl for
p=27+1,..,k, and x4 = "*1 . Then, the above becomes
RE = ) Cla)C(w2)...Clapr).

T1+...+Tp1=n

This is almost the definition of the Catalan k-fold convolution, however we have x9; > 1 and x, > 1 for
l=1,....,7 and p=2j+1,...k, so we instead need an alternating sum of Catalan k-fold convolutions
(noting that C'(0) = 1):

k| _ k—j
IR E C(z1)...C(xg11) ( 1 E C(x1)..C(xx11)
r1t+...+Tp1=n r1t+...+Tpp1=n
z;>0 z;>0
x2=0

—i—...—l—(—l)k_j <Z:j> Z C(x1)...C(xk11)

z1+...+Tp1=n
x; >0
xgl,ﬁp:O
where in each term we have set r of the k — j x; that are > 1 to zero, noting that the formula will
remain the same regardless of which we choose, so we can simply multiply by a binomial coefficient.
From [LS25, Proposition 1.2], the formula for the Catalan k-fold convolution is

S Cm).Clmg) = — <zn+k)

2n+ k n

mi+..mr=n
m; >0

which finally gives
k—j .
- k—r+1 k—3\(2n+k—-r+1
Rk:,] _ —1)
Rl Tz%( )2n+k—r+1< r )( n )
as required. The argument for left cells is similar.

Finally, observe that if we fix the sequence «(k), the top half and bottom half of the diagrams
become independent of each other. Thus, the number of possible diagrams in the monoid for each
sequence a(k) is the number of bottom half diagrams multiplied by the number of bottom half
diagrams, then to find the total [rMo,| by taking the sum over all sequences a(k), then another sum
over all k, 0 < k < 2n.

Using Lemma 5B.11, we can then Simplify this to give

irMoy| = ZZ (k“) (REA|| £

k=0 5=0
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5C. Semisimple RepGap and gap ratio of rMo,. As we have seen above, although rMo,, can
largely be treated in the same way as Mo, certain differences make r M o,, more intricate. This trend
will continue in this section.

Remark 5C.1. By Lemma 2A.10, the semisimple RepGap is an upper bound for the RepGap, and
we will see that this upper bound alone is enough to determine that rMo, is less suitable for
cryptography than Mo,. It is worth noting, however, that this upper bound is strictly larger than
the RepGap.

Using [Tu24, Proposition 2D.7], we can compute the dimensions of the simple representations by
computing the ranks of corresponding Gram matrices. Setting n = 3 and k£ = 2, we obtain ranks
4,5,5, and 12, in increasing order of dimension (using GAP). The semisimple dimension can be easily
computed via Proposition 5B.13, which gives 5 for j = 0 and 14 for j = 1.

This shows first and foremost that the RepGap is strictly smaller than the semisimple RepGap in
general, and it also reveals that there are further distinguishing features of the sequence of through
strands apart from simply the number of 12 pairs when we are at the level of simple representations.
In this case, the minimal simple dimension corresponds to the sequence 2 1. &

We now compute the asymptotics of the semisimple RepGap for rMo,,. Using Mathematica, we
can simplify the equations from Proposition 5B.13 for the sizes of the left and right cells to:

: E+1 [2n+k+1

Rl = 1 — Fi(j—k,~1—k—n,—k—2n,1

|,R’n‘ 2n—|—k+1< n >2 1(.7 ) n, n?)
k—j
2n + k

o + k

("+ >2F1(j—k+1,—k—n,1—k—2n,1),
n

phij— L (2t
"o+ k+3\ n+1
k—j+1 (2n+k+2
2n+k+2 n+1

Here, and throughout, o F; denotes the hypergeometric series:

oFi(a,b,c,z) = Z (azz)(f)nj:

n=0

>2F1(j—k—l,—2—k—n,—2—k—2n,1)

>2F1(j—k,—1—k—n,—1—k—2n,1).

where (), = x(z+1)(x+2)...(x+n—1) is the Pochhammer symbol or rising factorial. In particular,
for m > 0,

(5C.2) 2Fy(—m,b,c,z) = zmj(—w <m> Oln

n=0 n (C)n
Note that, in our case, ¢ € Z-¢, which creates some difficulties, as explained in the following remark:

Remark 5C.3. Typically, one leaves Pochhammer symbols undefined for negative integers, and Gauss’
hypergeometric series undefined for negative integers c¢. However, we are able to extend both to
negative integers in this case.

Firstly, for © € Z~, define (—z), = (—z)(—z + 1)...(—x +n — 1). It’s easy to see that (—xz), =
(—D)"I[r_o(z —7) = (=1)"(x — n+ 1),, allowing us to return to the familiar Pochhammer symbol.
With this, noting that (—z), = 0 if n > x, we obtain the finite sum (5C.2).

9Fi(a,b,c,z) has been defined in some cases where ¢ € Zp, when a < 0 or b < 0, such as for
Krawtchouk polynomials (introduced in [Kr29], later reformulated in terms of the hypergeometric
function [AWS85, Appendix]). Some work has also been done towards generalizing this in [Gr17].
In our case, we can simply consider 2 F1(—m, b, ¢ + €, z) for some small € > 0, then take the limit as
€ — 0. Since all our sums are finite, we can write our arguments without the e, implicitly assuming
we are taking limits. &

Next we have the Chu—Vandermonde identity for the hypergeometric series.
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Lemma 5C.4. Let m € Z~q and b, c such that m +c—1#0. Then
(c—b)m
(m

Proof. This is probably well-known, but we were not able to find a reference, so we give a proof. We
follow the proof from [Si05], which uses the method of Wilf-Zeilberger pairs. Define:

(©) — (Cm)k(B)k()n

fm) =2y 2 femeb e 1) = kz:% (ke — b)n

2F1(_m7 b7 ) 1) =

We also define for 0 < k < m:
m)r(®)i(C)m

k) = e - iz

and
H(m,k) = F(m,k)G(m, k).
Then, we have the following equalities (noting that F'(m, k) # 0):
F(m,k) — F(m —1,k) _ (—m)e(0)k()m — (—m + 1)(b)k(¢)m—1(c —b+m — 1)
F(m, k) (=m)k(0)k(c)m
_(m—k)(c+m—-1)—m(c—b+m—1)
(m—k)(c+m—1)
_bmA4k(c—b+m—1)
B m(c+m —1)

and

Fln ot DGn k1) _ o Coneea(Oen (e (ce—F) | kb= 1)
F(m, k) ’ (—m)k(0)k(c)k+1 m(m+c—1) m+c—1
~(m—k)(b+k)+k(k+c—1)
N m(m+c—1)
_bm+k(c—b+m—1)
N m(c+m —1)
Thus, F(m,k) — F(m—1,k) = F(m,k+1)G(m,k+1) — F(m,k)G(m,k) = H(m,k+ 1) — H(m, k),
and therefore

flm) = f(m=1) =Y _F(m,k) = F(m —1,k) =Y H(m,k+1) - H(m,k).

m
k=0 k=0

The sum on the right is a telescoping sum that resolves to H(m,m + 1) — H(m,0), and observing
that

(—m)ms1 = (—m)(—m+1)..(—m+m —-1)(-m+m) =0 = F(m,m+1)=0

and
0(1—c—0)

m(m+c—1)
gives that f(m)— f(m —1) =0.
Hence, f(m) is constant for all m € Z, so f(m) = f(0) = 1, and finally we rearrange

=0 = G(m,0)=0

. (©)m
1= mgFl(—m, b, C, 1)

to give the desired result. O

Remark 5C.5. Typical proofs of the Chu—Vandermonde identity use Gauss’ hypergeometric theorem
(see e.g. [AAR99, Corollary 2.2.3]), however these all require that Re(c —a + b) > 0, which is
insufficient for our purposes, hence the alternate, more general proof. &
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Using Lemma 5C.4 and (—z), = (—1)"(z —n+1),, noting that the conditions in the lemma hold
for all the hypergeometrlc series involved in the simplification above, we can rewrite our formulas for
|Ri7| and |£47] in terms of Pochhammer symbols of nonnegative integers, which have much more
straightforward asymptotic behavior.

ki = Rt (%H%Hﬂ>ﬂ+jk+nnﬁ
" n+k+1 n (2+j4+2n)p—j—1
k—j (2n+k\2+7—k+n)_j1

2n+k< n > 2+7+2n)_j_2

(1= 42K)(1+ 5+ 2n)
S T(A+4j-k+n)T@2+k+n)

wk,j| _ k+1 <2n+k‘—|—3> (n—k+j)r—jr1
" 2n+k+3\ n+1 )J2n+j+2k_jn

k—j+1 2n+k+2\(n—k+j+ 1)k,

2n+kz+2< n+1 > (2n+j +2)k—;
(22— 42K(2+j+2n)
S T(l+j—k+n)TB+k+n)

As with Mo, we truncate rMo, to include the bulk of the monoid, while ensuring the repre-
sentations grow sufficiently quickly. Since they have similar shapes, we truncate at the same point:
k < 2v/2n. See Figure 5.

60F ...,

b0 T
. ol .
57| i
6x107 - w0l
4x10%7 - sop

2x1057 L

20 40 60 80 100 F 20 40 60 80 100

FIGURE 5. Left: the semisimple dimension over k, for n = 100, with a vertical line
showing the rightmost truncation endpoint. Right: A Logl0Q version of the same
graph.

We again denote this truncated monoid by rMo! .

Theorem 5C.6. We have the following.

V2w | n=3/2 | 40 SssGapKrMoz < 4\/§7r*1/26_% SnTh A,

712 —u . n=3/2 §ssRatioKrM0£ < 4\/5%‘1/2 nTb

Proof. We use the right cells and set j = 0 for the semisimple RepGap, since that gives the minimal

cell size. For fixed n over 0 < k < 2/2n, el l:fgf}(;izln) has a maximum somewhere strictly in

0 < k < 2v/2n, and is monotone increasing from 0 to the maximum, and monotone decreasing after
the maximum to 2v/2n. The minimum will therefore be at one of k = 0 or k = 2v/2n.
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Using Stirling’s approximation for the Gamma function, we get:

ki
|Rn7j

~ (1= 4 2k)(f — K+ n) V2R | o) T3/2mkn (4 gp)l/2 4t
i

2 (1 — j + 2k) _i+i®-ajhraQekes?)
4n
n3/2\/m ‘

> — _
= ng/gf (4V n + 1), substituting j = 0 and k = 2v/2n,

substltutmg j=0and k=0.

23

The ratio of the k = 0 case to the k = 2v/2n case asymptotically approaches St /(1 + 4+/2n),
which approaches 0, so our lower bound is Anew /n32\/x.

The upper bound comes directly from the asymptotic computed by Mathematica, 2/727(1 — j +

2k)/n3/2\/, substituting j = 0 and k = 2v/2n. j = 0 is to ensure we are still comparing the smallest

cells for each k, and it’s easy to see that this asymptotic is maximal at k = 2v/2n within the bounds
of the truncated monoid.

To compute the asymptotic of |[rMol|, we first obtain a lower bound using the method in Re-

mark 3A.4. Take k = 2v/2n, which is not the maximum of (2]‘;111)|Rfﬂ Hﬁ,’fjj | for fixed j and n,

however it is close. Then, obtaining the asymptotic of the summand via Stirling’s approximation
and Mathematica, we obtain

f

(1+2V )2F1(*—\/ —V2 4ef)
-~ 31—&-2\/%41—&-2716—?—%(\/5_'_4\/5)71—5/271_—1/27

which has the exponential factor 16”. Thus, [rMol| > 16.

43+2n —16—

For the upper bound, we do the same thing with Stirling’s approximation, except without taking

k= +V2n:

k1 -
(5,5 IRE Ik ~

T+(j—2k)2+6k)/2n

2PN+ —2k)(j —2(1 + k) _aG-20’rok < 1+ k)
n37r n .

¢ 1+2j

The maximum of e~ (( is e=7/2" Thus, taking the sum over 0 < j < LgJ and
0 < k < 2v/2n, then taking the asymptotic in Mathematica, we obtain:

95 x 9lt+4n y 9@)

2

nem

lrMol| < O (

which clearly has exponential growth factor 16™. Therefore, Q(16") < |[rMol| < O(16™).

Using 16™ as the size of the monoid, the semisimple gap ratio follows easily using the upper bounds
of the semisimple RepGap already obtained. (]

Remark 5C.7. The asymptotic of the nth root of [rMol| is 16, however, unlike for 7T'L and the
pivotal planar monoids, this is significantly smaller than the size of the full monoid. Since |rMo,| is
monotone increasing in n, we can use a direct calculation in Mathematica for n = 500 to see that 20
is a lower bound for the limit of [rMo,|'/™ as n — co.

The reason for this discrepancy comes from the peculiar cell structure of rMo,,, which results in
a large number of small cells. For R,’i’o, n fixed, the peak over k is significantly different to the peak

k . .
over k of the monoid size [rMof| =3 JLZQ(J) (2’3:11) |R&J||£E7|. This is visualized in Figure 6. Due to

this, the size of the truncated monoid is relatively small, since we need to truncate where the peak
of the right cells are.
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FIGURE 6. Left: the bulk of the monoid rMo,, with the rightmost truncation end-
point marked by a vertical line, showing the truncation is much smaller than the
monoid size. Right: A Logl0 version of the same graph.

This also reveals that the asymptotic of the nth root of the ratio of the RepGap to the square
root of the size of the monoid is less than 1, in contrast with the pivotal diagram monoids. There-
fore, the simple representations are significantly smaller than their upper bound, in the context of
Remark 2B.3. While truncating the monoid does result in a (semisimple) gap ratio of ~ 1, we also
lose the bulk of the monoid. <&

Combining this with Theorem 3A.3, we have the following conclusion:

Corollary 5C.8. Assume charK = 0. For all € > 0 and sufficiently large n,

Q((4 — e)") | < ssGapgrMo,, <|O((4+€)") [ <|Q((9 — €)") | < Gapg Mo},

Q((1 — &) | < ssRatiogrMol <|O((1+ €)") | > Ratiog Mop..

Thus, we get the table entries as in the introduction. U

Therefore, rMo,, is significantly less suitable for cryptographic purposes than its pivotal counter-
part, since the semisimple gap is much worse, and the semisimple gap ratio is at best the same, up to
the exponential factor. Since the semisimple dimension is an upper bound for the simple dimension,
and in light of Remark 5C.1, we expect the RepGap and gap ratio to be even worse.

1000 -
800|
600|
r rMo
400|- Mo
200}
200 400 600 800 1000

FIGURE 7. Visual comparison of the RepGaps between the non-pivotal and pivotal
Motzkin monoid, on a Logl0 plot.
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Remark 5C.9. As before, the characteristic assumption in Corollary 5C.8 is needed for Mo, itself.
Indeed, the Motzkin category is Schur—Weyl dual to sly [BH14, CG23], similarly to the Temperley—
Lieb category but with a different generating representation (namely the vector plus the trivial
representation), so the same comment as in Remark 4C.5 applies. &

6. THE “RIGID” PLANAR ROOK MONOID

The planar rook monoid and its associated category have been discovered many times, see, e.g.,
[So02, KS15], and we will now define a non-pivotal version of it.

6A. Definition of rpRo,. The planar rook monoid has no duals so it is naturally not possible to
define a non-pivotal analog. We instead define it as follows, which is more of a two-color variant of
the planar rook monoid:

Definition 6A.1. The “rigid” planar rook category (we drop the quotation marks from now
on) rpRo is the subcategory of Mo that contains only through strands and dots. As before,

rpRoy, 1= End,ppo(1 2)®m
is the rigid planar rook monoid. &

Remark 6A.2. Like the planar rook monoid, the planar symmetric monoid (the trivial group) also
has no rigid analog, however the two-color submonoid of r1"L,, consisting of only through strands is
isomorphic to the usual version, so we omit it from the discussion. &

Remark 6A.3. Inspired by the rigid planar rook monoid, it is potentially worth investigating two-
color or n-color versions of the other diagram monoids, as somewhat of an intermediate between
pivotal and rigid. <&

6B. Computing cells for rpRo,. The arguments for the rigid planar rook monoid, rpRo,, are
very similar to those used for rMo,,.

We find the sizes of the left and right cells of rpRo,, via the same partition method used for Mo,
however, it is much easier since each block has only one possible diagram (all dots). Moreover, there
is no longer a difference between the left and right cells.

Proposition 6B.1. For each n, number of through strands k, and number of occurrences j of 12 in
the sequence of through strands «(k), the sizes of the left and right cells are:

il =1 = (")
k
Furthermore, we have
2n I_ - 2
k+1\/n+j
R )
e =33 () (")
k=0 5=0
Proof. Since each block only has one possible diagram, the count simply becomes the number of
partitions j1 + ... + jx+1 = 2n — k. Using the results from rMo,, we know that j1, jg+1, and j,, for

m = 2,3,...27 are all even, and the remaining k — 25 are odd. Therefore, we can write j; = 2y; for
1=1,2,..,24,k+1, and j; = 2y; +1 for i = 25+ 1, ...k, where each y; > 0. So, the partition becomes:

201 +2y2 + .. 2y25 +2y251 H 14+ 2y H 142y =2n—k = y1+ .Yk =n—k+ ]

Hence, |£57] = |REJ| is just the number of weak compositions of n — k + j into k + 1 parts, which
is, by, for example, [Bo16, Theorem 5.2]:

n—k+j+k+1-1y  (n+j
k+1-1 “\ k)

The final equation for |rpRo,| follows from the exact same argument used for |rMo,|. O
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Remark 6B.2. Once again, like in rMo,,, the sizes of the right cells (and left cells) increase with the
number of 12 blocks, meaning we need to focus on the j = 0 case for the RepGap. Moreover, this
proves the fact used previously in Remark 5B.12 that the number of different partitions increases as
j increases. As seen in Figure 8, we have a similar cell structure to rMo. <&

F1GURE 8. Left: The cell structure for rpRos. Right: explicit diagrams representing
the single elements of the four J-cells of size 1 for k = 3.

6C. RepGap and gap ratio of rpRo,. The key difference between rpRo,, rMo, is that rpRo,, is
semisimple, and this follows from the following.

Proposition 6C.1. The right representations ARa(k) are all simple, and form a complete list of the
simple right representations of rpRoy, up to isomorphism.

Proof. The argument is very similar to that used for rT'L,. Fix a sequence of through strands «(k)

(k)

and the corresponding J cell J; . Then we have right representations A polk) - Let W be a nontrivial

subspace of A ) such that they are nonequal, and let w € basis(W). w =T, o Lak) © Tp, using
Lemma 5B.1. Define z € Rg(k) \ basis(W) by z = T o 1,4 o Bz such that B, # By for any y € W,

and T, = B, where * denotes the anti-involution of the diagram B,, € rMo that flips the diagram
upside down (see [Tu24] for more details on *).

Then, in the middle, each through strand and dot in B,, perfectly lines up with their counterpart
in T, resulting in the exact same sequence of through strands. Furthermore, T}, remains the same.

Therefore, zw = T\ 0 144y © By € Rﬁ(k), so xw # 0, however due to the definition of B, we have
zw ¢ W, and hence W cannot be rpRo,-invariant. This is illustrated below:
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L L

Lo (k) Lo (k)

:‘ z = 1a(k) g W

Lo (k) Lo(k)

B B,

Finally, the fact that this is all the simple representations of rpRo, follows from the classification

Theorem 2A.9. 0
Remark 6C.2. The above proposition applies to left representations as well, as the arguments used
apply similarly to multiplication on the left. &
Corollary 6C.3. rpRo, is semisimple over (arbitrary) K. O

Proof. Every J-cell is idempotent by the same argument used in Proposition 5B.5 (in fact we con-
struct the same idempotents) and every J-cell is square, by Proposition 6B.1. Finally, combining
these facts with Proposition 6C.1 and Proposition 2A.11 proves that rpRo, is semisimple over K. [J

i 2\ /2n<k<Z4V2
As with pRo,, we truncate rpRo? := rpRoj Vansk<g+van

. See Figure 9.

8x10%8 |

6x10% F

4x10%8 |

2x1058 L

100 150 200 250 F 60 80 100 120 140 160 180 200

FIGURE 9. Left: the dimension of the simple representations over k, for n = 200,
with vertical lines marking the truncation end points. Right: A Logl0 version of the
same graph.

Theorem 6C.4. The asymptotics of the RepGap and gap ratio of rpRol have the following inequal-
1ties:

\/571_1/26747% dnTH2 o < GapKrpRog <\ V2122 on |

Ratiog rpRol < |237/2330/45-5n/4 | ~10.87™ |

Proof. As with rMo, we take j = 0 to get the minimal dimension of the representations.

The upper bound of the RepGap corresponds to k = 3, i.e. the maximum of the binomial ("zo).
The lower bound corresponds to k = §—+v/2n, i.e. one of the endpoints of the truncated monoid. Since

these are straightforward binomial coefficients, we can easily find their asymptotics in Mathematica.
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For the ratio, to obtain the upper bound we consider the maximal RepGap, i.e. when k£ = 3.
Clearly, \/|rpRoL| > (5:/24), where we have taken only the summand, and substituted j = % and
k = 5. Then, we have an upper bound for the gap ratio

5n /4 _
: T (" ~ 93n/233n/4p—5n/4
Ratiog rpRo,, < <n/2> /< n/9 > 375

using Mathematica again for the asymptotic. O

Remark 6C.5. As with Mo, the truncated monoid is much smaller than the full monoid, since the
location of the right cell peak is different to the location of the monoid peak, over k through strands,
seen in Figure 10. We can again find a lower bound for the asymptotic of ]rpRon\l/ " by observing

1.2x10'88 | I

180 -

1.0x 10138 r
187 [

8.0x10 160

6,0X10187'

40x 1087}

20x10"87 | L
120

L I Il I 1 1
100 150 200 250 - 100 150 200 250

FiGURE 10. Left: the bulk of the monoid rpRo,, with truncation endpoints marked
by vertical lines, showing the truncation is much smaller than the monoid size. Right:
A Logl0 version of the same graph.

that it is monotone increasing in n, and calculating the result for n = 500 in Mathematica. We
therefore have |rpRo,| > Q(8.9"), meaning we once again have the nth root of the ratio of the
RepGap to the square root of the size of the monoid being less than 1. &

Remark 6C.6. The upper bound for the gap ratio is quite coarse, since we are picking only one
(non-maximal) term in the double sum that makes up \rpRoZ]. As a result, rpRo, is significantly
worse for cryptographic purposes than pRo,. In fact, since the gap ratio tends to zero exponentially
with n, rpRo, is substantially worse than all other diagram monoids that appear in this paper. <

Corollary 6C.7. For sufficiently large n:

Gapg rpRol < \/§e2+$ |27 | Gapyg pRol,

RatioKrpRog < 425 | pl/4 | 0.87" -RatioKpRog.

Thus, we get the table entries as in the introduction. ([
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FIGURE 11. Visual comparison of the RepGaps between the non-pivotal and pivotal
planar rook monoid, on a Logl0 plot.
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FIGURE 12. Visual comparison of the gap ratios between the non-pivotal and pivotal
planar rook monoid, on a Logl0 plot.
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