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Allocation of Heterogeneous Resources in
General Lotto Games

Keith Paarporn, Adel Aghajan, Jason R. Marden

Abstract—The allocation of resources plays an impor-
tant role in the completion of system objectives and tasks,
especially in the presence of strategic adversaries. Optimal
allocation strategies are becoming increasingly more com-
plex, given that multiple heterogeneous types of resources
are at a system planner’s disposal. In this paper, we focus
on deriving optimal strategies for the allocation of hetero-
geneous resources in a well-known competitive resource
allocation model known as the General Lotto game. In
standard formulations, outcomes are determined solely by
the players’ allocation strategies of a common, single type
of resource across multiple contests. In particular, a player
wins a contest if it sends more resources than the oppo-
nent. Here, we propose a multi-resource extension where
the winner of a contest is now determined not only by the
amount of resources allocated, but also by the composition
of resource types that are allocated. We completely charac-
terize the equilibrium payoffs and strategies for two distinct
formulations. The first consists of a weakest-link/best-shot
winning rule, and the second considers a winning rule
based on a weighted linear combination of the allocated
resources. We then consider a scenario where the resource
types are costly to purchase, and derive the players’ equi-
librium investments in each of the resource types.

[. INTRODUCTION

System planners are often responsible for allocating limited
resources towards accomplishing multiple objectives, e.g. the
allocation of autonomous agents to complete distributed tasks,
or the allocation of security assets to prevent successful
attacks against a network. The increasing complexity of these
systems require effective resource allocation strategies to be-
come increasingly complex. Part of this is the need to utilize
multiple heterogeneous types of resources that are special-
ized for completing particular tasks. For example, multirobot
systems require the allocation and coordination of agents
with heterogeneous capabilities in order to complete mul-
tiple objectives [2]-[4]. Ensuring security in cyber-physical
systems requires the allocation of cybersecurity resources,
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physical security infrastructures, and human resources [5]—
[9]. The successful completion of objectives often cannot be
accomplished through the allocation of only a single resource
type. This poses new challenges as to how strategies for the
allocation of heterogeneous resources should be conceived.
Indeed, a system planner seeks to maximize performance by
deploying multiple types of assets with different capabilities,
effectiveness, and costs.

In this paper, we focus on deriving the optimal allocation
of multiple, heterogeneous resources types in strategic adver-
sarial environments. In particular, we propose an extended
formulation of the General Lotto game, a popular model of
competitive resource allocation between opponents [10], [11].
The General Lotto game is a variant of the original Colonel
Blotto game, which models a strategic interaction where two
budget-constrained players compete over a set of valuable
contests, and the player that deploys more resources to a
particular contest wins its associated value. In the standard
formulations, the players have access only to a single common
resource type, and the winner of each contest is determined
purely by the amount of resources allocated to that contest —
this is known as the winner-take-all winning rule [12].

The primary literature on General Lotto and Colonel Blotto
games almost exclusively considers the allocation of a single
resource type [11], [13]-[18], e.g. only money, only UAVs,
only troops, etc. From an applications standpoint, many im-
portant resource allocation problems cannot be addressed with
a single-resource model. For example, consider a defender of
a cyber network that needs to ensure security against malware,
denial-of-service, and social engineering attacks, all of which
require different types of resources to prevent [19]. This leads
to more nuanced decision problems regarding the allocation of
heterogeneous assets. In particular, the success of a competitor
depends not only on the amount of resources allocated, but
also on the composition of resource types being deployed
in contested environments. Consequently, the specification of
new classes of multi-dimensional winning rules becomes an
important modeling consideration.

In this paper, we consider formulations where players have
access to and can allocate multiple resource types. Here,
success on individual contests now depend on the multi-
dimensional allocation of resource types from both players,
and we consider two such winning rules. Figure 1 provides
diagrams illustrating the differences between the standard
single-resource formulations and our novel multi-resource
formulation.
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Fig. 1: (Left) The classic General Lotto game, wherein a single resource type (e.g. money) is allocated to multiple simultaneous contests.
Player X has a budget of X > 0 resources, and player ) has a budget of ¥ > 0 resources. Success on a contest here simply depends
on sending more resources than the opponent. (Right) The multi-resource General Lotto game. There are multiple resource types available
to allocate (e.g. money, advertising, and human resources), where player X’ has budget X; > 0 of type 1 resources, Xo > 0 of type 2
resources, and so on. The success on each contest is now determined by a winning rule that depends on the combined allocation of resource
types from both players. Our main contributions characterize equilibrium payoffs and strategies for two types of winning rules. Theorem 3.1
considers the weakest-link rule, wherein player X needs to allocate more of every resource type to win a contest, whereas player ) only
needs to allocate more of only a single type of resource. Proposition 5.1 considers a setting where each resource type has an associated
weight, or effectiveness. A player wins the contest if the aggregate weighted amount of resources exceeds that of the opponent.

A. Contributions

We propose a framework to study classes of multi-resource
General Lotto games, where players compete by allocating
multiple types of resources. Our goal is to provide equilibrium
characterizations for this new class of models. Specifically,
we seek to analytically derive the equilibrium payoffs and
strategies for both players. Our main contributions are as
follows.

o The formulation of a novel multi-resource General Lotto
game in Section II. We consider a finite number of resource
types, and both players have limited budgets pertaining to
each type. The winning rule on each contest is a function
that depends on the allocation of all resource types to that
contest.

o Our main contribution provides a complete equilibrium char-
acterization in the case of a weakest-link/best-shot winning
rule (Theorem 3.1). That is, one of the players must send
more resources of every type in order to win a contest
(weakest-link), while the other player only needs to send
more of any one resource type (best-shot).

e In our second main contribution, we consider a scenario
where utilizing resources incurs a cost. We derive a unique
equilibrium that describes the optimal investments into each
type of resource for both players (Theorem 4.1).

e Our third contribution provides a complete equilibrium
characterization in the case that the winning rule is given
by a weighted linear combination of the allocated resource
types (Proposition 5.1). That is, each resource type has a
relative effectiveness against all other types.

Numerical experiments are also included throughout to illus-

trate the main results. Figure 1 provides a summary of these
contributions.

B. Related works

Single-resource allocation models constitute the vast ma-
jority of studies in the Colonel Blotto literature. This body of
work provides unique insights into many aspects of adversarial
interactions, such as multi-agent coalition formation [20]-
[22], incomplete and asymmetric information [23]-[25], and
settings with networked contests and players [?], [26], [27].
These are often applied to specific applications, such as
influence of social networks [28], market competition [29],
political races [30], and cybersecurity [31].

There are few studies that have explicitly considered multi-
ple and heterogeneous resource types. A multi-resource integer
Blotto game was considered in [32], which focused on deriving
efficient computational algorithms rather than studying specific
winning rules and the corresponding equilibrium payoffs. Re-
cent interest in defense applications proposes a framework for
“mosaic warfare”, where multiple resource types have hetero-
geneous capabilities and effectiveness against the opponent’s
resource types [33]. The effect of fractionated resource types
(quantized amounts of resources) has also been considered
when players have access to different types of resources [34].
An analysis of tradeoffs between two types of resources that
are allocated in different time periods, i.e. pre-allocated and
real-time resource types, is recently given in [35], [36] for
General Lotto games.

Notation: We denote the set of non-negative vectors of length
n as R%,. We will use bold lettering to denote vector variables.
The function 1{E} is the indicator function on an event E:
it is 1 if E is true, and 0 otherwise. We denote A(S) as the
collection of all probability distributions over the elements of
an arbitrary set S.



[I. PROBLEM FORMULATION

In this section, we first review the classic General Lotto
game, which considers the allocation of a single resource type.
We then formulate a novel setting where the players’ depends
on the allocation of multiple resource types.

A. Classic, Single-Resource General Lotto Game

Two players X and ) compete over a collection of simulta-
neous valuable contests, C = {1,2,...,C}. The contests have
values v = (v1,...,vc) € RY,. Without loss of generality,
the values are normalized such that > ccc Ve = 1. The players
have access to a common single-dimensional resource, e.g.
only money, security forces, or human resources, that they use
to compete. A resource allocation for player X is a vector x =
(1,...,2¢) € R>p, and similarly y = (y1,...,y¢) € R>o
for player ). The amount z. is interpreted as the quantity of
resources allocated to contest ¢ € C. A player wins a contest by
allocating more resources than the opponent. Thus, the payoff
to player X is defined as

T (xy) 2 ve - H{ae > ye}, )

ceC

and the payoff to player ) is defined as

Ty (X,y) éZvc-]l{xc <y t=1l—mr(xy). ()
ceC

In this formulation, each player is able to randomize its
allocation, but cannot allocate an amount of resources that
exceeds a fixed budget in expectation. Player X' has a fixed
budget X > 0 and player Y has a fixed budget ¥ > 0. An
admissible strategy for player X is a cumulative distribution
function Fly over RS, whose expected value does not exceed
X. That is, the strategy space for player X is

F(X) 2 {FX € ARYy) : Exury [Z a:] < X} 3)

ceC

and the strategy space for player ) is F(Y"). With slight abuse
of notation, we denote the players’ expected payoffs with
respect to a strategy profile (Fy, Fy) as

Tx(Fx, Fy) = Exvry [Tx(x,y)] - @)
y~Fy
and 7y (Fvy,Fy) = 1 — wx(Fy, Fy) is similarly defined.
These payoff functions define a two-player simultaneous-move
game, termed the General Lotto game, which we will refer to
as GL(X,Y;v). A diagram of this setup is provided in Figure
1 (Left).

Definition 1. An equilibrium is a strategy profile (Fy, F3))
that satisfies

x(Fx, Fy) < mx(Fy, Fy) < mx(Fy, Fy) )]
for any Fx € F(X) and for any Fy € F(Y).

In an equilibrium, player X’ cannot increase its payoff by
unilaterally changing its strategy, and player )} cannot decrease
player X’s payoff by unilaterally changing its strategy. Pro-
vided below is a well-known result from the literature detailing

the unique payoffs that the players obtain in any equilibrium
of the General Lotto game.

Theorem 2.1 (Adapted from [10]). Consider a General Lotto
game GL(X,Y;v). The unique equilibrium payoff for player
X is

Y
TXYEL| = 6
ﬂ—X( ’ ) <X>a (6)
where L : R>g — (0, 1] is defined as
1-%, fa<l
RS S ™
%a’ LfOl>].

The equilibrium payoff to player Y is 73,(X,Y) £ 1 -
(X, Y).

It is important to note that in GL(X,Y; v), the equilibrium
payoff depends only on the ratio of the players’ budgets,
and the total value of all contests ) v.. Here, since v is
normalized, the total value is just 1, but in cases where v
is not normalized, the equilibrium payoff would simply be
(>-.ve)L(Y/X). A plot of the equilibrium payoff 7% is
shown in Figure 2 (Left).

B. Multi-resource General Lotto game

We now introduce an extension of the classic General Lotto
game to a scenario where the players have multiple types of
resources at their disposal (e.g. money, human resources, ...),
and their success on any contest depends on the combination of
allocations of all resource types. Suppose there are 7" > 1 dis-
tinct resource types, which we enumerate as 7 = {1,...,T}.
Let X £ (X1,...,X7r)and Y £ (Y1,...,Y7) be player X
and )’s resource budgets for each type, respectively. Here, an
allocation for player X, ) is

cT
,xc) € R

7yC) € Rgg

X:(J,'l,...

()
y= (Y1,

where for each contest ¢ € C, . = (zc1,...,%c,T) € REO.
We note that 7' = 1 recovers the classic setup.
The payoff to player X is

Tr(xy) 2 v Wiz, y,) ©)

ceC

where W : RL) < RL ) — {0, 1} is the winning rule for player
X. The payoff to player ) is then

my(%,Y) 2> v (1= W(ae,y,) = 1 —mx(x,y). (10)
ceC

The winning rule W determines the winner of contest ¢ € C
based on the composition of the allocations of all resource
types from both players, x., y.. This significantly differs from
the classic setup that utilizes the “winner-take-all” winning
rule: whoever allocated more resources (of homogeneous type)
wins the contest. An illustration that contrasts these setups is
depicted in Figure 1. We will focus on the following winning
rules defined below.
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Fig. 2: (Left) This plot shows the equilibrium payoff to player X in the classic single-resource General Lotto game (Theorem 2.1), as a
function of its resource budget X > 0. In this plot, we fix player )’s budget Y = 1. Note that for any given performance level, e.g. a payoff
of 0.1, there is a unique budget for X’ that achieves this performance level. (Center) This plot shows the equilibrium payoff to player X
in the two-resource General Lotto game with the weakest-link winning rule (Theorem 3.1). For a fixed performance level, e.g. 0.1, there is
now a contour of budget pairs (X1, X2) that achieves this payoff. Here, we fix budgets Y7 = Y2 = 1. (Right) Depiction of the two-resource

game from the center figure.

« Weakest-link: Player & is required to allocate more than
Y for all resource types,

Ww(z,y) = 1{z; >y, VEE€T}. (11)

« Best-shot: Player X is required to allocate more than )
for at least one resource type,

Wes(z,y) £ 1 {z; >y, forsometecT}. (12)

Note that a weakest-link winning rule for X, nx(x,y) =
> veWwi (2, y), necessarily implies ) has a best-shot win-
ning rule, my(x,y) = Y .v.Wgs(y, ), and vice versa.
The weakest-link/best-shot winning rules reflect interactions
between a defender and attacker. For example, a defender is
required to have superiority on all fronts in order to ensure
security of a networked system or critical infrastructure —
e.g. ensuring security against malware, denial-of-service, and
social engineering attacks.

To complete the setup, we consider an admissible strategy
for player X to be any distribution Fy over RS such that the
expected total allocation of resource type t across all contests
does not exceed X;. That is, the strategy space for player X
is

F(X) é {FX c A(Rgg) . EXNFX [Z l‘c’t‘| S Xt, Vt S T}

ceC
13)
and the strategy space for player ) is F(Y"). In the same way
that expected payoffs were defined in (4), the expected payoffs
with respect to a strategy profile (Fx, Fy) € F(X) x F(Y)
is given by

mx(Fx, Fy) = Exury | ve W(xe,yo)|,  (14)
y~Fy ceC

with 7y (Fx, Fy) = 1 — mx(Fx, Fy). This defines a two-
player simultaneous-move game, which we will refer to
as a Multi-resource General Lotto game, and denote it as
ML(X,Y; W,v). An equilibrium (F%,Fy) in this game is
analogously defined as in Definition 1.

Ill. RESULTS: EQUILIBRIUM CHARACTERIZATION OF ML
GAME

In this section, we present our first main contribution of
this paper, which provides the full equilibrium characterization
for the multi-resource General Lotto game under the weakest-
link/best-shot winning rule. The results detail the unique
equilibrium payoffs to both players as well as the equilibrium
strategy profiles.

Theorem 3.1. Consider a Multi-resource General Lotto game

under the weakest-link winning rule, ML(X,Y ; Wy, v). The

unique equilibrium payoff to player X is
(X, Y) £ L(a(X,Y)) (15)

where o(X,Y) £ doieT };—i The equilibrium payoff to Y is
m3s(X,Y) 21—, (X,Y). An equilibrium strategy profile
(Fy, F}) € F(X) x F(Y) is given as follows. If o(X,Y) <
1, then for all ¢ € C and any u € RL,

. . Ut
F% .(u) = min < min ,1
X7C( ) { {QUcXt }}tGT
F)ﬁ,c(“’) =1- Oé(X, Y)

+a(X, Y)Y

Yt/Xt ~min{ Uy

i}

= a(X,Y) 20. X4
(16)
If a(X,Y) > 1, then for all c € C and any u € Rgo,
F} (u)=1- _
XA T (XY
+ _ min{min{ —— 1
a(X,Y) 20.X0(X,Y)’ T
Yt/Xt . Ut
Fo(u) = S A 4
Velw) ;a(X,Y) mm{Zchta(X,Y)’ }
a7

Section VI details the full proof of Theorem 3.1 by devel-
oping a series of intermediate Lemmas.

We first give some remarks about the form of the equi-
librium payoff (15). We note that it takes the same form



L(«) of the equilibrium payoff from the classic General Lotto
game (Theorem 2.1), but instead the budget ratio a(X,Y")
is evaluated to be the summation of the budget ratios over
all resource types. Thus, we observe that under the weakest-
link winning rule for &, it is necessary that it has a positive
resource budget X; > 0 V¢ € 7 in order to attain a non-zero
payoff, since player X needs to win on all resource types for
any given contest. We note this is not the case for player ),
since it has the best-shot winning rule on any given contest.

An illustration of the equilibrium payoff is shown in Figure
2 (Center). A notable feature here is that there is a contour
of resource budgets (X, X») satisfying < B Y"‘ = « that
achieve the same, fixed equilibrium payoff L( ) The multi-
dimensional dependence of the players’ performance metrics
suggests one can evaluate the most cost-effective investments
in combinations of resources to achieve a given performance
level. We will address this problem in Section IV.

We also give a brief discussion of the equilibrium strategies
here, but we direct the reader to Section VI for their full
interpretations and derivations. With strategy F'y. (16), player
X chooses its allocation to contest ¢ according to z.; =
20. Xy - U for each t € T, where U € [0, 1] is an independent
uniform random sample. Given A" has the weakest-link rule,
this strategy ensures that a positive amount of every resource
type is allocated to each contest. With strategy FY;, player
Y chooses its allocation y,. to contest c¢ as follows. With
probability «(X,Y), it randomly selects a resource type
t € T with probability a}(}é)gj) Then, it allocates an amount
Yer = 20Xy - U of type t resources, where U € [0,1] is
an independent uniform random sample, and does not allocate
any other resource types, i.e. y. . = 0 for all ¢’ # t. While the
best-shot rule specifies that )/ can win by allocating more on
at least one resource type, the equilbrium strategy F5, attempts
to win the contest by winning on only one resource type.

V. STRATEGIC INVESTMENT OF MULTIPLE RESOURCES

In this section, we examine how valuable each resource type
is by considering a scenario where the players must decide
how much of each type to invest in, given there are costs of
investment. We formulate a two-stage interaction where the
players make investment decisions in the first stage to acquire
resources, and then engage in a multi-resource Lotto game in
the second stage. For resources of type ¢ € T, player X pays
a per-unit cost x; > 0 and player ) pays a per-unit cost oy.
The interaction unfolds as follows.

Stage 1: Both players simultaneously decide their resource
investments, X and Y.
Stage 2: The players engage in a multi-resource General Lotto
game ML(X,Y; W, v).

In the case that the winning rule is weakest-link, the final

payoffs obtained are

Ux(X,Y) 2 my (X,Y) Zﬁt X, (18)
teT
for player X, and
Uy(X,Y) 2 mi(X,Y) — Zat Y, (19)

teT

for player ). Here, each player uses its resources invested
from Stage 1 to compete in the simultaneous-move game ML
in stage 2, and the resulting payoffs from stage 2 are the
unique equilibrium payoffs of ML(X,Y; W, v) characterized
in Theorems 3.1 and 5.1. Consequently, the only strategic
decisions that need to be investigated are how the players
should invest in Stage 1. This two-stage interaction can thus
be viewed as a two-player strategic-form game with strategy
spaces X € R>o for ¥ and Y € R o for Y. We denote this
game as the Multi-resource General Lotto game with costs,
ML-C(k, o0, W).

Our goal is to identify the equilibria of ML-C(k, o, W).
Here, an equilibrium is an investment profile (X*,Y™) €
RZ, x RL, that satisfies

Ux(X*Y") > Ux(X,Y"), VX €RL,
Uy(X*,Y*) > Ux(X*Y), VY €RL,

Note that unlike the General Lotto games GL and ML, the
strategic interaction with costs is not a constant-sum game
because the associated costs of investment are included in
the players’ payoff functions. The result below provides the
equilibrium investments and payoffs for both players under the
weakest-link winning rule.

(20)

Theorem 4.1. Consider the Multi-resource General Lotto
game with costs under the weakest-link winning rule
ML-C(k, o, Wyy). It admits a unique equilibrium investment
profile (X*,Y"), wherein both players spend an identical
amount of money, i.e.

Z KltXt* = Z O't)/t*.

teT teT

21

The unique equilibrium investment profile is given as follows.
Ifr& Dier 5t > 1, then
.1
t o2 Y

_ e
20272

*

VteT. 22)
yielding equilibrium payoffs of U% = Ux(X*,Y™) = 0 and
Up 2 Up(X*Y")=1— 4.
If”*ZteT* <1, then

1 Kt

, VteT.
20't 20't

(23)

yielding equilibrium payoffs of Uy =1 — 5 and U3, = 0.

Interestingly, regardless of the cost parameters, both players
spend an equivalent amount of money in equilibrium. How-
ever, the total amount of resources purchased is not necessarily
identical. Player X’ purchases X}, = >, X = 2T2 >, L 2
total resources, and player ) purchases Y}, = rQ Dok
total resources. We note that both of these quantities depend
on the cost parameters K, 0.

The players’ equilibrium payoffs have a discontinuity when
the parameter » = 1. This is unlike the General Lotto
games GL and ML, where although there are two separate
cases, the equilibrium payoffs are still continuous in the «
parameter. Figure 3 (Top Right) provides a plot of the players’
equilibrium payoffs.
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Fig. 3: These plots illustrate the equilibrium properties of the ML-C
game established in Theorem 4.1 through a simulation example with
three resource types. We fix costs o = (3,2, 1.8) for player ), and
vary the cost of only resource 1 for player X: o = (k1,0.2,0.3),
with k1 > 0 as the x-axis for all plots above. (Top Left) The glayers’
total resource investment in equilibrium, denoting Xy = > ;1 X7
and Y5 = Zle Y;". Interestingly, player X' does not change its
total resource investment X5 for low costs, k < 2.2. The dashed
line M* = Z?:l ke Xy = Z?Zl o+Y;" denotes the money spent
by each player, which is the same for both. (Top Right) Equilibrium
payoffs to both players. Increasing «; linearly increases the ratio
T =3 T %’ which determines the equilibrium payoff. In this
example » = 1 when k1 = 2.2. (Bottom Left) Player )’s investment
fractions in the three resource types. As resource 1 becomes more
expensive for player X, player ) takes advantage by investing
more into resource 1. Here, we denote Y;* = Y;*/Y};;. (Bottom
Right) Player )’s investment fractions in the three resource types.
These fractions remain constant since they only depend on the cost
parameters o of player ).

The fraction of each resource type relative to the total
resources purchased is also different among the players. For
player X, the fraction invested in type t is % = ﬁ
Interestingly, these fractions only depend on the cost param-
eters of ), and do not depend on its own cost parameters

K. For player ), the fraction invested in type t is ;,/i =
2 tot
%. These fractions depend on both cost parameters
t! Rt/ [T

K,0. A numerical case study that illustrates the equilibrium
resource investments is given in the plots of Figure 3.

To establish the proof of Theorem 4.1, we first approach the
problem of finding the equilibrium resource investments when
the players are given fixed use-it-or-lose-it monetary budgets
My, My > 0 to spend on resources. In this scenario, the
monetary budgets are viewed as sunk costs, so that player X
can choose any X for which ZteT ki Xy = My with the
objective of maximizing only 7y, (X,Y"). Similarly, player
Y can choose any Y for which )7, ,0:Y; = My with
the objective of maximizing only 7} (X,Y). We denote this
constrained game as ML-M(My, My, k, o, WyL).

Lemma 4.1. With sunk costs My, My, the equilibrium invest-
ments (X*,Y™) in the game ML-M(Mx, My, k, o, Wy,) are

given by
M M
;= Mmooy Mymion g e o
KRt r Ot r
The equilibrium payoffs are
M
T (X Y*) =L (%)
My
My (25)
(X Y )=1—-L | —=r].
w(x Y =1- (2]

The proof of this intermediate result is deferred to the
Appendix. Lemma 4.1 asserts that if any positive amount
of monetary investment is spent, then in an equilibrium, the
proportions of that investment that go towards each resource
type is given precisely by (24). The resulting payoffs are
then given in (25). This result allows us to view the strategic
decision-making in Stage 1 of ML-C(k, o, Wyy) simply as a
monetary investment My, My > 0.

Thus, the problem of finding equilibria of
ML-C(k, o, WwL) can be re-cast as finding the equilibria of
the game associated with payoff functions

Y (26)
Uyp(My, My)=1—L (%) — My
My

and strategies My > 0, My > 0. We are now able to proceed
with the proof of Theorem 4.1.

Proof of Theorem 4.1. Our approach is to derive the best-
response curves for both players. For a fixed My > 0,

BRy(Mx) = H]\?}&XU)}(MX’M)}) (27)
y

Omitting the algebraic steps, we can precisely characterize this

as
B My <7/2

BRy(Mx) =10,1], if My =r/2

'3
0, it My > 1r/2

(28)

In a similar manner, we derive the best-response for player X
as

Mor i My < &
BRy(My) = q1[0,3], if My = & (29)
0, if My > 5

An equilibrium is any point (M3, M3;) at which M3 =
BRy (M} ) and M3 = BRx(M3), i.e. where the two graphs
of BRy and BRy intersect. If r > 1, then BRx(My)
intersects BRy (M) uniquely at the point (5, 5=). If 7 > 1,
then they intersect uniquely at the point (5, §
The full equilibrium investment profile (X, Y ™) can then

be deduced using the result from Lemma 4.1.



V. THE WEIGHTED CONTRIBUTION WINNING RULE

In this section, we consider an alternate winning rule
that we refer to as a weighted contribution rule. Here, each
resource type is associated with an effectiveness weight a =
(a1,...,ar) € RL, for player X, and b = (by,...,br) € RL,
for player ). The winning rule for player X is B

WWC(CU, y) £1 {Z a4Ty > Z btyt} . (30)

teT teT

The weighted contribution winning rule Wy reflects the
heterogeneity of resources with respect to their relative ef-
fectiveness for winning a contest.

We state the full equilibrium characterization of the ML
game under the weighted contribution rule in the Proposition
below.

Proposition 5.1. Consider a Multi-resource General Lotto
game under the weighted contribution winning rule,
ML(X,Y ; Wyc,v), with parameters {a, b}. The unique equi-
librium payoff to player X is

Ty = L(B(X,Y)), @31

where B(X,Y) = 75}11::;.
player Y is 73, =1 —t7zrl}. An equilibrium strategy profile
(Fy, Fy) € F(X) x F(Y') is given as follows. If B(X,Y) <
1, then

. . Ut
F3 = 1
X7C(u) mln{mln{chXt, }}tET

The equilibrium payoff to

1 1 U (32)
Fy (u) =1 3 + 3 min {mm { 2Uthﬂ71}}t€7—
If B(X,Y) > 1, then
1 1 . . Ut
Fy (u)=1-—+ mln{mm{, 1}}
v B ﬁ 2U0Xt6 tET. (33)

% . . Ut
F5 .(u) = min {mln { 0.7 1} }tET

Unlike the weakest-link formulation, player X can attain
a non-zero payoff by only possessing a single resource type.
The above result is comparable to the classic, single-resource
General Lotto game where the “effective total budgets” are
given by the linear combinations X = 23:1 a; Xt and
Y = Zthl b;Y;. Indeed, observe that the equilibrium payoffs
coincide with that of the classic single-resource game L(Y/X)
(Theorem 2.1) using the effective total budgets X, Y.

We omit a full proof of this result since it largely follows
the same techniques that we develop to establish the proof of
Theorem 3.1 in Section VI. In particular, one can establish
the proof using the same sequence of Lemmas stated in
Section VI. The main difference is that instead of applying
the CDF Py[y.: < .4, Vt] in the calculations of expected
utility (i.e. starting in Lemma 6.2, (40)), we apply the CDF
Py[>oier bityer < > e @iy that corresponds to the
winning rule Wyyc.

VI. EQUILIBRIUM ANALYSIS AND DERIVATIONS

In this section, we establish the proofs for the main result
(Theorem 3.1) regarding equilibrium characterizations of the
Multi-resource game, ML(X,Y; Wy, v) under the weakest-
link/best-shot winning rules. Below, we describe a rough
outline of the technical approach we take to prove Theorem
3.1

« We propose and define two classes of randomized allocation
strategies, Fwy for the player with weakest-link rule (X),
and Fgg for the player with the best-shot rule ()V). They are
given in Definitions 2 and 3, and are strict subsets of the
strategy set F (3).

e In Lemmas 6.2 and 6.3, we establish the smallest upper-
bound that player ) can impose on the payoff of player X
using strategies from Fgg.

o In Lemmas 6.4 and 6.5, we establish the largest lower-bound
that player X' can ensure on its own payoff using strategies
from Fwi..

o« We find that both the upper and lower bounds coincide
in value. Because ML(X,Y; WwL,v) is a two-player
constant-sum game, this establishes an equlibrium strategy
profile.

We begin by observing that one can write the expected

payoff from (14) in terms of marginal distributions of the
players’ strategies.

Lemma 6.1. Consider a Multi-resource Lotto game
ML(X,Y ;W,v). Then for any strategy profile (Fx,Fy) €
F(X) x F(Y),

WX(FX7F37) = Zvc . E:ZZUNFx,C [W(mcvyc)] .

ceC Y.~Fy.e

(34)

where for any u. € Rgo, the c-marginal distribution Fly . is
given by

FX,c(uc) é P[xc,t S u(:,t7 Vt S 7—]

Fx((ua)aec) 35)

lim
ug—ooT Vd#c

Similar definitions apply for Fy .

Each expectation term in (34) is equivalent to an expectation
with respect to the T'-variate marginal distributions for each
contest ¢ € C. Therefore, any full strategy Fy € F(X) can
be specified in terms of its c-marginals, {Fx }cec.

A. Proposed strategies for weakest-link formulation

Let us consider the multi-resource game corresponding to
the weakest-link winning rule, ML(X,Y; Wy, v). For player
X, who has the weakest-link rule, we propose a particular class
of strategies defined below.

Definition 2. We define the class of strategies Fyr(X) C
F(X) as follows. Any Fy € Fy,(X) has c-marginals that
can be written in the form

FX,C(U) =1—96x +dx -min {min{ 0x

s U, 1} } .
20.X
t "Bo)



for all ¢ € C, w € RL. Here, the number 5x € [0,1]
parameterizes this class of strategies.

The strategy (36) can intuitively be described as follows. To
draw a random allocation x. € Rgo from Fy .,

1) With probability 1 — dy: allocate zero resources, i.e.
Zep=0forall teT.

2) With probability dx: Draw a random U ~ Unif|0, 1].
Then, allocate x.; = 2” Xt -U foreach t € T.

The strategy F/y,c either allocates zero resources of all types
to contest ¢, or allocates a positive amount of every resource
type. This strategy allocates Eq ~p, ,[2c ] = v.X; resources
of type t to contest ¢ in expectation, and thus it is budget-
feasible.

For player ), who has the best-shot rule, we propose a
particular class of strategies defined below.

Definition 3. We define the class of strategies Fps(Y ) C F(Y)
as follows. Any Fx € Fgs(Y') has c-marginals that can be

written in the form
ut,l}. (37)

forall ¢ € C, w € RL,. Here, the number 8y € [0,1] and
probability vector p = (pt)teT parameterize this class of
strategies.

2 . dypt
Fy . (u)=1-6y+0dy ;pt - min { .Y

The strategy (37) can 1ntu1t1ve1y be described as follows. To
draw a random allocation y, € R>O from Fy s

1) With probability 1—dy: allocate zero resources, i.e. Y ; =
0forallteT.

2) With probability dy: Select a type ¢ € T with probability
pe. Draw a random U ~ Unif[0, 1]. Then allocate y., =

%:: - U and allocate y. = 0 for all £t

The strategy Fy,c either allocates zero resources of all types
to contest ¢, or allocates a positive amount of a single type
of resource. This strategy allocates Eycwﬁywc[yc,t} = .Yy
resources of type ¢ to contest ¢ in expectation, and thus it
is budget-feasible.

B. Proof of Theorem 3.1

We provide a series of Lemmas in order to establish The-
orem 3.1. The following Lemma establishes an upper bound
on player X when player ) uses any Fy € Fgs(Y).

Lemma 6.2. Consider ML(X,Y ; Wy, v). Suppose Fy &
Fps(Y') is a strategy of the form (37). Then it holds that for
any Fx € F(X),

mx(Fx, Fy) < UB(3y,p) (38)
where 6y € [0,1] and p € A(T) are the parameters of Fy,

and
th
UB(dy, ) =1-46y —|— ( E > . 39)

teT

Proof. Forany Fy € F(X
cis

), we have that the payoff in contest

T‘-X,C(FX767 Fy,c> =
=Ep. [Fy,c(x)}

EFX,C,Fy,u []l{xc,tZyc,t,VtGT}}

.| dyp
=1- 537 + 537 Zpt . EFx,c |:mln{21}c}% * ety 1}:|
teT 5 (40)
<1—6y+6 Wt g,
y + y;pt {2 Y, “Teyt

52
=1-¢ —3’ :
v 3 (2l
teT
Here, X.; := Ep, .[2c:]. The inequality is due to the fact
that min{ny, na} < ny for any two numbers n, ns. The total
payoff can then be written

mx(Fr, Fy) = Zvc T e(Fr e Fy.c)
ceC
5 2 Xeyt
<1—-46y+ Z’UC Z
"0.Y
ceC teT
52 @)
=h@+gzm o
teT tcec
<1-0y+ % Z 2%
teT Y
The last inequality follows from (13). |

The next Lemma provides the smallest upper bound that
player Y can impose by using strategies Fy of the form (37).

Lemma 6.3. Consider ML(X,Y ; Wy, v). Then,

min UB(dy,p) = L(a(X,Y)). (42)
5y €[0,1]

PEA(T)

The strategy Fy, € F(Y") that imposes the bound upper bound
L(a(X,Y)) is given as follows. If a(X,Y) < 1, then

F.(u)=1—a(X,Y)

Y/ Xy Ut
+a(X,Y)Z a(X.Y) ~m1n{2%Xt,1}.
teT

(43)

forany c€ C and u € Rgo. If a(X,Y) > 1, then

Yt/Xt . %
F = . 1.

Velw) t; a(X,Y) mm{chXta(X,Y)’ } (44)

for any c € C and u € R£0~

Proof. The optimization problem on the left-hand side of (42)
can be sequenced as

UB* = min min UB(dy,p). (45)

PEA(T) dy€[0,1]

Observing that UB(dy,p) is a convex quadratic function in
dy € [0,1], the minimizing &3, for the inner minimization

must satisfy
1
8% =mind —, 1 (46)
Y {g(p) }



for any fixed p, where ¢g(p) := ZteTpQX Then, the
optimization problem can be written as
UB(43,,p
oin UB(dy,p) =
2
1 1 1

min | 1—minq ——,1 +min{,1} g(p

PEA(T) ( {g(p) } 2 9(p) ®)
(47)

We now observe that g(p) is a convex function on p € A(T),
and attains its minimum at the point p* whose entries are

Y,/ X,
p; = tél t, teT,

(48)

where o = Y, ;"t'/
have g(p*) = 1/a.
Case 1: o < 1. It holds that g(p*) > 1, and thus g(p) > 1
for all p € A(T). The optimization problem (47) is

1
= m 1—- — 4
P) pEAl(T) ( Qg(p)> “9)

The minimizer is identical to the minimizer of g(p ) which is

as defined in Theorem 3.1. We then

min UB(63
pEAI(T) ( »P

just p*. Therefore, we have Uy = 1 — 5, with 43,
Case 2: o > 1. It holds that g(p*) < 1. We can wrlte (47) as
g(p) if g(p) <1
min UB@.p)={ 2, @) (50)
PEA(T) 1= 5y ifglp) 2

Observe that p* is the minimizer in the region g(p) < 1. We
can further deduce that p* also minimizes UB(47,, p) over the
entire simplex A(7), since UB(63,p) > 5 > 9( 2 for any
p € A(T) such that g(p) > 1. Thus, we have UB’k = 5,
with 43, = 1.
We then obtain UB* = L(a(X,Y’)), and the form of the
strategy FY, follows from (37).
|

We note that the smallest upper bound from Lemma 6.2
coincides with the reported equilibrium payoff in Theorem
3.1. Our next Lemma establishes lower bounds.

Lemma 6.4. Consider ML(X,Y ; Wy, v). Suppose Fy €
F(X) is a strategy of the form (36). Then it holds that for
any Fy € F(Y),

wx(Fx, Fy) > LB(dx) (51)
where 0y € [0,1] is the parameter of Fy, and
LB(6x) = 0x <1 - % (X, Y)) (52)

Proof. Suppose X utilizes a strategy Fy of the form (36). For
any Fy € F(Y), the payoff to ) in contest ¢ is

Te(Fres Fye) =1 =Ep, po [Lae >y, foran teT)]
=1-Ep . [pr (@er > yey, forall t e T)]

>, (-

SCT,[S|=21

=1-E, |1-

Fy. ]-)ISlJrlFX,c,S(yc)

(53)

The equality above is due to the Inclusion-Exclusion principle,
and Fx ¢ s(y.) =limy_, o vigs

lim  Fy.(y.) (54)

E =
X,c,S (yc) Ye.a—r00VdES

is the marginal distribution of FX’C with respect to variables
S C T. Denoting my ¢, (y;) := min {% Y, 1}, we can
write from (36):

Fy.es(y.) = (1 —0dx)+ dx min {maciW)tes (59
Continuing, we have
my.e(Fx.c, Py c)
=1-Ep, [1-(1-dx) D (-1
’ SCT,|S|=1
oy Z (=1)IS+ 1 min {mxct(ye)ties
SCT,|S|>1 -
“E, (00 6®
oy Z (=1)I$+ 1 min {mact(ve)ties
SCT,|S|>1 N
_ Eﬁy,c [(1 —dx) + 0x max {mX,c,t(yt)}teT]
teT

The second equality is due to the Binomial Theorem:
Si_ (B)(~1)F*! = 1. The third equality follows from
the technical result Lemma A.l found in the Appendix.
The inequality in the last line above follows from the fact
that max,{n;} < ) ,n; for any collection of numbers 7.
Moreover, since my ¢+ (y:) < zziixx,yt’ we can write

Try,C(FA‘X,C7Fy7C) S EFy, l( 6X + i Z v Xt]

_ i prth
= (1=dx)+ = Z X (57)
eT
62 Y;
<a-s0+ XY

teT

The final inequality follows from Iy, € F(Y') (13). Summing
over all contests to get the total payoff my(Fx,Fy) =
> ccc Ve Ty.e(Fx e, Fy ), we obtain the bound

sy

tET

(FX,Fy) (1—-9x)+ (58)

as the contest values are normalized. We can equivalently
express this as a lower bound on player A”’s payoff,

Wx(ﬁx,Fy)Z(SX (1—2 )

teT

(59)



The next Lemma provides the greatest lower bound that
player X can ensure by using strategies Fly of the form (36).

Lemma 6.5. Consider ML(X,Y ; Wy, v). Then,

LB — L(a(X.,Y)).
s max (bx) = L(a(X,Y))

The strategy F3 € F(X) that ensures the payoff L(a(X,Y))
is given as follows. If a(X,Y) <1, then
3
teT

forany c€ C and u € Rgo- If o(X,Y) > 1, then

1
C a(X,Y)

1 . . Ut
- - . I A
8% mm{mm{mxta(x,y)’ }}

for any c € C and u € Rgo-

(60)

* o . . Ut
F% .(u) = min {mm { 50.X, (61)

Fyo(u) =1

)

Proof. The maximum lower bound attainable through the
choice of Jy is determined by solving the optimization prob-
lem

LB* = max LB(dx), (63)
6X€[0,1]
which has the solution
1
0% =minq —,1,. 64
X mln{av } ( )

We then obtain LB* = L(a(X,Y")), and the form of the
strategy I’y follows from (36). |

We are now ready to establish the main result, Theorem 3.1.
Proof of Theorem 3.1. From Lemmas 6.3 and 6.5, we obtain

mx(Fx, F3) < L(a) < nx(F3, Fy) (65)

for all Fy € F(X) and Fy € F(Y'). They also imply that
mx(Fy, Fy) = L(a). Thus, the strategy profile (Fy, FY) is
an equilibrium (Definition 1). [ |

VII. CONCLUSION

The allocation of heterogeneous resources is increasingly
becoming a significant aspect for system planners to consider,
given the complexity and diversity of objectives that need
to be accomplished. In this manuscript, we considered the
allocation of multiple and heterogeneous resource types for
a strategic adversarial setting known as General Lotto games.
We extended the classic and pre-dominantly single-resource
General Lotto games considered in the literature to scenarios
where players allocate multiple types of resources. Here, the
specification of winning rules for each individual contest is the
novel modeling consideration in our framework. We derived
equilibrium characterizations in the cases where the winning
rules are based on weakest-link objectives, and when they
are based on a weighted linear combination of the allocated
resource types. We then analyzed how investment decisions
should be made when it is costly to utilize each resource type.
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APPENDIX

A. Technical Result for Theorem 3.1

The following result is utilized in the proof of Theorem 3.1,
specifically in Lemma 6.4.

Lemma A.l. Suppose (zi)ier € RL, is a vector of non-

negative numbers, where we denote T = |T|. Then,
Z (—1)!¥1* 1 min z, = max z.
tes teT

SCT,|S|>0

Proof. We prove the lemma by induction on T, the size of
the index set 7. The case 7' = 1 trivially holds. Therefore,
suppose that the statement is correct for arbitrary 7. We want
to prove that it is correct for 7'+ 1. Let m = min{zp, 2741}
and M = max{zr, 2741 }. We have

Z (—1)|S|+1minzt: Z (—1)‘S|+1minzt

tesS tes
SC[T+1] SC[T+1]
mes,M¢gS
+ E IS‘“ min z;
tesS
sg[T+1]
mgS,MeS
+ g ISHI min z;.
tesS
sg[T+1]
meS,MeS

Note that for every S C [T + 1] such that m € S, M & S, we
have the set SU{M} C [T +1]. Also, for every S C [T + 1]

such that m € S, M € S, we have the set S\ {M} C [T +1].
Therefore, since

(- min z, + (=1)1¥*2  min 2, =0
tes teSU{M}
where m € S, M ¢ S, we have
Z (=1)!¥1+ 1 min z,
e tes
meS,M¢S
+ Z ‘S‘H migztzo.
SC[T+1] te
meS,MeS

Thus, we obtain

—_1)ISIHT 3 —
2, (1) mina

SC[T+1]

Z (—1)IS1* ! min 2,

tes
SC[T+1]
mgS,MeS

= Z (-1

SC[T+1\{m}

WS+ mip z,

tesS

= max{z1,...,27-1, M}

= max 2z,

te[T+1]
where the third equality follows from the induction assumption
on sets of size T'. ]

B. Proof of Lemma 4.1

Consider the game ML-M(Mx, My, k, o, Wyw). The best-
response problem for player X is

ZteT ke Xy < My

(66)
X, >0, vteT

m)zchL(a(X, Y)) st
with Y fixed. The necessary condition is
Y,
L/(Oé(X, Y)) . <X2> + /\K]t >\t = O, Vit € T (67)

where A > 0 is the multiplier associated with the monetary
budget constraint, and A; is the multiplier associated with
the constraint —X; < 0. We first observe that any optimal
response must have X; > 0, for otherwise the payoff is zero.
Moreover, the payoff is strictly increasing in X; forany t € T,
so an optimal response must utilize the entire monetary budget
My . Thus, Ay =0 for all t € T and A > 0. We then get

—L'(a(X, Y)Y,

X, =
¢ )\'I’it

(63)

We can then write the budget constraint as My =

1/ M e \/ :—: The multiplier is evaluated to be
—L’ Y,
A= Z V- t.

teT

(69)

Using this expression, the optimal allocation can then be
calculated to be

My VEeYy

xr=Mx_ vEde
kit ZSGT Fs Y

(70)



To find the equilibrium, we can now consider the best-
response problem for player ) as

Y, < M-
min L(a(X*,Y)) s.t. Lier oY1 < My (71)
Y Y; >0, VteT
where X is given in (70). The necessary condition is
1
L'(a(X*)Y))- (X*) + oy — N =0,VteT. (72
t

Using a change of variable Z; := \/k:Y;, we obtain

7 = M% Z 7, (73)

Mo seT

2
The budget constraint requires ), at% = My. Using the
expression (73), we can evaluate the multiplier to be

_ —L(a(X".Y) i
A= Mx /My (;-ZS> vr

where 7 = 3 __, %=, We then obtain

(74)

M-
Zy = 737@ (75)

Ot
The optimal allocation Y;* is recovered via

yr = Z _ My ifor
¢ Kt oy r

(76)

The optimal allocation of player X can then be written as
My ki/oy

*_
X/ =
Kt r

(77)
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