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LLM WATERMARKING USING MIXTURES AND
STATISTICAL-TO-COMPUTATIONAL GAPS

PEDRO ABDALLA AND ROMAN VERSHYNIN

ABSTRACT. Given a text, can we determine whether it was generated by a
large language model (LLM) or by a human? A widely studied approach to
this problem is watermarking. We propose an undetectable and elementary
watermarking scheme in the closed setting. Also, in the harder open setting,
where the adversary has access to most of the model, we propose an unremov-
able watermarking scheme.

1. INTRODUCTION

Large Language Models (LLMs) have emerged as a powerful technology for gen-
erating human-like text [3}[I8]. On one side, an LLM performs well if it produces
text that closely resembles human writing. On the other side, malicious use of
high-performance LLMs also bring undesirable consequences such as the spread of
misinformation [I7], misuse in education [I3}[18], and data pollution [I516].

In this context, there is an urge to develop methods to distinguish human and
AT generated text to mitigate those outcomes. One prominent technique is the
so-called watermarking approach in which the goal is to embed a detectable signal
in the text generated by the LLM.

Before describing watermarking in more details, we recall the concept of tok-
enization. In a nutshell, a word consists in small pieces of “sub-words” known as
tokens. A LLM outputs each token sequentially by computing a probability dis-
tribution over a fixed set of possible tokens (vocabulary) and sampling the next
token from it. The distribution of the next token varies from token to token as it
depends on the previous tokens sampled, while the vocabulary remains fixed during
the process of text generation.

The most common approach to watermark a text is to watermark each token
by planting a hidden structure into its probability distribution. In this sense, it
is natural to impose some requirements on which properties a good watermarking
should have. For example, it is natural to require that the watermarking scheme
does not deteriorate the quality of the text or that it cannot be easily removed by
someone with malicious intentions, an adversary.

In what follows, we describe the requirements for our watermarking scheme. To
this end, we shall make a distinction between two different settings: The closed
setting and the open source setting. We first describe the closed setting. In this
case, one would like to generate a watermarking satisfying three requirements

e Undetectability: Any polynomial-time algorithm based solely on the text
generated by the LLM fails to detect any change in the probability distri-
butions used to generate the tokens.
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e Completeness: It is possible to detect the watermarked model if the
algorithm has access to extra piece of information known as “secret key”.

e Soundness: Any text generated independently of the secret key has neg-
ligible chance of being detected as watermarked.

We postpone the mathematical framework of those requirements to the next section.
Now, let us provide some intuition behind those requirements. The first requirement
is useful to preserve the quality of the text generated and prevents malicious users
(adversaries) to manipulate the text to remove the watermarking scheme. The
second requirement is the core idea of watermark to distinguish texts generated by
AT and humans which clearly requires a “secret key”, otherwise would contradict
the “undetectability” requirement. Finally, the last requirement is of fundamental
importance as, for example, it prevents false accusations of AI misuse (see for
example [7]).

A harder task is to watermark the text in the so-called open source setting. This
is motivated by the recent explosion of Al open source models, where the user has
access to the model parameters and the associated code [B[19,23]. Since now the
adversary has much more power, we replace the “undetectability” requirement by
the weaker “unremovability” requirement:

e Unremovability: Any adversary that does not have knowledge about the
secret key cannot remove the watermarking scheme unless it deteriorates
the quality of the text.

Clearly, one has to impose some conditions on what the adversary knows, otherwise
he could train a new model on its own, making watermarking impossible. Besides,
the adversary goal is to remove the watermark and use the text for malicious pur-
poses, so the quality of the text cannot be deteriorated too much.

In this work, we allow the adversary to arbitrarily modify the inputs of the LLM
and also allow him to have knowledge of each token distribution used for sampling
(after the watermarking scheme was planted).

1.1. Related Work. Several watermarking schemes were proposed [2,[14,[22] for
the closed setting without any formal guarantee. Perhaps, the first watermarking
scheme with provable guarantees is from [9], where the authors proposed to split
the vocabulary into a green list and red list. The probabilities corresponding to
the tokens in the green list are slightly increased while the ones in the red list are
slightly decrease. The watermarking can be detected by checking the frequency of
tokens in the green list versus tokens in the red list. Therefore, the downside of
this approach is that the “undetectability” requirement is not fulfilled.

Another line of work [IJ6JI0]12] is dedicated to the following idea: Let u be a ran-
dom variable distributed uniformly over the interval [0,1] and p = (p(1),...,p(d))
be a probability distribution over a vocabulary of size d. We can sample the next
token according to p by sampling from w first and then observing that for any

ked{l,...,d}
k—1 k
P{u e [me,zp(i)] } = p(k).

The watermarking schemes exploit correlation between the tokens and the corre-
sponding (uniform) random variables u’s used to sample the tokens. Despite this
approach has some guarantees, the major drawback is that the detection algorithm
is quite convoluted relying on a complicated optimization because it is hard to
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capture the planted correlation. In addition to this, to achieve the “undetectabil-
ity” requirement for the whole text, the approaches in the literature rely on some
cryptographic assumptions.

To the best of our knowledge, the only result for the open source setting is
from [5]. The authors proposed to perturb each logit in the softmax rule (see
equation 2.1)) by a vector sampled from a multivariate Gaussian distribution and
exploits the correlation between the text and such vector. The authors provided
some theoretical evidence (partially rigorous) for completeness and unremovability
under strong assumptions on the text

1.2. Main Contributions. Our main contributions are new connections between
watermarking and robust statistics to derive more efficient watermarking schemes.
Our first main result is Theorem [B.2] where we propose an elementary watermark-
ing scheme for the closed setting satisfying all the requirements (undetectability,
completeness and soundness) under mild assumptions on the distribution of the
text. We also argue that the assumptions are necessary in some sense.

In a nutshell, our watermarking scheme proceeds as follows: In the first step it
randomly constructs partitions of the vocabulary set into green and red tokens that
change at each time a new token is sampled. Similarly to [9], the probabilities of
the green tokens are shifted upwards, and the ones for the red tokens, downwards.
However, we make some key changes to this shifting scheme, which allows it to
achieve undetectability.

Our second main result Theorem lies in the realm of the open source setting.
By leveraging novel connections to the theory of statistical-to-computational gaps
in robust statistics, we proposed a watermarking scheme that is both “sound” and
“complete”, along with mathematically rigorous guarantees. This watermark is
also “unremovable”: any algorithm that attempts to remove it must (indirectly)
solve a computationally hard problem — the sparse mean estimation under Huber’s
contamination model (see [8] for a comprehensive introduction).

This version of our algorithm also perturbs the logits by Gaussian vectors, sim-
ilarly to [5]. However, instead of using the same perturbation for each token, we
use independent perturbations.

Our Gaussian random perturbations are drawn from a mixture of non-centered
Gaussians — a distribution that is hard to distinguish from a centered Gaussian.
Thus, the adversary who attempts to remove it faces impossibility results from the
robust statistics literature borrowed from Brennan and Bresler [4]. This is a novel
approach to study unremovability in watermarking problems.

1.3. Roadmap. The rest of this manuscript is organized as follows. In Section 2]
we formally state the watermarking problem in the framework of hypothesis testing.
Section [3 is dedicated to the main results for watermarking in the closed setting
and Section Ml is dedicated to the main result for watermarking in the open source
setting. The appendix is dedicated to the proof of technical results.

IFor example, [5] assumes that the token distribution behaves as an uniform distribution over
a certain subset and also that the adversary makes changes respecting some normalization of the
soft-max function which are hard to verify.
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2. THE HYPOTHESIS TESTING FORMULATION

Let T be our vocabulary of d tokens, which we can identify with [d] := {1,...,d}
without loss of generality. A text is a sequence of random variables x; taking values
in [d]. At each step, the LLM computes logits L = (¢(1),...,¢(d)) and samples the
next token z € [d] according to the softmax rule

o0)

Tt @

(2.1) p(2) == P{z = i} = softmax(¢(1),...,£(d)) == ey

A watermarking scheme consists of two parts:

e The sampling algorithm at each step tweaks the LLM’s output probabil-
ities from p = (p(1),...,p(d)) to a new (watermarked) distribution ¢ =
(g(1),...,q(d)), using a “secret key”.

e The detection algorithm takes the whole text x1,...,zn and the same se-
cret key, and outputs true/false depending on whether the text was water-
marked.

The sampling algorithm handles undetectability by making sure that ¢ looks
like p. The detection algorithm handles soundness and completeness by solving the
following hypothesis testing problem:

Detection Algorithm Hypothesis Testing:

e Hy : The text x1,...,xyN is independent from the watermarking scheme.
e H, : The distribution of the text z1,...,zx was sampled from the water-
marked distribution.

The core challenge in the design of a watermarking scheme is that we need to
balance the trade-off between undetectability and completeness without using any
prior knowledge about the text. If we simply do not change the LLM’s distribution,
then the scheme is undetectable but not complete. Similarly, if we make some
obvious change to the LLM’s distribution, the scheme is complete but detectable.

Remark 2.1 (Closed vs. Open Source Setting). We just covered the closed water-
marking setting. In the open setting, the definition of watermarking as well as the
“completeness” and “soundness” requirements stay the same. But the adversary
now has more information than just the text. So instead of “undetectability”, we
require “unremovability”.

We allow the adversary to modify anything they want about the LLM — the input,
the parameters, even its its architecture. They can also modify the distributions
Qzqs - - - Qzy Used to generate the watermarked text z;,...,xn — but the adversary
is not given access to the secret key.

The goal of the adversary is to approximate the distributions pg,,...,pzy. The
“unremovability” requirement prevents the adversary from achieving this in poly-
nomial time.

3. WATERMARKING SCHEME — CLOSED SETTING

Now, let’s formally describe the watermarking scheme in the closed setting. It
works for any discrete process on a finite state space, but we will stick to the LLM
setting to keep things concrete.
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Let N be the length of the text to be generatecﬂ and d be the size of the token
vocabulary. Without loss of generality we assume that d is evenfl Next, let r
be a Rademacher random variable (£1 with equal probabilities) and consider the

alternating signs vector A := (r, —r,r, —r,...,r) of length d. The secret key consists
on i.i.d. copies Aq,...,An of the random vector A, one for each token in the text
z1,...,TN to be watermarked.

For simplicity of notation, we drop the index j while describing the j-th step
of the sampling algorithm. At each new step, the LLM computes the probability
distribution of the next token x, namely p = (p(1),...,p(d)). Now the sampling
algorithm watermarks this distribution by increasing the probabilities p(i) for the
tokens ¢ where A(7) > 0 and decreasing them where A(7) < 0.

To do that, we first assume that p(1) > --- > p(d). Define for each i € [d]:

1), ¢ is even
(3.1) - v
p(i+1), iis odd,
so that these numbers are pairwise equal: €1 = €9, €3 = €4, ..., €4-1 = €4. Next,
we compute the watermarked distribution by setting for every ¢ € [d]:
(32) q(i) = p(i) + i A7)

In the general case, we first compute a non-increasing rearrangement of p, perturb
it as before, and rearrange back.

Now let’s check that this watermarking scheme is valid (i.e. ¢ is actually a
probability distribution) and undetectable.

Proposition 3.1 (Validity and undetectability). For any probability distribution
p over [d], the watermarked distribution q computed in [B2) is indeed a probability
distribution over [d], and the watermarking satisfies the undetectability requirement.

Proof. Sine A alternates signs and €1, ...,e4 are pairwise equal, we have

d
NGRS A(l)((& —e2)+(es—ea)+... 4 (€a-1 — Ed)) =0.
Pl —_—— N—— ——_———

=0 =0 =0
It follows that
d d
> qli) = p(i)+ > eiA(i) =1.
i=1 i=1 i=1

So, to check that ¢ defines a probability distribution, it remains to show that it has
nonnegative entries. But this follows from our construction: ¢(i) > p(i) — p(i) = 0
for even i, and ¢(¢) > p(i) —p(i + 1) > 0 for odd i.

Now let’s check undetectability. For every ¢ € [d], the probability that = i
under g is

Py{z =i} = (p(1) + &) P{A(i) = 1} + (p(i) — e)P{A(i) = 0}
1, . 1, .
=5 (0) + i) + 5 (p() = €i) = p(D).
201 course, the exact value of NV is unknown but we can always work with the maximum

number of tokens allowed by the LLM.
3In the case that d is odd, we simply add a spurious token
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Because at each step j = 1,..., N we sample an independent copy of A, the dis-
tribution of the text z1,...,zy sampled from the watermarked distributions ¢ and
the unwatermarked distributions p remains the same. (Il

3.1. Watermarking Detection — Closed setting. We now describe how our
detection algorithm works. The core idea is that whenever the perturbation A(x)
is positive, it increases the chance of the token = to appear in the text. Thus, it is
more likely to observe the tokens in the text that correspond to the positive entries
of A.

So, our algorithm just counts the fraction of tokens z; in the text that have
positive Aj(x;), and tests if it significantly exceeds 1/2:

Algorithm 1 Watermark Detection

Input: The text x1,...,xn. The secret key: Aq,...,Ay. Tolerance 6.
Output: True or False.
N
Z 5 Y1 Lias =1

if Z>1/2(1+ +/3log(1/§)/N) then
return: True

end if
return: False

Now, we state that the watermarking we just described is undetectable, sound,
and complete:

Theorem 3.2 (Watermarking in Closed Setting). The watermarking scheme de-
scribed above satisfies the following properties:

(1) It is undetectable.
Moreover, for any ¢ € (0,1), if N > 3log(1/4), then:

(2) It is sound with probability at least 1 — 4.
(3) Let p; denote the probability of the most likely token in the vocabulary at
step g =1,...,N. If, for some v >1,

N
(3.3) 1+%;(1—p§)27<1+ 31%(1/5)»

then the watermarking scheme is complete with probability at least 1 —
e~ N where ¢, = (1 —7)/8.
The result follows by taking t = /2 and using [@3)).

Remark 3.3 (Minimal entropy allows watermarking). The assumption (B3] on the
distributions of the tokens is nearly necessary. If p7 gets too close to 1, it means that
the token is almost deterministic, so watermarking it is impossible. The assumption
B3) ensures that at least some fraction of the text is non-deterministic, making
watermarking possible in principle.

Proof. We already proved undetectability in Proposition B.11
Soundness: Suppose we are under the null hypothesis Hy that the text x1,...,xn
is independent of the secret key Ay, ..., Ayx. Then the test Z defined in Algorithm
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[0 has binomial distribution (NN, 1/2). By Chernoff’s inequality, for every ¢ > 0 we
have

P{Z>1/2(1+1)} < e ©N/3,

which is at most ¢ for t = y/31log(1/9)/N.

Completeness: Assume that the text is watermarked. Thus, at each fixed step,
a random token z is picked from the distribution ¢ defined in (2. Without loss
of generality, assume that p(1) > p(2) > --- > p(d). Then,

d
P{A(z) =1} = El{a@m)=1} = E Y La@=13L{a—s

i=1

d
=E [Z Liam=1) E[L{o=p |A]]

:dl
=K lz Tia@=1y P{z =1 A}l
d
= EZ Lia@m=1} (p(z) + 5(1))
i=1

(by (32), since only the terms with A(i) = 1 contribute to the sum)

d d
= STRIAG) = 1} () +2(0) = 5 3 (0li) + <)

i=1

(since each A(7) has Rademacher distribution)

1 1<
=§Zp(i)+§zg(l)
=1 i=1
= 1+ 1)+ p@) +p(0) + pl&) +---+ 5(d)
~~ ~

(by construction (3] and the monotonicity assumption)

S(1—p(1).

Next, set Zy := 0 and notice that

> -+

N | =

Z = Zk-1+ Lia,zo=1y — BEL{A, (@n)=1]z1,....ze_1}s

is a martingale satisfying that |Z(;)—Z(,_1)| < 1 almost surely. Thus, by combining
the Azuma-Hoeffding’s inequality

N
1 1 * —t2N/2
P{ZZ§<1+N§(1—pj)>—t}21—e ,

with the assumption (B3)), the result follows for ¢ = (y —1)/2. O
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4. WATERMARKING SCHEME - OPEN SOURCE SETTING

Unfortunately, in the open source setting, there is no guarantee that an adversary
cannot destroy our watermarking scheme. So we propose a completely different
approach in this setting.

We randomly perturb the logits in (Z1), similarly to [5]. However, the pertur-
bation vector in [5] was sampled from a multivariate Gaussian distribution (the
same at each step), while we propose to draw perturbation vectors from a random
Gaussian mixture, which changes independently at each step.

Let’s describe the construction of the perturbation vector A € R? in detail.
First, pick a k-sparse subset S C [d] uniformly at random, and compute the vector

p=k" g

supported on S. Let r be a Rademacher random variable and G ~ N(0, I). For a
fixed € > 0, define the perturbation vector
(41) A {E(G+M), %frzl
e(G—p), ifr=-1.

The role of the tuning parameter € is to control the tradeoff between detectability
of the watermark and the quality of the text. The secret key is the collection of
vectors GG, . .., G used to generate the i.i.d. copies A1,..., Ay of A at each step
according to (.T]).

At each new step, the LLM computes the logits ¢(1),...,4(d), and our water-
marking algorithm samples the new token according to the watermarked softmax
rule given by

. RIOEING)!
(4.2) q(i) = lWFAD) 4 ... 4 el(dD)+A(d)’

which is just a perturbed version of (2.I]). We allow the adversary to have knowledge
of the distribution q.

Intuitively, in order to remove the watermarking scheme, the adversary needs
to guess the values of the perturbation vectors Aq,...,Ayx. This requires the
adversary to learn the mean p accurately.

But the mixture distribution is chosen exactly for the purpose of making the
adversary’s task computationally hard. Indeed, estimating the mean p based on
the samples Ay, ..., Ay is a well-known computationally hard problem in robust
statistics, called sparse mean estimation under Huber’s contamination noise.

The choice of the mixture distribution allow us to exploit the following hypothesis
testing version of the sparse mean estimation problem.

Sparse Mean Hypothesis Testing:
e Hy:Ay,...,Ay was sampled from N(0,&1).
e Hy:Aq,...,Ay was sampled from the mixture [I).
Clearly, if it is impossible to distinguish Hy and H, in the sparse mean hypothesis
testing, then it is not possible to estimate accurately the mean u (or —u) based on
A, An.
Perhaps surprisingly, Brennan and Bresler [4] showed that under a well-known
conjecture in theoretical computer science, the k-BPC' conjecture, solving the sparse
mean estimation problem can be hard:
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Theorem 4.1 (Brennan and Bresler []). In the sparsity regime k < /d, no
polynomial-time algorithm on N can solve (@) with less than N = Q(k2) samples,
assuming the k-BPC' conjecture is true. On the other hand, there exists a compu-
tationally infeasible algorithm that solves ) with k = O(klogd) samples.

The gap between k and k? (hiding log factors) is an example of statistical-to-
computational gaps, a topic extensively studied in theoretical computer science
literature (see [I1] and the references therein).

Impossibility results in machine learning, statistics, and computer science, which
result in statistical-to-computational gaps, are usually interpreted as “negative”
statements. Here, our perspective is different: we leverage a statistical-to-computational
gap to our advantage — to safeguard our watermarking from adversarial attacks.

We now prove the main fact about unremovability:

Proposition 4.2. Assume that d® < N'*° < d for some fized 6 > 0. Let
k= NO+O/2 " Then, at each step, any Gaussian distribution the adversary can

learn in polynomial time has TV distance at least 0.4 from the distribution of the
watermarked logits £(i) + A(2) in ([E2).

Proof. The best the adversary can hope for is to predict Aggy ~ N (ftadw,€21), for
Some fgqy satisfying ||p — padwllz > 1/2. (Indeed, if ||ftqdv — ptll2 < 1/2, then the
adversary would solve the sparse mean estimation hypothesis testing which is not
possible in polynomial time thanks to Theorem .1l Indeed, to learn the mean p
with higher accuracy one would need more than ©(k?) > N samples.)

Notice that the total variation distance between the A,q, and A (or equivalently
—u) is at least ®(—1/4) > 0.4, where ®(-) is the cumulative density function of a
standard multivariate Gaussian. O

The reason why we need to assume the regime d° < N'*9 < d is to fulfill the
hypothesis of the Theorem ETl due to the log factors in Theorem [AT1

Also note that the choice of total variation distance is not essential, we just re-
quire a distance between Gaussian distributions that is bounded away from zero if
their means are 1/2-far apart in Euclidean distance. For example, similar guaran-
tees holds for KL-divergence or 2-Wassertein distance.

4.1. Watermark Detection - Open Source Setting. We describe our water-
marking detection algorithm. The idea is similar to the one we used in the closed
setting: if the text is independent from the watermark, then G;(z;) are distributed
as standard Gaussians and therefore the empirical mean concentrates around 0. On
the other hand, if the text is generated by the watermarking scheme then we have
a bias towards the positive entries of G1,...,Gy and consequently the empirical
mean should deviate from zero.
We now describe the detection algorithm for the open source setting:

Let ¢g be the absolute constant in [20, Proposition 2.7.1 from (b) to (e)]. Our main
result for the open source setting is the following theorem:

Theorem 4.3 (Main Result for the Open Source Setting). Let ¢y as above. The
watermarking scheme described the rule ([@2]) with ¢ < 1/2 and the detection Algo-
rithm [4 satisfies the following properties:

(1) It is unremovable.
Moreover, for any ¢ € (0,1),
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Algorithm 2 Watermark Detection for the Open Source Setting

Input: The text z1,...,2x. The key: G1,...,Gy and e. Tolerance §.
Output: True or False.

Z & % Zjvzl Gj(zj).
if Z > ¢e4/2log(1/)/N then
return: True

end if
return: False

(2) The watermarking scheme is sound with probability at least 1 — 4.
(3) Let p; denote the probability of the most likely token in the vocabulary at
step j=1,...,N. If, for some v >0,

2 1 21og(1/9)
. — g —p*) > —_oN T
(43) 1200 N j:l(l pj) =€ N 7

Then, with probability at least 1 — 6772N/672c§52, the watermark scheme is
complete.

We remark that the assumption ([3]) is analogous to assumption (B3] and it is
somewhat necessary as explained in the Remark

We made effort to make all constants explicit, but we opt for a more simplified
analysis rather than optimizing the value of the constants. Finally, the assumption
on € < 1/2 is for technical convenient and could be replace by any absolute constant
if necessary.

Before we proceed to the prove, we require some preliminary results. The proofs
of the preliminary results are postponed to the Appendix. Recall that the softmax

functions (ZII) and [@2).

Proposition 4.4. Let G = (g1,...,94) ~ N(0,€%I), for some e <1/2 and z € [d]
be a token sampled according to the watermarked softmax rule [I2). Set p* to be
the non-increasing rearrangement of the unwatermarked probability distribution p
@) of the token x. Then

2

> ——=(1-p"(1)).

> (-7 (1)

Lemma 4.5. Let G = (g1,...,94) ~ N(0,€21), for some ¢ < 1/2 and x € [d] be a
token sampled according to the watermarked softmaz rule @2). Then the random
variable G(x) is sub-exponential with |G(z)||y, < 2.8v/10¢ and |G (x)—EG(z)]y, <
8.44/10¢.

We leave the proofs to the Appendix. To state our main result about the open
source setting, let cg be the absolute constant in the sub-exponential Bernstein’s
inequality [20, Theorem 2.8.1].

EG(z)

Proof. We already proved the unremovability requirement in Proposition

Soundness: Notice that under the null hypothesis, x1,...,zy are independent
from Gq,...,Gy, therefore the test Z defined in Algorithm [ is the distributed as
Z ~ N(0,e2/N). By the standard estimate for the Gaussian tail,

P{Z > et} <e N2,
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which is at most ¢ for t = y/21log(1/d)/N.

Completness: Assume that the text is watermarked. Set Zy := 0 and notice that
Zy = Zp—1 + Gr(zr) — E{Gr(zk)|z1, . s TR-1},
is a martingale. By Lemma [.5] the increments
Yi = [Zr — Zk—1]|x1, ..., xp—1,

are sub-exponential. In addition to this, [20, Proposition 2.7.1] implies that there
exists a constant ¢y > 0 for which all the sub-exponential random variables Y}
satisfy

EAMYl < X alYillly  for all A < ———.
Col| Vil

It follows from the sub-exponential version of the Azuma-Hoeffding’s inequality [21]
Theorem 2.3] and Proposition 4] that

]P’{Z < 2 1 zN:(l ) t} S 1 _ g t2N/2c384e?
e —p;)— —e€ .
~ 88eVBT N b -

The result follows from ¢ = /2 combined with the assumption (Z3)).

5. APPENDIX

5.1. Proof of Proposition 4.4l

Proof. To start, we focus on the term

~1/Vk e
] 2 e ]E{g’f A Fo ) 1 .- 1 lDrgatR |’

oA (k)+e(k)

Elgk etM+AQ) ... 4 el(d+A(d)

Clearly, e~/ vk > e ! as k > 1. Next, denote by E; the expectation with respect
to the randomness of g; only. By the iterated law of expectation, we compute the
expectation term in the right-hand side by

e9k
Bt bt []E’f [gk D F91—0(k) 4 eld)9a—E(k) ” ’

and by independence we may treat »_, 2k e!)—tk)+9i a5 a constant for the inner
expectation. Thus, let us define ay = E#k e!D—Lk)+9i and write

ek elgkl e~ 19kl }

1
- | =ZE _
ak—i—egk] D) k|:|gk|04k+egk |gk|0¢1€+6_‘gk‘

. akE | | e‘gk‘ — ei‘gk‘
T g Tk gk ai—kak(e'gk'—ke*'gk')—kl ’

Next, notice that the function f :[0,00) - R

Ey {gk

et —e *

a% +ag(er +e %)+ 1’

fz) =
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is increasing and non-negative. Invoking the FKG inequality, we have that

e eay elorl — c=lgrl
E > E
k{gkak—i—e%] T V27 k|:ai+0(k(e|gk|+e_|gk|)+1
EQg eC _ g—¢EC
= P > ect.
= \/ﬂ (O&i—i—ak(eic_'_esc)_'_l) {|g/€|_ }

By the standard tail estimate for Gaussians, for the choice of ¢ = 1/2, it follows that
P{|gx| > £/2} > 1/2. Recall that ¢ < 1/2 which implies that /% + e~%/2 < 2.1,
thus

2.06
of +ap(e? e ) +1< =5 (af + 20 +1) < 1.05 (af + 20 + 1),

and

eJk cay 68/2 _ 6—5/2
Ergr Z 2 21 o—c/2
ay, + e9x V8T \ a2 + ap(es/2 +e~s/2) + 1

e5/2 _ 675/2 ag
>¢€
T 1.05V87 <a§ + 20y, + 1>

- g2 ( o ) B g2 o
T 1.05v87 \af + 20 +1 1.05v/87 (o +1)%°

It remains to estimate (from below)

2 d
£ (677
5.1 e E E _ —.
( ) 1.05 /—8 — 1,....k 1,k+1,...,d|:( . 1)2:|

Or equivalently (up to the multiplicative constant in front),

B R
2 Lek—1,k+1,....d (ar+ 1) (ap+12]

Recalling that ap = Z#k e!=tF)+9i  suppose that there is a non-empty event &
for which both conditions below hold simultaneously

(5.2)
3O+ < 45537 KO0 ang 3 Do > i 3 eH0-t(h),
ik ik ik itk

By the second estimate in (5.2), we have that

1 et(k) et(k) 4p(k)

- = <y _ ,
D DN Sien €@ 1—p(k)

and then
1 1

Ttan)? = T+ an)d+ 0 —pk)/ap(E)

Consequently,

1 1 1 1— p(k) 1 \1-p(1)
1+ak_(1+ak)22(1+ak>4p(k)+1—p(k)2(1+ak> 4
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Finally, notice that the first estimate in (5.2]) implies that

d el(k)

d
1
2 1+on kz::l e!®) 44553, e

d
1 et (k) 1
= >0.2.
=15 Z IO SIPZORIE

Since (B.1I) is non-negative, we have that
d a

E _ ———— | >0.05(1 —p*(1))P{E

S Erbotibite |G 2 005~ (O)PEE)

All it remains is to prove that P{€} is bounded away from zero. To this end, notice
that by Markov’s inequality

w

]P){Otk S 4Eak} Z Z
Next, notice that for every ¢ # k,

et L0
Z’;ﬁk ef® ¢ = Z ik e(d) ]lgizo = ai]lgi >0-

The random variable Y := 37, ,; a;lg,>0 is the sum of independent non-negative
random variables Y;, where Y; € [0, a;]. Notice that Z#k a; = 1, thus we split into
two cases. If there exists an a; > 1/4 then with probability 1/2, Y > 1/4. On the
other hand, if a; < 1/4 for all i # k then by Hoeffding’s inequality

]P’{Y > 1 —t} >1— e 32",

Setting t = 1/4, we obtain that

1
P{Yz Z} >1—e2

We conclude that P(€) > min{l1/2 — e~2,3/4 — 1/2} = 1/4, which finishes the
proof. O

[\]

5.2. Proof of Lemma

Proof. Since || - ||y, is a norm, we have that

[G(x) —EG(@)|l¢, < G(@)llyg; +[[EG(2)[lp, = [IG(@)]¢, + [EG(z)| < 3[|G(2)]y, ,
where the last step follows from

1 1

1G (@), ‘ 1G(@)[y,

The proof boils down to showing that for some well-chosen 7 (small as possible)

———[EG(x)| < —EG(z)| < EelC@I/IG@Is; < 9,

eIk

<2,

d
G(@)|/r < 1/VE /7
Ee se ZE[G% AR rg1 . 1 ol LR Fga | =

k=1
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which implies that [|G(z)|ly, < 7. We proceed similarly as in Proposition L4l Let
ar =y, “k e!()=tk)+9: and notice that by Cauchy-Schwarz inequality,

eIk

9k
ZEk [e (1) —b(k)+g1 .+ ef(d)—ﬁ(k)ﬂd}

d 20k 1/2
(E ng/T v (g, ¢ _
g L€ k (ng +egk)2

We claim that

eIk 1/2 PUGIE
(Ek |:(04k + egk)2:|) < 228 |:eé(1)+91 + ...+ el(d)+ga ]

If the claim is true then by the law of iterated expectation

LU0)+ax

} < 6es’ /™.

d
|G ()|/7 29/7Y1/2
Ee < 2.2e(E*9/T) E[; t+o1 4 .+ eldtga

Choosing 7 > \/ﬁs, we reach the estimate Eel¢@/7 < 6.7. We would like to
replace the constant 6.7 by 2 in the right-hand side. To this end, notice that for
the constant a = log6.7/log?2 > 1, the function f(z) = 2'/% is concave and then
Jensen inequality implies that

1/a

Eel¢@/a7 = B[(elG@I/m)1/a] < (Eewcuwr) < (6.7 =2,

Thus setting 7 = 2.84/10¢e concludes the proof. We now proceed to prove the claim.
At one hand,

E eIk _ lE e~ gkl _|_l elgkl
Qg + e9k 2 ap + ef‘gk‘ 2 aE + e‘gk‘

> 1 lEe*\gk\_Fl
T o +1\2 2

(53) 1 (095 1
> e 4 - P >2¢}>0.95
> (B y) Pl > 22 2 009)
0.67
> (as e <1/2).

ap +1
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On the other hand,
295 1 2|gx] —2|gk|
E 672 =_(E e +E 677
(ag + edr) 2 (ap, + eloxl)2 (g + e~ lorl)2
1 0e2 1 e—2lgx|
3 (26 (or + 12 +E[(ak e )2
1 2 1 1
Z (2 2e* - El——M
s (o i * ¥l o))
262 1 1
= E
(- G + =l memrre )
1

_ 2¢2 l
~lant 12 ( - 2)

< m(\@—i— %) (as e < 1/2).

Putting together (5.4]) and (53] and the fact that € < 1/2, we obtain that

29k 1/2 e9k eé(k)-l-gk
(E[i(ak - egk)QD < 2.18E[r - egk] _ 2.18EL€(1)+91 |

O

IN

(5.4)
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