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Abstract

Ma and Huang recently proved that the PFC construction, introduced by Metger, Poremba,
Sinha and Yuen [MPSY24], gives an adaptive-secure pseudorandom unitary family (PRU).
Their proof developed a new path recording technique [MH24].

In this work, we show that a linear number of sequential repetitions of the parallel Kac’s
Walk, introduced by Lu, Qin, Song, Yao and Zhao [LQS*24], also forms an adaptive-secure
PRU, confirming a conjecture therein. Moreover, it additionally satisfies strong security
against adversaries making inverse queries. This gives an alternative PRU construction, and
provides another instance demonstrating the power of the path recording technique. We also
discuss some further simplifications and implications.

1 Introduction

Pseudorandomness is a fundamental concept in cryptography. The basic pseudorandom objects,
including pseudorandom functions (PRFs), pseudorandom permutation (PRPs), pseudorandom
generator (PRGs), have served as primitives in modern classical cryptography.

Pseudorandom objects in quantum information have witnessed increasing influences in re-
cent years. The first example is pseudorandom states (PRSs), introduced by Ji, Liu and Song [JLS18],
which are a set of states that can be prepared by polynomial-sized quantum circuits and look indis-
tinguishable from Haar random states for any polynomial-time quantum distinguisher. They gave
the first construction of PRSs. PRSs have found applications in various areas including quantum
cryptography [AQY22], quantum learning theory [HBC*22] and quantum gravity [BFV20, YE25].
Since their work, a number of different constructions have been discovered [BS19, BM25, GTB23,
JMW24]. Ji, Liu and Song further introduced the concept of pseudorandom unitaries (PRUs), which
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are ensembles of unitaries that are efficient to implement, but are indistinguishable from Haar
random unitaries by any quantum polynomial-time distinguisher. The construction of PRU turns
out to be challenging and a large body of works have been devoted to constructing pseudoran-
dom objects that partially realize PRU’s functions. Examples include scalable pseudorandom
states [BS20], pseudorandom function-like quantum state generators [AGQY22], pseudorandom
isometries [AGKL24], pseudorandom scramblers [LOS*24].

A giant leap was achieved by Metger, Poremba, Sinha and Yuen [MPSY24] where a pseudo-
random unitary family is constructed against non-adaptive adversaries. Their construction is a
PFC ensemble, where the circuits sequentially apply a uniformly random Clifford gate, a diagonal
unitary with a (pseudorandom) random phase f : {0, 1}" — {-1, 1}, and then a (pseudorandom)
permutation matrix on n-qubit computational basis states. Soon after, Ma and Huang in their very
recent work [MH24] proved that PFC ensembles are indeed secure against adaptive adversaries
as well, provably establishing the feasibility of PRU for the first time.

1.1 Main result

In this work, we carry on the exciting advancement on PRU lately. We show that the parallel Kac’s
walk construction, introduced in [LQS*24], also produces an adaptive-secure PRU. The original
Kac’s walk, introduced by Kac [Kac56] in 1956, is a random walk on unitary groups, which has
been extensively studied by mathematical physicists. Kac’s walk has also found applications in
construction of polynomial designs [BHH16] and memory-optimal dimension reduction [JPS*22].
To put it in the language of quantum computing, in one step of Kac’s walk, the algorithm ran-
domly selects two elements of computational basis {|i),|j)} and implements a random 2 X 2
unitary in the space spanned by these two basis elements. Kac’s walk can also be viewed as a
random walk on a unit sphere, where all the random unitaries sampled by the walk are applied
to a initial unit vector, sequentially. Pillai and Smith [PS17] showed a tight ®(N log N) mixing
time for the Kac’s walk on an N-dimensional unit sphere.

Lu, Qin, Song, Yao and Zhao [LQS*24] introduced a variant called parallel Kac’s walk. It
randomly samples a random matching, say {(|i1) dJ)) e (|iN/2) , |jN/2>)}, among all N com-
putational basis elements, which is done in a single step via a random permutation of all basis
elements. For each pair (|i),|j)), the algorithm implements a 2 X 2 Haar random unitary. By
replacing the random functions and random permutations with their quantum-secure pseudo-
random counterparts, one obtains an efficient implementation of one step of the parallel Kac’s
walk. It was shown that a parallel Kac’s walk reduces the mixing time by a factor N. Conse-
quently, O(log N) steps of parallel Kac’s walk, which is linear in the number of qubits n, map
any input pure state to a family of pseudorandom states. It was left open in their paper if such a
construction can generate a PRU. In this paper, we show an affirmative answer that linear steps
of parallel Kac’s walk indeed form a PRU.

Theorem 1.1 (Main Theorem, Informal). The distribution of the unitary corresponding to a O (n)-
step random parallel Kac’s walk is computationally indistinguishable from Haar distribution against
adaptive adversaries. Moreover, without asymptotically increasing the number of steps, it also re-
mains secure against adversaries capable of making inverse queries.



Proof overview. The entire proof comprises two phases. First we show that O (n) iterations of
parallel Kac’s walk effectively project the adversary’s state to what we term the distinct block sub-
space. We divide {0, 1}" into N /2 blocks, each containing two bit strings. We define (x1,...,x;) €
({0, 1}™")! to be in the distinct block subspace if they belong to different blocks. Once the state
is promised to reside in the distinct block subspace, the second phase employs a single step of
parallel Kac’s walk to ensure that the entire construction is indistinguishable from a Haar random
unitary.

More specifically, in the initial phase, we leverage the random state scrambling property of
parallel Kac’s walk as introduced in [LQS™24] to ensure that the adversary’s state is approximately
in the distinct subspace after O(n) steps. To further show the projection into the distinct block
subspace, imagine inserting an additional random permutation that does not affect the construc-
tion (since every iteration inherently includes a random permutation). Given that the adversary’s
state already resides in the distinct subspace, applying a random permutation will cause it to fall
into the distinct block subspace with high probability. Noting that 2-designs, such as random
Cliffords, can also project states onto distinct block subspaces, one approach would be to show
that the parallel Kac’s walk alone forms a 2-design—as our goal is to build a PRU purely based on
the parallel Kac’s walk—which, however, was unknown prior to this work. Therefore, we instead
directly prove that the parallel Kac’s walk suffices for this purpose.

In the second phase of the proof, we borrow the techniques in [MH24]. It consists of three
steps: (1) we establish a straightforward purification of the adversary’s output state using a large
environment register; (2) we compress the environment register so as to make the environment
state conform to the relation state, which is feasible under the condition that the adversary’s state
resides in the distinct block subspace; (3) we employ the path-recording technique. In the final
step, we can apply the right invariance property of the path-recording oracle as the state in the
environment register resembles the relation state. This effectively shifts the adaptive queries to
the environment register without altering the state. Since the queries are redirected to the envi-
ronment, they do not affect the adversary’s state, regardless of whether they stem from parallel
Kac’s walk or Haar measure.

1.2 Discussions

While our PRU construction does not provide efficiency advantages over the PFC construc-
tion [MPSY24, MH24], there are potential benefits in other regards. First, it is usually valuable
to have multiple candidates for a primitive available, to cater different use cases and to mitigate
the risk in case of unexpected vulnerabilities in some candidates. It is also preferable in cryp-
tography, for practical implementation concerns, to base the construction on as few primitives
as possible. For instance, the popular HMAC instantiates the Hash-then-MAC paradigm using
hash functions only as opposed to the vanilla instantiation by a hash function and a MAC scheme
separately. We can view each step of the parallel Kac’s walk as a basic module and then the PRU
just constitutes repetitions of this basic module. In another recent work, Schuster, Haferkamp
and Huang [SHH24] exhibited an alternate construction of PRU which glues together w(log n)-
qubit pseudorandom unitaries in a two-layer brickwork manner. Here each small pseudorandom
unitary can also be viewed as a basic module. However, we still do not know the construction
of small pseudorandom unitaries other than PFC. Finally, since PRUs are the quantum analogue
of pseudorandom permutations (i.e., block ciphers), our PRU is also reminiscent of the famous



Luby-Rackoff construction and variants in practical block ciphers such as AES, where a basic unit
is iterated in multiple rounds to achieve desirable security properties.

The discussion above naturally leads to a few open questions. Can we reduce the number
of rounds of the parallel Kac’s walk, ideally to constant rounds? This appears difficult with the
current analysis, and new techniques may be needed. Following the analogue we draw between
our construction and classical constructions of block ciphers a la Feistel network, it is worth
exploring quantum analogues of the wide variations on Feistel network (e.g., unbalanced Luby-
Rackoff). Can our construction be further simplified? Can we replace all i.i.d. random rotations
in one step of parallel Kac’s walk by the same random rotation? Recent research on orthogonal
repeated averaging, which is a simplified Kac’s walk, alludes to an affirmative answer. The other
possible simplification is replacing the PRPs in the construction by random local permutations,
like practical architecture of DES[2]-brickwork circuits. If both simplifications were plausible, we
would obtain a construction of local random circuits, which is also a PRU, answering a longstand-
ing open problem in quantum complexity theory. A more technical note, [LQS"24] identifies a
strong dispersing property of the parallel Kac’s walk, does it pass along and equip our PRU with
additional properties? This is both interesting for the sake of Kac’s walk and possible applications
of the resulting PRU.
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2 Preliminaries

2.1 Notations

Unless stated otherwise, we use n to denote the number of qubits and N = 2" to denote the
dimension. We denote the set of unitaries of dimension N by U(N). The symbol u represents the
Haar random distribution over quantum states or unitaries, depending on the context. For finite
sets X and Y, we use X to denote the set of all functions {f : X — Y}. We generally refer
to the permutation group over elements in set X as Sx. We often write Sy instead of Sy 1y» to
denote the permutation group over elements in {0, 1}". In the context of unitary matrices, Sy
refers to the group of permutation unitaries of dimension N, and S « Sy indicates sampling a
permutation unitary uniformly at random. Given two density operators p, 1, the trace distance
between them is TD (p,7n7) = ||p — nl|;-

For x € {0,1}", we define val(x) = Y, 27'x; and use X € {0, 1}" to denote the binary string
obtained by flipping the first bit of x. We divide the set {0, 1}" into 2"! blocks according to the
suffix of each string. For any x, y € {0, 1}", we say that x and y belong to the same block if x and
y share the same suffix of length n — 1 (i.e., x = y2,...,x, = y,). Conversely, we say that x and



y are in distinct blocks if they have different suffixes. For t € N, we use DB; to denote the set of
all #-tuples consisting of strings from distinct blocks. That is,

DB; = {(xl, ooy xp) € ({0,131 Vi # j, x; and x; are in distinct blocks} .
We also need the following lemmas:

Lemma 2.1. [MH24, Lemma 2.2] Let pcp be a density matrix on registers C, D and let Ilcp be a
projector of the form Ilcp = Idc ® I}, where I1]] is a projector that acts on register D. Then

TD (Trp(pcp), Trp (ep - pep - Mep)) =1 = Tr (Heppep) -

Lemma 2.2 (Gentle Measurement Lemma). [MH24, Lemma 2.3] Let |¢) be a quantum state,
Ui, ..., U; are unitary operators, and Iy, . . ., I1; are projectors. We have

Uz Uy 1) = TLU, - TLUL W)l < - 41 = ITLU; - TLUL 1) S

2.2 Adversary with Access to Oracle

We adopt the model for adversaries with oracle access in [MH24].

Definition 2.3 (Adversary with Access to Oracle). An adversary A with oracle access is a quantum
algorithm which queries an oracle O on its first n-qubit register A without knowing the description
of O. The adversary own another ancillary register of m-qubit, denoted by B.

A t-query adversary A with oracle access is specified by a t-tuple of unitaries (A/(:é, e ,Af\%).
The view of the adversary after all the queries is

t

A0) = [ ] (0n-A%) 10)s

i=1

We also allow adversary A make both forward queries (i.e., to O) and inverse queries (i.e., to

,Ag)) and a

. , N A
O"). In this case, a t-query adversary A is specified by a t-tuple of unitaries (A g

AB’
Boolean string b € {0, 1}'. The view of the adversary after all the queries is
t (i)
o — ]
A% =] (1=t -0+b;-07) - AR 10)rs
Unless otherwise specified, we assume that the adversary makes only forward queries.

Definition 2.4 (Computational Indistinguishibility). We say two distributions D, and D, over
U(N) is computationally indistinguishable if for any poly(n)-time adversary A with oracle access
who makes t = poly(n) queries, we have

Pr [AY 1] - Pr [AY 1.]| = negl(n) .
U~§)1[ﬂ outputs ] V~§)2[ﬂ outputs ] negl(n)



2.3 Relation States

Fort € N, R, represents the set of all size-f relations R = {(x1, y1), ..., (xs, y:)} € {0, 1}""x{0, 1}".
We allow the relations to be a multiset. And let R := Ui\i oJR: be the set of all relations with size
at most N. For R € R, the corresponding relation state is defined by

1
IR)xy = 7_R Z So X1, 5 X)x ®So [Y1s - Yi)y >

eS8,

where S, is a permutation operator on (Czn)@ defined as

So— : |x1, cen ,x,) = |xa-1(1), . ,xo.-l(,)>

and the normalizer is given by yg = 1!+ X\ ye(0.1}n (Xhey O xy)=(e))

Fact 2.5. {|R)yy}geqt forms an orthogonal basis.

Let ‘RZDBbe the set of all size-f relations R = {(x1, y1),..., (x;, y;)} such that (y1,...,y;) €
DB,. Let RYPB .= uﬁOmZDB. Let RPPbe the set of all size-¢ relations R = {(x1,y1), ..., (X, 1)}

such that both (xq,...,x;) and (yq,...

For any relation R, define

Dom (R) := {x :

Im(R) :={y:
:dy € {0,1}" s.t. (x,y) € Ror (X,y) € R}
BIm (R) :={y:

BDom (R) = {x

,y;) are in DB;. Let RPB := Uﬁ\ioiRPB.

Ay € {0,1}" s.t. (x,y) € R},
dx € {0,1}" s.t. (x,y) € R},

dx € {0,1}" s.t. (x,y) € Ror (x,¥) € R}.

We will use a similar path-recording oracle to that of [MH24]. The difference is that every
time we query on x, the new path-recording oracle PR samples a y € BIm (R) whose block differs

from all previous blocks in R.

Definition 2.6 (Path-Recording Oracle). The path-recording oracle PR is a linear map
PR : Ha @ Hy @ Hy — Ha @ Hx ® Hy
defined as follows. For all x € {0,1}" and R € RDB

PR: [x)5 [R)xy —

ﬁ S AR ()
- yef{o,1},

y¢BIm(R)

Fact 2.7. For an arbitrary n-qubit unitary operator G and a t-query adversary A with query access
to PR - G, define the state after A finishing all the queries to be

t
0= ] (614

Then we have:

PR-G
| A, >ABHP =

-1 1
E)[ (N — 2i)

(x1,.

=1

S0 Tt - Ga- A8 10006 Hw 3 Yo

Lxpe({o,1ymt i=1

(¥15++-»y:)€DBy



Similar to [MH24, Lemma 4.3], the path-recording oracle has the right invariance property.

Lemma 2.8. For an arbitrary n-qubit unitary operator G, we have that
|ﬂtPR'G>ABXY = (GX1 ®...0 GXt) ' |~7{zPR>ABXY :
We define the projector operator of distinct block subspace as follows

Definition 2.9 (Distinct Block subspaces on register X with length #). Given 0 <t < N. Let

(®
I = X1y ooy XXXy s Xl -
(x1,...,x;)€DB;

2.4 Cryptopgraphy

In this section, we will review various definitions and results in cryptography. Throughout this
work, A denotes a security parameter.

Definition 2.10 (Quantum-Secure Pseudorandom Function). Let K, X and Y be the key space,
the domain and range, all implicitly depending on the security parameter 1. A keyed family of
functions {PRFy : X — Y}, cq is a quantum-secure pseudorandom function (QPRF) if the following
two conditions hold:

1. Efficient generation. PRF; is polynomial-time computable on a classical computer.

2. Pseudorandomness. For any polynomial-time quantum oracle algorithm A, PRFy with a
random k « K is indistinguishable from a truly random function f « Y% in the sense that:

il () =)= ry () <] = e

Definition 2.11 (Quantum-Secure Pseudorandom Permutation). Let K be the key space, and X
be both the domain and range, implicitly depending on the security parameter 1. A keyed family
of permutations {PRPy € Sx}icx is a quantum-secure pseudorandom permutation (QPRP) if the
following two conditions hold:

1. (Efficient generation). PRP, and PRP;" are polynomial-time computable on a classical com-
puter.

2. (Pseudorandomness). For any polynomial-time quantum oracle algorithm A, PRPy with a
random k «— K is indistinguishable from a truly random permutation o <— Sx in the sense
that:

Pr [ﬂPRP"’PRP;l(l’I) = 1] - Pr [ﬂa’(’-—l(l’l) = 1” = negl(1) .

k—K o—Sx

Under the assumption that post-quantum one-way functions exist, Zhandry proved the exis-
tence of QPRFs [Zha21]. QPRPs can be constructed from QPRFs efficiently [Zha16].



Definition 2.12 (Random State Scrambler with error €). Forn € N, let D be a distribution over
U(N). We say D is a random state scrambler distribution with error € (e-RSS) if for any n-qubit
pure state |¢) and € € poly(n),

TD E K®f ®C K®€,T , E ®C <e.
LE LK 1eXol [\ B LwXe™]) <e

Definition 2.13 (Pseudorandom Unitary Operator). Forn € N, let D be a distribution over U(N).
We say D is a pseudorandom unitary distribution (PRU) if

« D can be sampled in poly(n) time;

« D is computationally indistinguishable from Haar random over U(N).

3 Projecting into Distinct Block Subspace

In this section, we demonstrate that applying an RSS operator followed by a random permutation
to any state results in a state that is mostly within the distinct block subspace.

Lemma 3.1. For any €-RSS distribution R on U(N) withe = O (%) define D to be a distribution

that samples G = PK where P « Sy is a random permutation unitary and K < R. Let
D PR-G\/ zPR-G
= E ﬂ ﬂ H
P G(_D“ XA x|
then
(t), D r*
Te (0 pf) 2 1-0( 5.
N
Proof. By Lemma 2.8, we can rewrite p? as

p?= B |(Gx®...9Gx) - JATXAM ey - (G @ .. 9 Gx)'|

Then, using the cyclic property of trace and then the definition of H)((l)

Tr (Hy) ~prXY) =Tr ( ED[(GXI ®...8Gy) 11 (Gx, ®...8Gy)" |AfR><A,PR|ABXY])

G

T
| E (Gx1 ®...® Gxt) - 2xeDB, XX[x, - x, (1)
G=D| - (Gx, ®...®Gx,) - [ATXATR rpxy
Now, defining
Xy Xe = Tro(x,00x0) |AFRXAFR|ABXY
where Tr_(x, x,) represents tracing out all registers except Xi,...,X;. Then Eq. (1) can be

rewritten as

G—D

Tr( E

(Gx, ®...8Gx)" Z eXxl, . x, - (Gx, ® ... ® Gx,) - o, .. xt])
xeDB;



To simplify the notation, we write

Tr (H>(<t) 'p/z\)BXY) = Tr( E |G Z XX, G® oy, .. Xt])

G=D x€eDB,
This implies:
1-Tr (H>(<l) 'P/?va) =Tr| B Gt . Z beXxlx, - x, - G- o, (2)

x€{0,1}7\DB,

We can see that the set {0, 1} \ DB, includes all z-tuples where (a) 3i # j s.t. x; = x; or (b) Ji # j
s.t. x; = X; where X; flips the first bit of x;. We further define two projectors to capture these two
situations:

e = Z lxXx| ® |xXx]

x€{0,1}7
it = Z xXx| ® |XXx|
x€{0,1}"
And we have
€q ffb
|X><X|X1 ..... Xt < Z Hxi-,Xj + Hxhxj (3)
x€{0,1}"\DB;, 1<i<j<t

where < represents the positive semidefinite order; H;':]X_ is the equality projector on register
i

Xi, X;; and Hf{i t.)xj is the flip-first-bit projector on register X;, X;. Combining Eq.(2) and the in-

equality Eq.(3):
1-Tr (- pBy ) < E |Tr(G®"- (g, +nf, ). G-
I\ - Pasxy) = cepl 't Xi X XinXi OX,,. %
1<i<j<t
=Y B [Tr((GT@)G*)-(neq + I )(G e )-0’ )]
G—D Xi XJ' Xi,Xj Xi,XJ' Xi Xj Xiqxj
1<i<j<t
# + eq ffb

_ ((PK)xi ® (PK)XJ_) : (Hxhxj + Hxi,x,-)
= D, LB |Tr (4)
1€ <yee Sy (PKx @ PK) - o

where the part inside of the summation of Eq.(4) can be rewritten as the sum of the following

two terms:

E [Tr (((PK)Q ® (PK);) I (PKXi ® PKXJ.) : axi,xj)] )
i j is/\j

P—Sy
K—R

f i ffb
JE |1 (PO @ (PEOL ) - TP - (PKx ® PK) - o )| ©)
K—R

We will bound these two terms one by one. First, note that for any permutation matrix P, (P" ®
P) -TI®9 . (P ® P) = I1°9. Therefore, we have

()= E |7 (K @ kL) (PL @ PL) - T - (P ® P ) (K ® Kx ) - o )|
—ON
KR



_ T T eq
_KER [Tr ((Kxi ® KXJ) 'HXi»XJ ' (Kxi ® KXJ) PO

Then, since o, x, is a density operator, we have

.....

(5) <

b oo et ) Tred
KER[(KXi ® KXJ_) T (Kxi ® Kxj)]

(o)

By the triangle inequality, we have

(5) <

P AN &
UE,u[(UXi ® UXJ) 'HXhXJ ' (Uxi © UXJ)]HOO

T i T i
¥ UE![(U;“ ® UXJ) 'Hiixi . (UXi ® UXJ)] B KER[(KXi ® KXJ) .H;?’XJ ' (KXi ®KXJ)]
< Z ( E [(UT ® UT) e, xXx, x| - (U@ U)]
Ue—pu
xe{0.1}n oo
+| B [(U*@UT) e, xXx, x| - (U®U)] - E [(KT®KT) XX, x| - (K®K)] )
Ue—u KR o
1
t o). . 1
Sxe;}n( UE#[(U ®U) I, x)ox, x| (U®U)]HOO+O(N2)) )

where we use the propery of O (%) — RSS to derive the last inequality. Since U |x) is a Haar

random state, we have ]EU<_#[(UT ®UT) - |x, xXx,x| - (U® U)] = Ejyypull, Xy, ¢|] and the
operator norm is m [Har13, Proposition 6]. Thus,
1
+0 m

OEY (

xe{0,1}"
Next, we attempt to bound (6):

‘ E [y, v Xy, yl]
|y ) —p

()= E_|1((& okl )(PLer) nl - (PxoPy) (K@ Ky) - oxx)|
—Sn ’
K—R

¥ ¥ ffb
PLESN[(PXi @ PXJ) T, - (Pxi ® ij)]“oo

2,

x€{0,1}"

2.

x€{0,1}"

IA

IA

E[(P@P)" - |x.xXx.x| - (P® P)|

(o)

1
m Z |2, yX2, I
Z#y

(o8]

10



Since both Eq. (5) and (6) are upper bounded by O (N~'), by substituting into (4) and using
union bound on all 7 and j, we have

(0, D
1-Tr (Hx 'pABXY) <0 (ﬁ)

4 PRU from Parallel Kac’s Walk

In this section, we introduce our construction for PRU which is inspired by parallel Kac’s walk.
Our construction is simply to repeat the parallel Kac’s walk.

4.1 The HP, r distribution

Our construction is based on parallel Kac’s walk, a random walk on unit vectors within Hilbert
spaces. A single step of parallel Kac’s walk can be simulated by firstly sampling a random function
f:{0,1}"' - {0,1}*? and a random permutation o : {0, 1}" — {0, 1}", and then applying two
unitary operators P, and Hy in sequence. The unitary P, is the permutation matrix defined by

Py= > lo(Xxl .
xe{0,1}"

The unitary P, will pair the 2" computational basis up according to their images after the permu-
tation 0. More specifically, the basis |x) and |z) are paired up iff 0(x) and o (z) share the same
suffix of length n — 1, and each pair can be identified by its unique suffix. The unitary H then
applies independent 2 X 2 Haar random unitaries on all pairs in the following way:

1. for every y € {0,1}""!, we first parse f(y) = fo(V)II/5(») |l fo(y) such that f,(y), f5(y),
fo(y) € {0,1}7,

2. calculate three angles
0, = arcsin (VWal(75(0))) » @y =27 -val(fu(») » By =27 val(f3(»))

€% cos(0,) —ersin(6,) .
3. apply U(ay, By, 0y) = [e-iﬂy sin(ny) iy cos(@i) on the pair with suffix y.

The expression for Hy is

Z ei(@) 0 (cos 6y, —sin Hy) ei(ayfy)

0
sinfy  cosfy (Wygﬁy) ® lyXyl » (8)

—-i

ye{0,1}7-1 0 e_i(nyT%) 0 e

where U(ay, By, 6,) is decomposed into a product of three matrices. The unitary H; can be
approximated by a polynomial time implementable unitary I:i 7 satisfying that ||H; — H £l s
sufficiently small [LQS"24].

Our construction for PRU is simply to repeat the parallel Kac’s walk. We define two distribu-
tions over U(N), denoted by HP,, 7 and HT%LT:
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Definition 4.1. HP,, 7 is a distribution over U(N) which can be sample via the following procedure:

« sample T uniformly random functions fi, ..., fr : {0,1}"™" — {0,1}*?, and T uniformly
random permutations o, . .., or : {0,1}" — {0, 1}",

- output the unitary Kac = [T, (Hy, - Ps,).

Similarly, we define the distribution liITDn,T by substituting H y with ﬁf-, and we denote the unitary
sampled according to HP, 1 as Kac.

These two distributions are indistinguishable by any polynomial-time quantum adversary.

Lemma 4.2. ForT = poly(n) and d = 5n, FITDn,T is computationally indistinguishable from HP,, r.

Proof. Consider the views [AX) , . and |AK*) , ; of a 1-query adversary A with oracle access to

Kac and Kac respectively. It is sufficient to show that the trace distance between these two states
is negligible. To this end, we define the following hybrids: for 0 < j <1,

J t

) =] | (Raca-a%) [ - (Kaca- A% ) 10}

k=1 Jj=k+1

It is evident that |@o) = [Af),; and |¢;) = |ff’ltE‘;) Ap» and the trace distance with two adjacent
hybrids is bounded by

lle;Xe;1 = l@jrXejalll, < L, (Hy, - Po,) - TIL, (ﬁﬁ. -Pm) o
<> ||Hy, - Hyllow < 87274 T = negl(n) |

where the second inequality is from the triangle inequality and the last inequality is from Lemma
19 in [LQS*24]. Thus, we have that by the triangle inequality,

E ﬂKac ﬂKac _ E I:ﬂk’a; ﬂ@]
Kac«—HPn,T[| ! X ! |] @(_anjl ! X ! | 1
-1
< Y [Elesxeil] - EllosXesmll| <7 -8m-2¢- T = negln)

Il
o

J

O

It is proved in [LQS*24] that with large enough T and d, the distribution HP, 7 is an RSS dis-
tribution. Formally, we have the following theorem by adjusting the parameters used in [LQS"24,
Theorem 10].

Theorem 4.3. ForT = 30n and d = 5n, HP,, 1 is an €-RSS distribution on U(N) with € = O(Ni)

In this work, we will prove that adding one more step of parallel Kac’s walk results in a
distribution that is close to Haar random. Our main result is as follows:

12



Theorem 4.4. For T = 30n and d = 5n, HP, 14, is computationally indistinguishable from Haar
distribution.

We view the procedure of sampling a unitary operator from HP, 7., as three stages:
1. sample a unitary operator Kac from HP, r;

2. sample a unitary operator Hy - P, from HP, ; corresponding to a random permutation
o € Sy and a random function f : {0, 1}""! — {0, 1}3¢,

3. output Hy - P, - Kac.
The proof of this theorem consists of three steps:

« We begin by establishing a purification of the adversary’s view state when making queries
to random unitary Hy - P,. Specifically, we introduce two environment registers, H and P,
which record function f and permutation o being utilized. From the adversary’s perspec-
tive, making queries to Hy - P is equivalent to querying a purified function-permutation
oracle HPO that acts on both adversary’s registers and environment registers.

+ Next, we demonstrate that as long as G is a random unitary sampled from an RSS distri-
bution, the adversary cannot distinguish between making queries to HPO - G and making
queries to PR, where PR is the oracle defined in Definition 2.6. The key insight in this
step is that if the environment state resides in the distinct block subspace, we can identify
an isometry acting on the environment that connects the behaviors of HPO and PR. The
random unitary G ensures that the environment state is nearly within the distinct block
subspace.

+ Let U be sampled from Haar distribution u. Since both HP, 7 and u are RSS distributions,
we can conclude that oracle HPO - Kac and HPO - U are both indistinguishable from the
oracle PR to the adversary. Thus, HPO - Kac and HPO - U are indistinguishable from each
other. This implies that making queries to Hy - P - Kac and Hy - P - U are indistinguish-
able as well. These two unitary operators correspond to HP, 7,; and Haar distribution,
respectively.

In the following sections, we will elucidate the purification process and introduce the purified
function-permutation oracle HPO in Section 4.2. We then explain how to connect the actions of
HPO and PR by introducing an isometry Compress in Section 4.3. Lastly, we prove the main
result in Section 4.4.

4.2 The Purified Function-Permutation Oracle

To analysis the behavior of making queries to Hy - P,, we employ a purified oracle similar to
[MH24].

Definition 4.5 (Purified Function-Permutation Oracle). The purified function-permutation oracle
HPO is a unitary on registers A, H and P, where

13



« H isaregister with Hilbert space H,, spanned by the orthogonal states | f) forall f € {0,1}""! —
{0, 1}3d’

« P is a register with Hilbert space Hp spanned by the orthogonal states |o7) for all o € Sy.

The unitary operator HPO acts as

HPOApp [X)A 1) lodp = (Hchr)A Al lo)e = HfA oAl lo)e

In the adversary’s view, querying Hy - P, and querying HPO are identical in the following
sense:

Fact 4.6. For any adversary ‘A holding the register A, the following two oracle are perfectly indis-
tinguishable:

« Sample uniformly random o € Sy and f : {0,1}""' — {0, 1}3?. On each query, apply H¢ P,
on register A.

o Initialize registers H and P in the state

e —= > lo

o) = —— > o
{7 =
23d(n=1) £:{0,1}1-1—{0,1}3d N Jesy

On each query, apply HPO on registers A, H and P.

Consider the view of an adversary A who makes ¢ queries to the oracle Hy - P, - G where G
is an arbitrary unitary operator:

H¢P,G HiP,G
poi= B (IR0 XA

where the view state is

t
|ﬂfIfP(TG>AB = l—[ ((HfPfTG)A ' A/(\lt)a) 10) s
i=1

and the view of the same adversary A who makes ¢ queries to the oracle HPO and the unitary G:
p1 = Trup (|ﬂﬁPO'GXﬂzHPO'G|ABHP)

where the view state is

t

i=1

Fact 4.6 states that pg = p;. This enables us to analyze the purified state instead of the original
mixed state. The action of the purified function-permutation oracle on the purified state can be
better understood by introducing HP-relation states on registers H and P.

14



4.2.1 HP-Relation States

We define the following relation states on register H and P.

Definition 4.7 (HP-Relation States). For0 < t < N and a size-t relation R = {(x1, y1),..., (xr, y1)} €
R;, we define

t

1 b

PR 1p = (il Hy Y276 e ) lo)dp
\/23d(n—1) (N —1)! ; be{z();}t !:1[ i i y; t=0(x;)

where x®° = x and x®' = X for any x € {0,1}", and 5=, is an indicator that equals 1 iff strings x

and y are identical in every coordinate.

When considering a set of restricted relations, the corresponding relation states forms an
orthogonal basis.

Lemma 4.8. {|@¢r)}rexos forms a set of orthogonal vectors.
Before proving this lemma, we show some properties of H:
Lemma 4.9. For anyx € {0, 1}",
1. Ef[(x| Hy Ix)| = Ef[(x| Hy |%)]| = 0;

2 Ef[<x|Hf ) (e Hy |x>] —0;

5. By [GTH, ) (2l Hy 19)| = By | GTH 1) 51 Hy | =0,

Proof. By Eq. (8), if x = 0y for some y € {0,1}""!, then

1.
(x|Hp |x) = el cos 0y and (x|Hy|%) = —eh sin 0y.

Since E¢ [eiO‘Y] =Ef [eiBY] = 0, item 1 holds.

2. . ‘
(x| Hy|x) (x| Hy |X) = —elBy=®) gin 6y cos 6.

Since E¢ [ei(ﬂy_“y)] = 0, item 2 holds.

3.
(x| Hy|x) (X| Hp |x) = e 2% ¢og? 0y, and (x| Hy|x)(X|Hf|x) = —e 2Py gin? 0,y.
Since E¢ [e_zmy] =Ey [e_Ziﬂy] =0, item 3 holds.
The case when x = 1y can be argued similarly. ]
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Proof of Lemma 4.8. Consider two relations R, S € RPB where R = {(xl,yl), e, (x|R|,y|R|)}
and § = {(x;,y;), . ..,(x;S|,y;S|)}. By Lemma 4.9 item 1, if |R| # |S], then (¢g|ds) = 0. So we

may assume |R| = |S| = ¢. Then

(Prl¢s) =

1 ————t : b,
23d (1) (N — t>'Z 2 l_[@l'Hf 7708 1y O HF 10D 8yt

f.o b,b’e{0,1} i=1

There are two cases to consider:

« R = §. Then by Lemma 4.9 item 2 and the fact that |(x| Hy |x)|2 + |<x| Hy |)Z>|2 =1 for all
x € {0, 1}", it is not hard to check that {(¢g|ps) = 1.

« R # 5. Now we consider three sub-cases:

- Im (R) = Im (S), then Dom (R) # Dom (S). Without loss of generality, we can assume
that y; = y} for all i € [¢]. Fix i such that x; # x/. For all b;, b} € {0, 1}, if b; = b/, then
forall o, 6 y2hi

=0 (x7) (y )2 e (a7 = 0;if b; # b, then by Lemma 4.9 item 2,
(il Hy [v27) b,
Dl Hy lyy (il Hy 1 () ) = 0.
f

Both cases imply (¢r|¢s) = 0.

- Im (R) # Im (S) and BIm (R) = BIm (S) . Without loss of generality, we can assume
that there exists i € [¢] such that y; =y;. If b; = b}, then by Lemma 4.9 item 3,

b %
D il Hy 122 il Hy 1)) = o
i
if b; # b, then by Lemma 4.9 item 2,

Z<y,|Hf|y Y (il Hp 1 () ) = 0.

Both cases imply (¢r|¢s) = 0.
— BIm (R) # BIm (S) . By Lemma 4.9 item 1, {(¢g|ds) = 0.

4.2.2 Action of HPO

Using the relation states defined in the previous section, the action of HPO oracle is described by
the following lemma:

Lemma 4.10. For0 <t < N, x € {0, 1}" and a size-t relation R = {(x1, y1), ..., (xs, y:)} € R;, we
have

1
HPOAp )4 [9RYp = ——= D [")a ® [$rUpesihip -

VN =1 @y
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Proof. Expanding the definitions, we have

HPOALp [X) A |dR) 1P

\/23”1(” 11(N —1)! fz:b {Zoll}t U il Hy >6 iy B 1T DAL ) 1) ©)

Note that for a fix f : {0,1}"' — {0, 1}%¢, the matrix H can be expressed as

He= > OLH ) Xy

y,y'€{0,1}"

and (y| Hy |y’) = 0 if y and y’ are not in the same block. Therefore, we can write Hy as
Hi= >, OLH 1Y) yXy®
ve{0,1}",be{0,1}

And we can write [07(x)) as X (0.1} Oy=0-(x) |). Therefore, we have

Helo@y={ > GIH YOI D) Simew )
ye{0,1}",be{0,1} ye{0,1}"

= D OH ) Syeng 1Y)
ye{0,1}*,b€{0,1}

Inserting this into (9), we have

HPOAHP [X) A [@R) 1P =
. 1+1

1
By Veer)r ® Gil Hr 1) 8 oy 1Dw 1)
N—t Yt+1§(;1}” \/23d(n—1) (N —f— 1)' Z Z l_[ =0 (x;)

f.o bef{0,1}1*1 i=1

v— D YA @ 10RUy e -

yr+1€{0,1}"
O

By expanding HPO, we can then rewrite the view state of an adversary A with query access
to the oracle HPO and the unitary G in terms of HP-relation states:

Corollary 4.11. For an arbitrary n-qubit unitary operator G and a t-query adversary A with query
access to HPO - G, define the state after A finishing all the queries to be

t
|ﬂHPO G>ABH 1_[ (HPOAHP -Gy - AX%) |0>AB |¢{}>HP :

=1
Then we have:
. (N =1)! ! .
|ATPOC) e = N Z 1_[ (|yixxi|A -Ga- A/(\%) 100 A8 1D ¢yt 2 ip

(x1,....x)€({0,1}1)" i=1
(F1sey)E{0,1})"
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4.3 Connecting HPO and PR via Compress Isometry

Recall the path-recording oracle PR we introduce earlier, acting on registers A, X and Y, and the
state after A’s queries to PR - G:

t

AR s = [ ] (PR-Ga - AL 1005 1D

i=1

yiXxila - Ga - A 10)as O v Yoy -
i=1

(xl """" -xt)e({ovl}n)t J
(yl"”’yt)EDBt

By defining the following isometry, we are able to connect the behavior of the purified function-
permutation oracle HPO and the path-recording oracle PR.

Definition 4.12. We define an isometry, denoted Compress : Hp @ Hr — Hy ® Hy, as:

Compress := Z |[RXR| -

Lemma 4.13. Define the distinct block subspace projector for HPO-relation states as

0= ) I¢rXdxl.

ReRDB
We have that for all n-qubit unitaries G,

_ _ 12 .
Compress - Hl(ﬁ) ' lﬂ’HPO G>ABHP B (1 * O(N)) 1_[>(<l) : |ﬂtPRG>ABXY'

Proof. By Corollary 4.11, it is easy to see that

Compress - ﬁg% | ARPOCY o

_ (N —1)!

t
2o [T (ks - Ga- AQ) 10008 HGi DY) - (10)
(x1,...,x;)€DB; i=1
(¥1,---,yr)€DB;

t

2o [T (ks - Ga- AQ) 10008 HGi DY)y - (1)
..... x;)€DB; i=1
..... v:)€DB;

Therefore we observe that

Compress - ﬁg})) |ATTOCY = p - H>(<l) ARG

18



where

t_

N—-i i 1
= 1+ =1+0|=
N —2i l_[( N—Zi) (N)

— 1
=0 =0

-1
p:

O

With the above lemma, we are able to argue that the views before and after the projection
Hg[)p of an adversary are close if we sample G according to some distribution.

m B
that samples G = SK where S < Sy and K < R. Let A be a t-query oracle adversary. Then we
have

Lemma 4.14. For any €-RSS distribution R on U(N) withe = O ( . ) define D to be a distribution

Tryp (GED[|ﬂzHPO'GXﬂzHPO'G|ABHP]) — Tryp (ﬁgg ' GED[V‘?POGX?‘?POGMBHP] : ﬁl(-ltl)D)

1

Proof. We first apply Lemma 2.1:

Trup (GE’@“ﬂPPO.GXﬂPPO-GMBHP]) — Trup (ﬁgg ' GED“ﬂ?PO'GXﬂ;‘PO'GMBHP] ' ﬁg@)

ST ([ B [l ATO )

Notice that ﬁg; = Compress' - Compress - ﬁ}(ﬁ, Therefore

Tryp (GED[|ﬂzHPO'GXﬂzHPO'G|ABHP]) — Trpp (ﬁgg ’ GED“‘?{:—IPO.GX‘%PPO.G'ABHP] 'ﬁgr)ﬁ)

1
=1-Tr (Compress . ﬁgg . GED[l.ﬂtHPO'GX?(;'PO'GlABHP] ﬁg})) . CompressT)

_ t* (1) HPO-Gy/ 7 HPO-G A7
=1-|1+0(5 || Tr{TI -GE,D[L?{, XA el | =0 N

where the second equality is from Lemma 4.13 and the last one is from Lemma 3.1. O

4.4 Computational Indistinguishability of HP,, 7,

We first show that if G consists of an RSS and a random permutation, then the view of an adver-
sary when making queries to HyP,G is nearly the view it will see when making queries to the
path-recording oracle PR.

Lemma 4.15. For any €-RSS distribution R on U(N) withe = O (#), define D to be a distribution
that samples G = SK where S «— Sy and K < R. Let A be a t-query oracle adversary. Then

2
HiPyG\, ,HfP,G PRy, PR ~ "
™ (HfP(T‘_HEI;n,lvG‘_D A, ' XA, f |] » Trxy (lﬂt XA, |ABXY)) - O(N)
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Proof. We start with defining the following states:

HPyG\, oHfPsG
po = [Ea |
H/Py—HP,1,G—D

p1 = TrHP GED“%;—IPO.GXﬂ;—'PO.GlABHP])

po=Toe 1)+ B, AP0 Ox 700 . ] T

ps = Trxy Hff) -GED[lﬂfR.GXﬂtpRGMBXY] 'H>(<t))

ps = Trxy G(@D“ﬂrpRGXﬂfR'GMBXY])

ps = Trxy (lﬂzPRXﬂleABXY)

By Fact 4.6, pg = p1. By Lemma 4.14, ||p; — p2l|; < 0(%) And we have that ||p; — psl|; =
o (%) by Lemma 4.13 and the fact that Compress is applied only on the environment register.

By Lemma 3.1 and Lemma 2.1, ||p3 — p4|; < O(%) P4 = ps since

Trxy (GED“ﬂFR.GXﬂtPR'GMBXY]) :GED [TrXY (LﬂtPR.GXﬂtPR.GlABXY)]
=GED [TrXY (G% NATKATR | apy - Gim)]
=Trxy (|ﬂtpRXﬂtpR|ABXY) )

where the second equality is from Lemma 2.8. ]

We now prove that the distribution HP, 74, is computationally indistinguishable from Haar
distribution.

Proof of Theorem 4.4. Consider an adversary ‘A who makes t = poly(n) queries. Note that the
distribution of Hy - P, - Kac is the same as the distribution of Hy - P - § - Kac where we add a
random permutation matrix S < Sy. Therefore, we have

HfPU-KaC HfP(,-Kac

E [lﬂt XA

HyPsKac

H¢PsSKac H¢P;SKac
|ﬂtf o Xﬂlf o |]

|] B HfP(TSKac[

Since Kac is sampled from an e-RSS distribution with € = O (#) and § is a random permutation

matrix, we have by Lemma 4.15

H¢P,Kac H¢P,Kac 12
™ (HJ.EKachﬂt ! XA, |] » Trxy (|~7{tPRXﬂfR|ABXY)) = O(N)
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Now we substitute the unitary Kac with a Haar random unitary U. We have the following rela-
tionship:
HfPsSU\, HPySU

U U =
Bl A =, B [l x|

Since the Haar distribution is a 0-RSS distribution and § is a random permutation matrix, we have
by Lemma 4.15

l.Z
10 (Bl KAL) o (XA 1)) =0

Then by the triangle inequality, we have

H P s Kac

™ (EllAdxal| 1, Xﬂf’f’"’“ﬂ]):o(g):negl(n> |

, E
Hy¢P;Kac
O

Our Conit\ruction of PRU based on parallel Kac’s walk is to use QPRF and QPRP when sam-
pling from HP,, 7.

Theorem 4.16. By replacing random functions and random permutations with their post-quantum
secure pseudorandom counterparts in the sampling procedure of HP,, 741 whereT = 30n and d = 5n,
we obtain a PRU.

Proof. By the post-quantum security of QPRP and QPRF, Lemma 4.2 and Theorem 4.4, the new
distribution is computationally indistinguishable from Haar distribution. This new distribution
can be sampled in polynomial time since QPRP and QPRF can be sampled efficiently.

]

5 Showing the strong security of HP,, >7;;

We further show that our construction, based on Kac’s walk, also achieves the strong security
when adversaries are granted query access to the inverse unitary. Formally,

Theorem 5.1 (HP, o741 is a statistical strong-PRU). Let A be a t-query oracle adversary capa-
ble of performing both forward and inverse queries to oracle O, and let HP, o741 be defined as in
Definition 4.1 withT = 30n and d = 5n. Then

2t(11z + 20)

TD( E [Iﬂ?)(&"ltolw] ,OEM[Iﬂ?Xﬂ?|AB]) S

O«H Pn,2T+1

(12)

This theorem establishes the statistical strong security. Then, assuming the existence of post-
quantum secure OWFs, we infer the existence of computationally strong PRUs. The proof of this
theorem follows a similar routine as Theorem 4.4:
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+ We first use the purification to establish that making queries to Hy - P is equivalent to
querying HPO.

+ We then show that the adversary cannot distinguish between making queries to D - HPO -
C and querying a path-recording oracle V introduced in Section 5.3. Here C and D are
sampled from either HP, 7 or Haar distribution u to ensure that the environment state is
mostly within the distinct block subspace. We require two unitary operator to achieve this
purpose, as the adversary can make both forward and inverse query.

« If C and D are sampled from HP,, 7, querying D - HPO - C corresponds to querying O such
that O < HP, 27+1. On the other hand, if C and D are sampled from y, querying D -HPO-C
corresponds to querying O such that O « pu.

In the following sections, we first extend the HPO oracle and the HP-relation states to handle
with inverse queries and describe the action of HPO using the HP-relation states in Section 5.1.
Then, we introduce a partial path-recording oracle W in Section 5.2 as a intermediate operator
to connect the action of HPO and the path-recording oracle V defined in Section 5.3. Finally, we
prove Theorem 5.1 in Section 5.4.

5.1 Action of HPO oracle and its inverse

We first add inverse query to the HPO oracle.

Definition 5.2 (Purified Function-Permutation Oracle). The purified function permutation oracle
HPO is a unitary on registers A, H and P, where

« H isaregister with Hilbert space Hy, spanned by the orthogonal states | f) forall f € {0,1}"! —
{0’ 1}3[1’

« P is a register with Hilbert space Hp spanned by the orthogonal states |o) for all o € Sy.

The unitary operator HPO acts as

HPOAwP [x) 4 |f>H lo)p = (HfPa-)A 1) A |f>H loyp s

and HPO™ acts as

HPO! .o 90 1)1 10)p = (HpPo) L 1A 10 o)

Similar to Fact 4.6, querying Hy - P, and querying HPO are identical in the adversary’s view:

Fact 5.3. For any adversary A holding the register A, the following two oracle are perfectly indis-
tinguishable:

« Sample uniformly random o € Sy and f : {0,1}"' — {0,1}3¢. On each forward query,
apply HP, (H¢P,)', if it is an inverse query) on register A.
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« Initialize registers H and P in the state

s> lok

60) = — D
W=
V23D T (0.1} VNV sy

On each forward query, apply HPO (HPO', if it is an inverse query) on registers A, H and P.
The HP-relation states are modified in the following way.

Definition 5.4 (HP-Relation States). For two integers | and r such that0 < [ +r < N, and two
relations L = {(x1,v1),...,(x;,y1)} € Ry and R = {(x’l, Yi)soos (x;,y’,)} € R,, we define

|¢L,R>HP = ! Z Z

V2NN — =)V 55 Sy
b'e{0,1}"

/ r
) ®b; /O] . ,
ﬂ il Hy 57") 8 o ]_[ 0T LD 6 e 1l

where x®° = x and x®' = X for any x € {0,1}", and 6=, is an indicator that equals 1 iff strings x
and y are identical in every coordinate.

The HP-relation states are orthonormal if we require L U R € RPB.
Lemma 5.5. {|¢L7R>}L R.LURegios Jorms a set of orthonormal vectors.

Intuitively, the action of HPO is to add query pair (x, y) into the set L, while the action of
HPOT is to add query pair (x, y) into the set R.

Lemma 5.6. Fortwo integersl andr such that0 < [+r < N, and two relations L = {(x1,y1),...,(x1,y1)} €
R, and R = {(xg,y’l), el (x;,y;)} € R,, we have forx € {0,1}"

1
T 2 el
ye{0,1}"

HPOAwp [X) A 1#L.R) 1ip =

Similarly, we have fory € {0, 1}"

HPOZHP |y>A |¢L,R>HP = Z |x>A ® |¢L,RU{x,y}>Hp .

1
VN =1 —r xe{0,1}"

We provide the proofs of the above two lemmas in Appendix A.

5.2 Partial path-recording oracle W

We first introduce the variable-length registers along with some relevant notations from [MH24].
For t € N, the register R = (Rg(l), R\((t)) is defined with the Hilbert space

®t ®t
Hor = Hyor @ Hyo = ()" o (V)
X Y
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Note that R;t) and Rg) both consist of ¢ registers with Hilbert space CV. For i < ¢, let Rg(t )l denote

the i-th register in RY, and R\((l)l. denote the i-th register in R\((l). The register R is defined with the
infinite dimensional Hilbert sI;ace Hr = @B,5o Hr - And the register L is defined in the same
way.

For integers [,r > 0, I, r is the projector onto the Hilbert space H, 1) ® Hy(). Fort > 0,
I1<; R is the projector onto the Hilbert space EBl,rZO:lﬂ’st H, 1) ® Hyir. For a operator Mg,
M g = Mpg-1j,ir M<tir = Mg -l g, and M;’LR is (MSI,LR)T. For any unitary U, define
U® =y 2, U%.

Definition 5.7 (Definition of W). Let L, R such that L U R € RPB. We define operators W and
WX to be the linear maps such that for x € {0,1}" and x ¢ BDom (L U R)

WE ) IL) |[RY =

IVA@ILU{x, y})L @ [R)r

1
VN =2|LUR] yeg;}n

y¢BIm(LUR)
and fory € {0,1}" and y ¢ Blm (L U R)
1
WR YDA 1LY [R)g = > sl ®RU{x ¥}y -
VN =2]LUR] A
x¢BDom(LUR)

The partial path-recording oracle W is defined as W = WL + WRT,

By the above definition, it is easy to verify that WX and WX are partial isometries, and that
WEWR = wRTwhT = o, (13)

Thus
wiw = whiwlk + wRwRT, (14)

Therefore WWTW = W, which implies W is a partial isometry.

Notation 5.8. For a partial isometry G, let [I?°™©) = GT . G and 1™ = G - GT denote the
orthogonal projectors onto Dom (G) and Im (G).

W is a restriction of HPO up to a partial isometry defined as follows.

Definition 5.9. We define a partial isometry, denoted Compress : Hp @ Hr — H ® Hy, as:

Compress := Z (1L)L ® [R)R) (PL.RlpE -
LURERDE

Lemma 5.10. For0 <t < N,

2t
<

00 -1

HWS, — Compress - HPO - Compress’ - [TPomW) . 11,

: (15)

2t
< .
o0 N -t

H(WT)sz — Compress - HPO' - Compress' - =W . 1., (16)
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Proof. We will prove Eq. (15), and Eq. (16) follows from a symmetric argument. Denote
X = Compress - HPO - Compress' - TTP°™W) . 11,

XL = Compress - HPO - Compress' - rPem (W) . I,
and .
xR =T, - () . Compress - HPOT - Compress'.
Then by Eq. (14), X = X* + X®T. To prove Eq. (15), it suffices to prove
t

and  [(W*)< - XM < 5

(17)

t
Wt - x4, = -

Next, we prove the first inequality in Eq. (17). The other inequality follows from a symmetric
argument. For L,R such that L UR € RP® and [LUR| < ¢, and x € {0,1}" such that x ¢
BDom (L U R), we have

1
XEPOAIL R = ———= >, [Ma®ILU{x Y8R} ,
VN —-ILUR| i

y¢BIm(LUR)

and

1
WE 1)a 1LY IRy = D AL U{ D @R, -
YN -2|LUR| iy

y¢BIm(LUR)

Then for such x, L, R, we have

(WE = XE) ba 123, 1R

1 1
- - ) Z IMA®ILU{x,y}) ®[R)p
VN -ILUR| +N-2|LUR|] i
y¢BIm(LUR) 2

1 1
(\/N—lLURl VN —2|LUR]|

|y _ILUR|
N-ILUR|

_ _ILURl
= N—|LUR|

) (N-2|LUR))

Note that for other x, L, R, X% |x) |L) |R) = WE |x) |L) |R) = 0. Therefore,

t
N-t

IWE-x = sup (W - xE) s InyR)| <
x,L,R: 2

LURERPB |LUR|<t
x¢BDom(LUR)
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5.3 Path-recording oracle V

Definition 5.11 (Definition of V). Let L, R € R. We define operators VL and VR to be the linear
maps such that for x € {0,1}"

1
VEx), IL), [R)g = D IMA®ILU{nyh @R
VYN = [BIm (LU R)[ {51
y¢BIm(LUR)

and fory € {0,1}"

1
VEIIAIL)L IR, = D aelL) @ RU{x ]y -
VYN —|BDom (LUR)| iy
x¢BDom(LUR)

The path-recording oracle V is defined to be
V=vE. Q-VR. VR (@ -vE.yET) yRT (18)

By the above definition, it is easy to verify that V and V® are partial isometries, and that
VE(VR) differs from WX (WR) by only a projection, i.e.,

vE. mPom(W) — Wl and (W) L yR — wR, (19)

Also, we have
wk.vR=wR.yL =y, (20)

Claim 5.12. V is a partial isometry.

Proof. We first show that VX - (1 — VR . VR7) is a partial isometry. This is true if and only if
(1 -VR.yRY) . yLIyL. (1 —VR.VRT) is a projector. It suffices to show that VL TVL and VR . V&1
commute. By the definition of VX, VLTVE = 1, ®T1<y_1 r. Since VR-VET takes states in IT<;11 | g
to [l<j411r (for 0 <7 < N — 1), it commutes with 15 ® I[1<y_1r. Using a symmetric argument,
we can conclude that (1 — V£ . VET) . VRT is also a partial isometry.

To show V is a partial isometry, it suffices to show that VL (1-VR.VET) and (1-VE.VET). VR T
are orthogonal. This is true since VX and V¥ are partial isometries:

(L-VvR.vEHYR=0 and VEI(1-VE.-VED) =0

O
Note that W is a restriction of V.
Lemma 5.13.
W =V . Pom(W), (21)
wh=vi. W, (22)
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Proof. To prove Eq. (21), it suffices to show that
wk = v . rPem(W5) | (23)

wki =y . (7). (24)

By Eq. (14), Eq. (21) can be obtained by summing these two equations.
We now prove Eq. (23). By Eq. (18), we have

V. Pom(W") _ (VL (1 - yR. VR,T) +(1 - VL. VL,T) ,VR,T) . rPom(W:)

By Eq. (20), we have
yRF . Pom(Wh) _ yRIwLIwL = o

where the last equality follows from Eq. (20). Thus
v . qPem(W") _ yL . ppPom(W") _ yL

where the second equality follows from Eq. (19).
It remains to prove Eq. (24). By Eq. (18), we have

v () = (VL (L -VRVRY @ -vE. VR v’“‘) (V).
By the definition of VX and WX, we have that Im(WX) € Im(V¥). Thus
(1-vR. VR,’V)HIm(WR) — i (W?) _ i (VF) rpim(WE) _ .
At last, by Eq. (19) and Eq. (20), we have

(1 — VL. yLty y R pm(WE) — (q _yL L yLypRE = R

5.3.1 Two-sided unitary invariance

The modified path-recording oracle V also has an approximate two-sided unitary invariance prop-
erty as in [MH24, Section 8.3]. Recall the notation in [MH24].

Definition 5.14. For any two n-qubit unitary C and D, define
o[C,D] = (Ce®D"®* o (CeD" .
Formally, we have the following lemma.

Lemma 5.15. For any two n-qubit unitary C and D, and any integer 0 <t < N — 1,

1(t+1
DA Vs - Ca- Q[C, D]ir = Q[C, D] - Vil < 32 (N ) ,
: + + + t(t+1)
k- Ve D - o1e DI - 01C Dl - (Vha| < 3205

The proof of this lemma is similar to that of Claim 16 in [MH24, Section 8.3]. We provide the
proof in the Appendix B.
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5.4 Main proof

We are now prepared to prove Theorem 5.1, which demonstrate the strong security of our con-
struction HP,, »7+1. We repeat the theorem here.

Theorem 5.1. Let A be a t-query oracle adversary capable of performing both forward and inverse
queries to oracle O, and let HP,, 2741 be defined as in Definition 4.1 with T = 30n and d = 5n. Then

2t(11t + 20)

i (25)

o o o o
o, 2000 2 inoxae,

To prove Theorem 5.1 we first show that our construction is indistinguishable from the path-
recording oracle V, as stated in the following lemma:

Lemma 5.16 (HP,, 2744 is indistinguishable from V). Let A be a t-query oracle adversary capable
of performing both forward and inverse queries. Let HP, o741 be defined as in Definition 4.1 with
T =30n and d = 5n, and 'V be defined as in Definition 5.11. Then

t(11z + 20)

i (26)

TD( E [|ﬂt0><ﬂt0|/\5] - Trig (lﬂl‘/xﬂfvl/\sm)) <
O—HP,, 2141

Then, we show the Haar random unitary is indistinguishable from V as well:

Lemma 5.17 (V is indistinguishable from Haar random unitaries). Let A be a t-query oracle
adversary capable of performing both forward and inverse queries. Then

t(11z + 20)

TS (27)

D (OE [|&~’(,OX&Z{,O|AB] Trir (|ﬂ,V><ﬂ,V|ABLR)) <

—u

Finally, by applying the triangular inequality to Lemma 5.16 and Lemma 5.17, we conclude
the proof of Theorem 5.1 in Subsection 5.4.3.

In the following sections, we provide the details of proving the main lemma Lemma 5.16. The
proof is structured as follows: first, we demonstrate that V is indistinguishable from the twirled
partial path-recording oracle W; then, we show that the twirled W is indistinguishable from the
twirled purified HPO oracle (Definition 5.2) that is equivalent to HP,, 274, as stated in Fact 4.6.
Lemma 5.17 follows from a similar argument.

5.4.1 V is indistinguishable from W

In this section, we mainly prove that even if the adversary can make queries from both directions,
the path-recording oracle V is indistinguishable to D - W - C for C, D « D, where D is one of
the following two distributions:

Definition 5.18.

« D;: sample two independent unitary operators C and D from Haar measure on U(N), and
output C and D,
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« Dy: sample independent C' and D from HP, 7 with T = 30n and d = 5n, and a random
permutation matrix P. Output C = P - C" and D.

We first need a twirling lemma. Let

2
mP:= ) |LXLI ®RXRl; . I = > |LXL|, ® |RXRI; .
L,R:LUReRDPB L,ReENR

Lemma 5.19 (Twirling). Let D € {D1, D,} as defined in Definition 5.18. For integer 0 <t < N /4,

we have
om 2t
|2 ol e Dl (M2 -nZn) - oo ic | <oy
C.D—D ’ =h o N
- 21
CDIE?_D[(DZ ®Q[C,D]lir)" - (HEELR - Hlsz,(va) ' (D/Tx ® Q[C, D]LR)H < 16t - N

The proof of this twirling lemma is deferred to Appendix C.

Definition 5.20 (Controlled C, D and Q). Define the following operators:
cC = / Cr®|CXC|c, cD:= / Dx®|DXD|y, cQ:=Q[C,D]r®|CXC|c ® |DXD|p,
C D

where Q[C,D] = (C® D")®* ® (C ® DY)2*.

Definition 5.21 (Purification of Twirled-W). Define the adversary state |&ZIZW’D) ABLRCD fter the
i-th query to twirled-W as follows:

e Fori =0,
JAY DY s airen = 1070 ag L DR linit(D))ep (28)

where

nit(D)) = | Vdup (C)dup (D) [Chc ID)y,

is the initial purification on registers C, D set up for C, D < D; and ugp(-) denote the proba-
bility measure of unitaries sampled from the distribution D.

« For1 <i<t,

ALY = ((1 —b;)-(cD-W-cC)+b;-(cD-W- cC)*) LA -1ATDY  (29)

where b; € {0, 1} indicates that the adversary makes a forward/backward query in the i-th
step.

Definition 5.22 (Purification of V). Define the adversary state |&ley) ApLr Yter the i-th query to
oracleV as follows:
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e Fori =0,
| Ay Y air = 1070 a5 {1 {Hx (30)

« For1 <i<t,
A Vi = (1= b) Vb V) - A AL ) (31)
where b; € {0, 1} indicates that the adversary makes a forward/backward query in the i-th
step.

Fact 5.23 (Norm of the purified states). For anyt > 0, |ﬂ,W’D) and |AYY both have a norm of at
most 1, since W and V are partial isometries, meaning that applying W, W7,V or V' is equivalent
to a projection followed by a unitary operation.

Fact 5.24 (Spaces containing puried states). For anyt > 0, I&thW’D) lies in the image of 1I2F, and
|AY) lies in the image ofH?:,follwing their definitions.

Now, we proceed to demonstrate the main claim in the proof of Lemma 5.27.

Claim 5.25. For any integert > 0, and D € {D1, D,} as defined in Definition 5.18

Re [(A)" g - cQuren - (19 ) agre finit(D)co) | 2 1- (32)

Proof by induction. For the base case ¢ = 0, following the Definition 5.20, 5.21 and 5.22, we have

cQirep - (|ﬂ(‘)/>ABLR |init(D)>CD) = cQyrep - (070" g HP) L HDR [init(D))cp)
=10"0")ap {})L { D) [init(D))cp

_ w.D
- |ﬂ0 >ABLRCD

Thus, the base case holds: Re [(ﬂgv’ﬂlABLRCD - cQurep - (l&zl(‘)/)ABLR |init(D))CD)] =1

Assuming the claim holds for some ¢ > 0, we now prove it for # + 1. Due to the argument
is symmetric, we assume the (7 + 1)-th query is a forward query, i.e. b;y; = 0, without loss of
generality. Thus,

|~7‘Xiﬂ aptrep = (€D - W-cC) - Ay - A" )
cQirep - (lﬂt‘:J)ABLR |i”it(@)>co) =cQ- (V A - |AY) |init(1))))
derives
W.D VoA i
Re [(ﬂm Q- (lﬂm) |m1t(D)))]
~ Re [<ﬂ,W’@| ‘Al cCt W'D Q- (v A |AY) |init(D)>)] (33)

=Re [(A"P]- AT, - cCT WL - DT Q- Ve - Ay - |AY) linit(D))

30



because of Fact 5.24. Recall the notation W<, = W - Il<; and V<, = V - Il.,. Then, via rewriting
cQ-VS,:cD-VS,~cC-cQ+(cQ-VS,—cD~Vg~cC~cQ)
we further rewrite (33) = (%) + (x*) where

(%) = Re [(ﬂfv’pl A

t+1

+cC WL Vi cC - eQ - A - 1A linit (D))

t+1

(x%) = Re [(ﬂtw’ﬂ| Al cCt-WE DT (cQ -V =D - Vg - cC - cQ) - Apsr - |AY) |init(1))>]
We first lower bound (xx):
(#5) > = [(cD - Vg - cC - cQ = cQ - Vr) ||,

2 - Z (DA .VSI 'CA ®Q[C9D]LR _Q[CaD]LR 'VSt) ® |C,DXC,D|
C.D

> —rgaDXIIDA V- Ca®Q[C,D]ir = Q[C,D]ir - Vil o

© (39

t(t+1)
N

The first inequality follows from Fact 5.23, ensuring that the norm of (ﬂtw D -Aj ) -cCT- W; -cDf

and A1 - |A)) |init(D)) are at most 1. The last inequality follows from Lemma 5.15. To bound
(%), we first utilizes the properties of W and V to derive:

Wi V=W -Tig)" -V -1

=M, W' V-1
- Hst . HDom(W) . HSZ‘

(35)
-, - (HDB _ (HDB _ HDom(W))) T,
P - (e - o)
Then, we can rewrite (x) = (A) — (AA) using (35) where:
(8) =Re [(AL] - AL, cCT- 1P - cC - cQ- Apyy - |A)) finit(D)) (36)

(AA) = Re [(ﬂ,W’D| AT

1+1

. CCT . (Hg3 — HDom(W)) -cC- CQ : At+1 ' |~ﬂtv> |init(D)>] ' (37)

<t

Thus, to bound () we need to separately bound (A) and (AA). First, in (A) we have:

(ﬂtWD| . A;r+1 -cCh- ng)? = (ﬂtWD| ) HE? ) A:+1 +eC’
= (AP 'AtT+1 reC’
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Thus, by the inductive hypothesis, we have

(8) =Re [(A2]- AL, - Q- A - |AY) finit(D)) |

t+1
= Re [(A"2] e - A} [init(D)) | (39)
38¢*
= _N1/4 ’

Then we will uper bound (AA):

(88) < [(APL]- AL T (NP -T2 ™) - cC - cQ - Apyy - [A)) finit(D))|

1+1
< max (ul - (HB? - HElom(W)) -cC-cQ-|v) |init(Z)))‘
[uyeHapLreD:|l|u)]I;<1 - -
VyeHnsr:llIV)];<1
1/2
= max (| (nit(D)]-cQ"-cC’- (HE? - HEtom(W)) -cC-cQ - |v)|init(D))
[VYeHABLR: - -
lv)llz<1
Dom(W 12
= |l B [creoic.pin (m2F -nZm ™) - (ca o 0IC, D) |
1/2
( [2t 613/
< 1684 — <
N N1/4
where the last line follows from Lemma 5.19.
Now, putting everything together we show the claim for 7 + 1 to conclude:
Re [(A2]-cQ (1AA,) linit(D)) )| = (4) + (+2)
H(r+1
> (%) — 32 ( )
N
t(t+1)
> (A) —(AaA) —32
(8) - (82) N
3812 613/ 1(t+1)
- N1/4 N1/4 N
1 Vi(r+1
<1-—— (38t2 +613/% + 32¥)
N1/4 N1/4
<l-—q (381% + 6t +32(t + 1))
38(t +1)?
=5 N4
O

. . . W.D )
This claim also gives a bound on the norm of |A;""™) ,x\ rcp:
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Lemma 5.26. Forany0 <t < N and D € {Dy, D,} as defined in Definition 5.18, we have

38¢2
- N4

W.D
HVIz >ABLRCDH2 21
Proof. We have
2
W, D WD | f4W.D
Hlﬂt >ABLRCDH2 = (AT|ATT)

> (AP APy (A | Ay
= (A PIAYLY - ((A)) (init(D)]) Q" - cQ - (1Y) linit(D)))

2
2 )(ﬂ:‘/’ﬂlABLRCD : CO»LRCD : (lﬂ;/)ABLR |init(D)>CD))
2
> Re [(ﬂzw’plABLRCD ' CQLRCD : (lﬂbABLR |init(D)>CD)]
( 3812 )2
> (1-
N1/4 ’

where the first inequality is from the fact that |AY) has norm at most 1, the second one is from
Cauchy-Schwarz inequality, and the last one is from Claim 5.25. O

Now, we are ready to prove the indistinguishability between oracles V and twirled W via
proving the following lemma:

Lemma 5.27. Forany0 <t < N and D € {D1, D;} as defined in Definition 5.18, we have

9t

7 (39)

TD(Tr—AB (|ﬂzW’DXﬂtW’D|ABLRCD) > Tr-a (|ﬂzvxﬂy|ABLR)) =

Proof. Using the fact that |||uXu| — |[vXV|||; < 2 |||u) — [v)]|,, we have

2
TD (lﬂtW’DXﬂtW’DlABLRCD ’CQLRCD ' (lﬂyxﬂy|AB|_R ® |init(ﬂ)xinit(ﬂ)|CD) : CQZRCD)

2
< H|~7ItW’D>ABLR —cQprep - (|~7(¢V>ABLR ® |init(D)CD>)H2

=(AL | ALY+ (A | AYY = 2Re [(A e - Quaco - (1)) aoce init(D))eo )|
381 ) 761

32—2~(1—N1/4 :N1/4 .

Since unitary cQ only acts on registers L, R, C, D,

TD(Tr_AB (Iﬂ,W’DXﬂIW’DMBLRCD) , Tr_ap (lﬂtvxﬂy|ABLR))

:TD(Tr—AB (|ﬂ;W’DXﬂ;MD|ABLRCD)’
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Tr_ss (CQLRCD ' (|~7lrv><ﬂzv|ABLR ® |init(D)Xinit(D)|CD) 'CQIRCD))

<TD (|ﬂ?/’@xﬂ?/’D|ABLRCD B CClLRCD ' (lﬂ,‘/XﬂHABLR ® |init(D)Xinit(D)|CD) : CQIRCD)
9t

< .
“N1/8

5.4.2 W is indistinguishable from HPO

In this section, we mainly shows that after twirling, adversaries cannot differentiate from HPO
oracle to W (Lemma 5.32). We first define the purification of twirled-HPO oracle and then connect
it with twirled-W (Definition 5.21) via some projection.

Definition 5.28 (Purification of twirled-HPO). Define the adversary state |ﬂl.H PO.D

the i-th query to twirled-HPO as follows:

) agripcp after

e Fori =0,

|ﬂ(§|PO’D>ABHPCD = 1070") a5 [+1) 1 [+ )p linit(D)) cp 10

where |+r),, and |+)p are the uniform superposition over all permutations and functions
respectively, and

init(D)) = /C Nin©dun D) [C)c D)o

is the initial purification on registers C, D set up for C, D < D; and ugp(-) denote the proba-
bility measure of unitaries sampled from the distribution D.

« For1 <i<t,

HPO,D ._ i HPO,D
(ANPODY = ((1 —b;) - (cD-HPO - cC) + b; - (cD - HPO - cC) )  Aj - |APODy
(41)
where b; € {0, 1} indicates that the adversary makes a forward/backward query in the i-th
step.

Definition 5.29. Define the projectors

ﬁDom(W) — CompreSST . HDom(W) . Compress, (42)

™) = Compress’ - ™) . Compress. (43)

HPO,D

Definition 5.30 (Purification of twirled-projected-HPO). Define the adversary state | A; ) ABHPCD

after the i-th query to twirled-HPO with projection:

. Fori =0, |ANOP) = |ATOP)Y
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« For1 <i <,

|ﬂ“P°D> ((l—b) (cD~HPO-ﬁD°m(W)-cC)+
=Im(W) i HPO,D (*4)
b,~~(cD~Hm ~HPO-cC) L A; - |ATPODY

where b; € {0, 1} indicates that the adversary makes a forward/backward query in the i-th
step.
Claim 5.31. For all integer0 <t < N/2,

2t(t+1)
N .

Proof by induction. First, we check the claim is true for the base case t = 0:

W.D HPO,D
Hlﬂ ) apLrcD — Compress, - | A, )HZS

HPO,D HPO,D
|A, ) = | A, )

Compress,p - Compress,p -

= Compress,;p - (10"0™)ap [+7),, [+o)p [INit(D))cp)
= 10"0™) u5 I 1 HDp linit (D)) cp = [A,P)

Next, assuming the claim for case (i — 1), we will show the case i. W.l.o.g we assume b; = 0, then

Compress,p - |A;

(%) = H|ﬂ,W’D HPO, 1)>H

>ABLRCD 2

= |e0- W cc A IATP), 5 i — Compress - <D - HPO - TP cc - a; |ATTOD)|

W, D . . w.D )
Note that |A;"17) , 5, pcp lies in the image of Tl<;—;. Thus, T<;—1 - [A,277) 15 rep = LT ) asLreD:

Therefore, we have

(%)

= |[cD-W-cC-A; Tl - I?I

o 1 ApLrep — Compress - ¢D - HPO - [P . cC - A; |ﬂH_PO’D)H2

= [[cD:Wgizqg - cC- A; |ﬂz’1ﬂ — Compress - ¢D - HPO - ITP"W) . cC . 4; |.?IHPO D>Hz

ABLRCD

()
< |[cD - Compress - HPO - Compress’ - [T°™™) . T1_;_; - cC - A; |A}"” ABLRCD
21— 2
—Compress - ¢D - HPO - IT?"W) . ¢C . 4, |ﬂHPOD) T,
2 N-i+1
= ||[Compress - ¢cD - HPO - TIP°™W) . ¢C . A; - Compress’ - |ﬂYK’ID>ABLRCD
21— 2
—Compress - ¢D - HPO - [T?"W) . ¢C . 4, |§Z(HPOD> + l—
2 N-i+1
4i
HPO,D
< ”lﬂl U Y apLrep — Compress - [ AT >H2 +y
(*S*) 2i(i — 1) N 4i _ 2i(i + l),
N N N
where (%) is by Lemma 5.10 and (%) is by induction. O
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Now, we are ready to prove the indistinguishability between oracles W and HPO:
Lemma 5.32. For all integers0 <t < N, and D € {D;, D,} as defined in Definition 5.18

111(t + 1)

™D (TLAB (lﬂtHPo’DXﬂtho’DlABLR) » Trosp (l‘ﬂtw’ﬂxﬂtw’ﬂlABLRCD)) S TN

Proof. Recall the state |ﬂ,H PO.Dy agnpcp defined in Definition 5.30. By the triangle inequality, we
have

TD (Tr—AB (lﬂtHPO’DXﬂzHPO’DMBLR) ,Troag (lﬂt‘/v’ﬂxﬂtw’D|ABLRCD))

IA

PO,D PO,D HPO,D HPO,D
TD (TI'—AB (|~7‘zH XA |ABLR) > Tr-ap ("ﬂtH XA, |ABHPCD))

(%)
HPO,D HPO,D W,D\ g W,D
+ TD (Tr_AB (lﬂ;—l Xﬂ,H |ABHPCD) » Troag (lﬂt XA, |ABLRCD))

(%)

It suffices to show that

9(t+1) 2t(t+1)
(*) < W , and (*) < T .
. . : HPO,D _
We first bound term (x). Since HPO and Compress are isometries, we have H | A, >ABHPCDH2 =

tand [|A77OP), o < 1. Using the fact that [luXul = WXvlll, < 2 llu) = )l for lull, < 1

and ||v||, < 1, we have

HPO,D\, ZHPO,D HPO,D\, ZHPO,D
(*) <TD (lﬂt Xﬂ[ |ABLR s |ﬂ; Xﬂt |ABHPCD)

< H|~7‘?PO’D _ |ﬂtHPO,Z)

>ABLR >ABHPCDH2

2

HPO,D
<t \/1 - Hlﬂt >ABHPCDH2 . (45)

where the last inequality is from the gentle measurement lemma in Lemma 2.2. Notice that, since
Compress is an isometry, we have

HPO.D HPO,D
H'ﬂt >ABHPCD”2 = )Compress | A, >ABHPCDH2
2t(t+1)

W,D

2 H"ﬂt ) ABLRCD L TN
3812 2t(t+1)

- N1/4 N
401(t + 1)

= - W , (46)
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where the first inequality is from the triangle inequality and Claim 5.31, and the second one is
from Lemma 5.26. Combing Eq. (45). and. Eq. (46), we have

2
401(1 + 1 [80t(r+1)  9t(r+1
(*)sz-\/1—(1—¥) <t- ( )s t+1)
N1/4 N1/4 N1/8

As for term (%), note that Compress acts on environment registers. We have

()
=TD (TLAB (Compress AN ATPOPYANTOP e - CompressT) , Tr_ap (lﬂzW’Z)XﬂzW’DlABLRCD))

<TD (Compress . |ﬂfPO’DXﬂ:‘PO’D|ABHPCD . Compress*, |ﬂfv’DXﬂ,W’D|ABLRCD)

HPO,D W,D
= HCompress | A, )agHpep — 1A, >ABLRCDH2
2t(r+ 1
1)
N

where the second inequality follows from the fact that |[|uXu| — |[vXV|||; < 2|||u) — |v)]|, for
llu|l, < 1and ||v]|, < 1, and the last one is from Claim 5.31. m|
5.4.3 The Strong Security of HPO

Now, we complete the main proof of Theorem 5.1 by mainly establishing Lemma 5.16 and Lemma 5.17
that both our construction and Haar distribution are indistinguishable from V.

Proof of Lemma 5.16. Consider D = D, defined in Definition 5.18. First, due to the perfect indis-
tinguishability between the standard oracle and its purified version (Fact 5.3),

HPO,D HPO,D DH;P,C\, ~DHP,C Oy nO
Troag (l‘ﬂt XA, |ABHPCD) = HI%, [lﬂt e XA, e |AB] :0 E ['ﬂt XA; |AB]
fro (_HPn,2T+1
C,. DD

And, from Lemma 5.27, we get

9t
TD(TY—AB (|~7le’DXﬂzW’D|ABLRCD) , TroaB (|ﬂyxﬂy|ABLR)) < NIB
Then, according to Lemma 5.32, we have
11(r + 1
D (TLAB <|ﬂrHPO’DXﬂ?PO’D|ABLR) » Tr-np (|ﬂzW’DX~7{zW’D|ABLRCD)) S TN !

Thus, via triangle inequality, we show:

D ( 5 [lAKACL, | T (|ﬂfxﬂ,V|ABLR))
O—HPy 2111

=TD (Tr—AB (lﬂtHPO’DX‘?(:'PO,DlABHPCD) - Troap (L?{IVX‘?I;/lABLR))
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< TD(Tr_AB (Iﬂ,W’DXﬂtW’D|ABLRCD) , Tr_ap (lﬂzvxﬂmABLR))

+TD (Tr—AB (lﬂtHPO’DXﬂtho’DlABLR) , Troag (lﬂz‘}[/’DXﬂtw,DlABLRCD))

11£% + 20¢
N1/8

O

The argument above also proves Lemma 5.17 by considering D = D; as defined in Defini-
tion 5.18. Therefore, combining Lemma 5.16 and Lemma 5.17, we ultimately derive Theorem 5.1.
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A Proofs of Lemma 5.5 and Lemma 5.6

A.1 Proofof Lemma 5.5

Lemma 5.5. {|¢L,R)} L R.Lugregios Jorms a set of orthonormal vectors.

Proof. Let L = {(x1,y1),..., (xt, y1)} € Ri, R ={(x, ¥, ... (0, v} € R, S = {(x}, ), ..., (65, ¥3) } €
R, and T = {(x2,y%),.. (x, ,v2)} € R, such that L U R e RPBand SUT € RPB. We need to
prove:

e (prrlpsr)=1ifL=SandR=T;
« (dLRlPsT) =0, otherwise.

Here,

(DLRIPS,T)

l
— 1 @bi ,@
_23d(n—1)(N—l—r)'Z 2. Loy e e, 1_[<y HHP D00 ot

" fio bbrefo,1} =1
b’ ,b*€{0,1}"

/
% «®b] A®b}
-Dmlely,- ) iy ﬂ<y [ erp

(47)

=0 (x})

Case 1: L =S = {(x1,y1),...,(x;,y))}and R=T = {(xi,y’l), cees (x;,y;)}. Note that
(rL.rldsT)

_ 1 ®b;
_23d(n—1)(N—l—r)'Z 2 l—[<y THE 30 8, o0_y 1—[<y Hy 1YY >‘5 ()

C fio bbrefo,1} =1
b e{0,1)"

iy ,EBb
ﬂ<yl|Hf|y, 0 wi_, ﬂ< (DS e

If b; # b}, then (5 @b -0 ep = 0. Similarly, if b; * biA, then ¢ ¢ <0 gpb =0.

=o(xi) Ty =0 (x) v, lmo(a) vy =0 (x)
Therefore, the term in the summation is zero whenever b # b* or b’ # b*. Thus,

(L.RIPS.T)

[ r
_ 1 ®b;| yt / /@b
= TN - l_r),z > o8 |Hf|yl>6y?abi=0_(xi)~]:[<y,~|Hf|yl- )6
1=

"o obefo,1} i=1
b'e{0,1}"

®b; 1®b;
n <yl| Hf |y >6 eDbl—o-(x) n <y | |y >6 ®b (X,)
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:236,(”_1)(;_1_,,),2 > ]_[<y@b| ) Ol Hy 1y? >H<y TH 1yE) (/2 HE 1y

Cfio befo,1} =1 i=1
b'e{0,1}"

r

!
. l_l 5y§“’"=a(xi) ' l—[ 6y/j’h§:g(xt)

i=1

:E[; Z n<y®b|Hf|YI><YZ|Hf|y >1—[<y |Hf|y ><IEBb| | "

- Y
SN =l=7) be{o0,1}} i=1
b’e{0,1}"
-
Z 1_[ o G»Bb '=0(x;) 1_[ 6y’?;b;:a'(xlf)]
o i=1 =1
For fixed b, b’, y b and y’®b are distinct since y; and y; are from different blocks. Moreover, x;

and xl are dlstlnct Thus,

r

Z ]_[ 8\ohi_yi E[ 5y,?b;:0(x;) =(N-1-71).

o i=1

Then, we have

(PL.RIPsT)
/®b 1D ’

—E[ > ]_[<y@b| |y,><yl|Hf|y@b>]_[<y IHf 1Y ><y?b|H}|y,->]

be{o, 1}1 i=1 i=1

b e{0,1}

l r

E ®b; HT S il H eab] E[ H /®b; 1®b; ]
Uf[bz PP H i) ol Hy 1y ﬂf ,Z O H YT O H L)

€{0,1} =1 bie{0,1}

Note that for y € {0, 1}",

[(yIHf|y><y| [y) + vl Hyly) Gl H |y>]=

Therefore, we have (¢ g|psT) = 1.

Case2: L#SorR+#T.

« Case 2.1: BIm (L UR) # BIm (S UT). Without loss of generality, we assume that there
exists a y such that y € {yl, e VLY ,y;} and y ¢ BIm (SUT). It is easy to check
(r.rl¢sT) =0, since

B L 1) | = B[G1H 9 | = B[01Hy 0] = B[G1H 5] =0 -
; (VIHy) ; (I H} 1y) f[<y| 7] f[<y| 719
« Case 2.1: Blm (LU R) =BIm (S UT).
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- Case 2.1.1: BIm (L) # BIm (S). Without loss of generality, we assume that y; and y;
are not in S. This means y; € {y,...,y*} or y7 € {y%,...,y2}.

« Suppose that y; € {yf, cees ytA}. Without loss of generality, we can assume y; =
y7. We have two cases:

- X = xf. In this case, the term in the summation in Eq. (47) is zero when
by # b?. It is not hard to check (¢ rl¢sr) = 0, since

B (1 Hy lyo) 1 H) Iy | = B[l ) bya) O 1) b | = 0.

- X1 # xlA. In this case, the term in the summation in Eq. (47) is zero when
by = b} Itis not hard to check (¢, r|¢s ) = 0, since

i AT uay | — | gt AT yAy | —
| (1 Hy ly) OFL H) Iy | = B[l ] bya) O 1] b | = 0.

+ Suppose that y1 € {yf, cees ytA}. Without loss of generality, we can assume y; =
y7. We have two cases:

- x1 = x{. In this case, the term in the summation in Eq. (47) is zero when
by = b}, Itis not hard to check (¢, r|¢s ) = 0, since

i AT uAy | — — gt AT yAy | —
B| (1 Hy 1y OF1 B 1y | = B[l 1ya) O 1] v | = 0.

- X1 # xlA. In this case, the term in the summation in Eq. (47) is zero when
by # b{. It is not hard to check (¢ r|¢s 1) = 0, since

t 0 — ot gt _
B (1 H) lyo) 31H Iy + Rl ) OF1H] 1) | = 0.

— Case 2.1.2: BIm (L) = BIm (). This means BIm (R) = BIm (7') as well.
« Case 2.1.2.1: {y1,..., i} # {y’{, . ,y}‘}. Without loss of generality, we can

assume y; = y;. We have two cases:

-+ x1 = x]. In this case, the term in the summation in Eq. (47) is zero when
by = b}. It is not hard to check (¢ r|¢s7) = 0, since

B (1 H) lyo) il 15D | = B GTLH] ) Gl v | = 0.

- X1 # x]. In this case, the term in the summation in Eq. (47) is zero when
by # b}. It is not hard to check (¢, r|¢s 1) = 0, since

B (1 H) 1y il Hy )| = B GTLH] o) i1, 3D | = 0.

« Case 2.1.2.2: {y’l, e ,y’r} # {ylA, e ,ytA}. Similar to Case 2.1.2.1, we have
(BLrl$sT) = 0.
« Case 2.1.2.2: {y1,...,y/} = {y’l‘, e ,yj} and {y’l, . ,y;} = {ylA, e ,ytA}.
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- Suppose L # S. Then there exist (x,y) € L and (x*,y) € S such that x # x*.
Without loss of generality, we can assume y; = y] and x; # x]. In this case,
the term in the summation in Eq. (47) is zero when b, = b]. It is not hard to
check (¢ r|psT) = 0, since

B (1 H) 1y) il 59| = B GTLH] o) ity | = 0.

- Suppose R # T. Similarly, we have (¢ r|¢s 1) = 0.

A.2 Proof of Lemma 5.6

Lemma 5.6. For two integersl andr such that0 < [+r < N, and two relations L = {(x1,y1),...,(x;,y1)} €
R, and R = {(xi,y’l), R (x;,y;)} € R,, we have forx € {0,1}"

1

VN - l —r ye{O,l}"

HPOApp XA |PLR) pp = VA ®|PLoe 1R 1 p -

Similarly, we have fory € {0, 1}"

1

HPO! o 9 A [BLR) p =~ IX)A ® 1L RULe Y 1p -
AHP HP mxeé}n XYsTHP

Proof. In the proof of Lemma 4.10, we know

HPOp V)4 L) 10e = Hpy oA LD lode = DT IHZIY®) Syonri DA LD )
ye{0,1}",b€{0,1}

Similarly, for H PO we have

HPOL o AP lode = D0 P IHL Y)Y Syencg )AL F) l0)e
x€{0,1}*,be{0,1}

Then, we have

HPOanp |X>A |¢L,R>HP

[ r
1 b: ob’,
- | | | Hp |y®h A U H |y, :
\/23d(n—1) (N — r)' Z Z <yl| f |y1 > 6)};91?;:0.()(1.) ll:l[ <y i | f |yl> 5y’?)bi=(7'(xl/-)

[0 bef{o,1}l i=1
b'e{0,1}"

- HPOapnp |X>A |f>H |0'>P

) r
1 ) @b’
= § E || | H o |y®P . ||HT :
V2D (N — [ = 7)) AR 0,2t i1 Vi T DO e

fio befo,1} =1
b e{0,1}
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D GIHY®Y Syeno M)Al O 10
ye{0,1}"*,be{0,1}

1

:W Z |y>A ® |¢LU{X,y},R>HP
— T yefonyn

Similarly, we have

HPO! o [X) A 16L.R)ip

l r
1 b: ,®b’, T
= il Hyly?") S v | | O TTHRIYD S arp
\/23d(n—1) (N S r)| %T: be%:l}l !:1[ 1 Vi =0 (x;) !:1[ 4 i y/i :o‘(xl-)
b’e{0,1}"

“HPO! . [X)a 1) lo)p

l r

1 b: ,8b’, T

= il Hply27 6 oni_ o | [ O/ THR Y S ar

\/23d(}’l—1) (N _ l _ r)' ; be%}l ]l:ll . 14 Vi —O'(Xz) !:i[ i i y/i :O'(Xi)
b’e{0,1}"

OFPLHL 1Y) Byobmgey DA L)1 [0
x€{0,1}",b€{0,1}
1

L S Wbk -
VN = [ =7 oy

B Approximate Two-Side Unitary Invariance

We will show that the path-recording oracle V defined in Definition 5.11 satisfies an approximate
unitary invariance property in this section. Formally, we have

Lemma 5.15. For any two n-qubit unitary C and D, and any integer0 <t < N — 1,

H(r+1
DA - Vs - Ca- Q[C, D]ir = Q[C, D]ir - Varlloo < 32 (N ) ,
. H(r+1
HC/'A'(VT)St'D/T\'Q[C’D]LR_Q[C,D]LR (VD _S32 (T) .

This lemma is proved by showing the closeness between VL and EL as well as VX and EX
where EX and ER are operators introduced in [MH24, Section 10.1] that have exact two-side
unitary invariance property. We first give the definition of EX and EX.

Definition B.1. EX and ER are linear maps on register A, L and R such that

Ebi=— > IyXxla® ) vmum(L, (6, 3) + 1+ [LU{(e, )IXLIL® D IRXRI
‘/N x,ye{0,1}" LeR ReR
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B = )L DK@ )L ILXLL @ D, Vium(R. (r3) +1- R U {(x.3)IXRlg -
x,y€{0,1}" LeR ReR

Here, num(L, (x, y)) is the number of times that (x,y) appears in L.
EL and EX satisfy the exact unitary invariance:

Lemma B.2 (Claim 20 in [MH24]). For any two n-qubit unitary C and D,

DA 'EL 'CA = Q[C’D]LR 'EL Q[C’D]IR s

D-ER.Ccy=0[C, D]k ER-Q[C,D]], .

The approximate unitary invariance of V arises from the property that VX and VX are very
close to EX and E® in operator norm respectively. That is,

Lemma B.3. For any integer0 <t < N —1,

4r(r+ 1
VA - B4l < 25

4r(r+ 1
VA - 2]l <

Proof.: We demonstrate that VX and E* are close in operator norm, and a similar argument shows
that the proximity between VX and E® holds as well. It is sufficient to show that for any state

wy=" > axrr AL IR
x€{0,1}"
L,ReR s.t. [LUR|<t
we have
at(t+1)
”Vst ly) - EL, W)”z < —~
Note that

Vét |lﬁ> - Eét |lﬂ>

0 y¢BIm(LUR) ynum(L, (x,y)) +1
= > aur ), ( = - Y ILU{(x, )} IR)
xe{0,1}" ye{0,1}" \/N — |BIm (L U R) VN
L,RER s.t. |LUR|<t

1 1
= > aur ), ( R W)Iy}ILU{(x,y)}HR)

xe{0,1}" ye{0,1}"
L,RER s.t. [ILUR|<t y¢BIm(LUR)

|ue)

\/num(L, (x,y)+1
> war ), (— IVILULE D IR)
xe{0,1}" ye{0,1}" VN
L,ReR s.t. ILUR|<t yeBIm(LUR)
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Since |u) and |v) are orthogonal, we have

IVE 1wy = EL 1), = Culu) + (vlv)

y) IL")Y IR)

1

\/N = [BIm (L UR)| VN

VN - /N — |BIm (L U R)|

yYN(N — |BIm (L U R)|)

N(N = [BIm (L U R)|)

Therefore, it is left to show (u|u) < w and (v|v) < %
Notice that
) ( 1 1
u)= dx,L.R -
ye{0,1}" x€{0,1}", LeR: \/N — [BIm (L U R)| VN
L', RER:|L’UR|<1+1 | L'=LU{(x,y)},
y¢BIm(LUR)
So we have
1 1
(uluy = D awk ( - )
ye{0,1}" x€{0,1}",LeR: ‘/N — [BIm (L U R) VN
L', RER:|L’UR|<t+1 |L'=LU{(x,y)},
y¢BIm(LUR)
2 1
< Z Z |a’x,L,R| (
ye{0,1}" x€{0,1}"",LeR: x€{0,1}"",LeR:
L', ReR:|L’UR|<t+1 | L'=LU{(x,y)}, L'=LU{(x,y)},
y¢BIm(LUR) y¢BIm(LUR)
2
= Z |a'x,L,R| (
ye{0,1}" x€{0,1}"",LeR: x€{0,1}"",LeR:
L', RER:|L'UR|<t+1 | L'=LU{(x,y)}, L'=Lu{(x,y)},
y¢BIm(LUR) y¢BIm(LUR)
2 |BIm (L U R)|
< Z |ax...&|
ye{0,1}" x€{0,1}"*,LeR: x€{0,1}"",LeNR:
L', RER:|L'UR|<1+1 | L'=LU{(x,y)}, L'=LU{(x,y)},
y¢BIm(LUR) y¢BIm(LUR)
< Z |a’xLR|2 . ((t+1)(|BIm(L’UR)|—2)
ye{0,1}" xe{0,1}",LeR: N(N - [Blm (L' U R)[ +2)
L', RER:|L'UR|<1+1 | L'=LU{(x,y)},

y¢BIm(LUR)
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» (t+1)|BIm(LUR)|
<) 2 loxeal” ]\E(N ~BIm (L UR)|)
ye{0,1}" x€{0,1}"*,LeR:
L', ReER:|L’UR|<t+1 | L'=LU{(x,y)},
y¢BIm(LUR)
) (t+1) [BIm (L UR)|
= 2 vl | D) Syemmizun | N(N - [BIm (L U R)])
xe{0,1}" ye{o,1}"
L,ReR s.t. |LUR|<t
S(t+ 1)2¢ ’
N

where the first inequality is from Cauchy-Schwarz inequality, the second inequality holds because
va — Vb < Va — b for non-negative a, b, the third inequality is from that fact that there are at
most 7 + 1 terms in the third summation and |BIm (L’ U R)| = |BIm (L U R)| + 2 and the last one
is from |BIm (L U R)| < 2t.

As for |v), notice that

M=y >, ax,L,R(—V““m(L\’/g’y”“) W 1LY R)

ye{0,1}" x€{0,1}"",LeNR:
L’,ReR:|L’UR|<t+1| L'=LU{(x,y)},
yeBIm(LUR)

So we have

\/num(L, (x,y))+1

{vvy = Z Z @x,L,R (— )
ye{o,1}" xe€{0,1}",LeR: \/N

L’ ,RER:|L'UR|<t+1 [L'=LU{(x,y)},
y€BIm(LUR)

< Z Z |0[x7L,R|2 Z num(L,](\)]c, y))+1

ye{0,1}" x€{0,1}"",LeR: x€{0,1}"*,LeR:
L' ,RER:|L’UR|<t+1 | L'=LU{(x,y)}, L'=LU{(x,y)},
yeBIm(LUR) yeBIm(LUR)

_ Z Z |a'x,L,R|2 Z num(L]’\} (x,y))

ye{0,1}" x€{0,1}"",LeNR: x€{0,1}"",LeR:
L' ,RER:|L'UR|<t+1 | L'=LU{(x,y)}, L'=LU{(x,y)},
yeBIm(LUR) yeBIm(LUR)
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2 er{o,l}" num(L’, (x, y))
D -
ye{0,1}" x€{0,1}"",LeNR:
L', ReER:|L’UR|<t+1 | L'=LU{(x,y)},
yeBIm(LUR)
2| t+1
< 2, el
ye{0,1}" x€{0,1}"*,LeR:
L', ReR:|L’UR|<r+1 | L'=LU{(x,y)},
yeBIm(LUR)
2 r+1
= Z |a’x,L,R| : Z 0 yeBIm(LUR) N
xe{0,1}" ye{0,1}"
L,ReER s.t. |[LUR|<t
2t1(t+1
< ( ),
N

where the first inequality is from Cauchy-Schwarz inequality, and the third inequality is from

that fact that for a fixed y, X ,co,13» num(L’, (x, y)) is the number of times that y appears in L’
which is at most 7 + 1. m|

Next, we prove the main lemma in this section.

Proof of Lemma 5.15. To prove

H(r+1
IDA - Ver - Ca - QIC. D]ir = Q[C. D1k - Veylloo < 321/¥ ,

it is equivalent to show

t(t+1)
N

|pa-va - cx-ote. D1k v - 0lC, DY | <32
By the triangle inequality and expanding the definition of operator V, we have
|D- Ve - ca =01, DIk var - 016, DI |

SHDA-VSL,-CA—Q[C,D]LR-VSL, (Cc.D]' H

(a)

+HDA - (VL-VR-VR’T) . Cp—0[C.D]ix - (VL-VR~VR’T) o[c.D|' H
<t
()
+ HDA - (VR’T) .Cr—0Q[C,D]ix - (VR’T) o[c, D] H
<t

(c)
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+ HDA - (VL YLt v’”) .Cr—Q[C, D]z - (VL YLt V’”) o[C, D] H
<t

(d)

For (a), by the unitary invariance of operator EL (Lemma B.2) and the triangle inequality, we
have

(a) < [Da - VE - Cx - DA+ EL - G|, + le1C, DIk - EL, - 01C, DI, - 01C, Dir - VE; - 1€, ]|

t(t+1)
< 2||VsLt - Eél“oo =4 N
For (b), notice that (VL VR VR’T)SZ = VSLt (VR . VR’T)SI. Therefore, we have
(D)
|- VL (VR-VR’T) .Cr—QI[C,D]ir- VL (VR-VR’T) o[c, D] H
< » <
=[[pa-VE-€u- €l (VE-VRY) - ca-QIC Dl VE - QIC. DIy - QIC. Dl (VR - V) - 0lC. D] o
> St - X
<|Dx-VE - Ch - 0IC. DIk - VL - Q[C, D! H

+HC/§~(VR-VRJ‘) .Cy—0Q[C,D]r - (VR-VR’ ) o[cC. D] H
<t

t(t+1)

The first term is exactly (a) which is bounded by 4 As for the second one, note that

(VR . VR T) = VR . VRT e have

<t-1 <t-1’

ct A (VR,VR,T) ‘CA—Q[C,D]LR~(VR-VR") 0[C, D] + H
= C/:'Vgt 1 V<z 1 CA—Q[C,D]LR'Vf,_1~Vft’T1 [C,D]! H
< C/T\'Vgt—l 'DZ—Q[C,D]LR-VQ_I [C, D] f H HDA < 1 -Ca—Q[C,D]r V<tT1' [C, D] T H

where the last inequality follows from a similar argument as (a). Then, we have (b) < 12 %

Similarly, we obtain (¢) < 4 % and (d) < 12 % Thus,

t(r+1
HDA'VSI'CA_Q[C,D]LR'VSt'Q[CDTH <32 ( )-

The other inequality in Lemma 5.15 follows from a similar argument. m]

C A Twirling Lemma

om(W) and 1—[Im(W)

In this section, we prove Lemma 5.19, we first analyze IT and then give the

proof.
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C.1 Properties of TIP°™(W) and [1=(W)

We need some notations:

midem = > |xXxl, ® |LXLI. ® [RXRIg
L,ReER
x¢BDom(LUR)
i = Z IyXyla ® [ILXL]. ® [RXR]y
L,RER
y¢BIm(LUR)
1
EPR ._
1l T N Z |X’XX}’, yl
x,y€{0,1}"

We have the following lemma:

Lemma C.1.

Dom(W) _ DB ¢Dom EPR DB
"™ = Ope - | I+ Y = 21_2 Mmee ), I AR
L,r>0 ie[r+1]

l4r<N/2

Im(W) _ 7DB ¢Im EPR DB

" = PP | 4 Z ~ 21_2 Mo ) 107 Lo [ TR
ie[r+1]

l+r<N/2

Here, HEP; denotes the operator that acts on A and RU*Y) such that it applies ITEPR to A, R(Hl),

(r+1)
X,i

while applying identity to the remainder of RU*1.

Proof. We show the first equality, and the other one follows from a similar argument. Note that
[IPom(W) — yDom(W") | pyim(W*) So, it is sufficient to show

Pom(W5) _ HDB 1#Dom _ DB

ALR LR >
Im(WR DB N EPR DB
Hm( ):HLR' Z m H[L® Z H R(+D) 'HLR .
l,r=0 ie[r+1] R.i
l+r<N/2
It is easy to see that
L
Pom(W") — DT Il ® [LXLI, ® [RXRI = TIDP - TIEDS™ - IR
LURERPB
x¢Dom(LUR)

We now turn to proving the second equality. By definition of W&, we know

Hlm(wR) - wR.wRt = wR. Z T,ip - whkt = Z

1,r>0, L,r>0,
l+r<N/2 l4r<N/2
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Therefore, we are left to show

R Rt _ DB N EPR DB
Wl,r Wiy T Hl,r+1,LR ’ N — 21 __2], I ® E HA.R(&U ’ Hl,r+1,LR :
i€[r+1] Xod

Recall the operator E R in Definition B.1, it is not hard to check

VN

wk=——N_ qpe R

Lr N — 2] —2r [,r+1,LR

Therefore,
R R _ N DB R . Rt (DB
Wl,r ’ Wl,r - N — 2] —2r ’ 1_[l,r+1,LR ’ El,r ’ El,r ’ l—Il,r+1,LR
_ N 0B Nl [TEPR 0B
- N —=2] —2r ) L,r+1,LR ) LL ® A R("_“) ) Lr+1,LR *
iefr+1]
where the second inequality is from [MH24, Eq. (11.26)].
For l,r > 0, we define
2
m% = > |ILXL|, ® [RXRI; .
L,ReR
P o= > et X Y VX X Y il

(1,7 X0,X7,0 X7 )EDB 4y
(yl’"' ’)’17)’1,'" 7y;)€DBl+r

’ ’ ’ ’ ’ ’ 4 ’
®|xl’... ’xr’yl,... ’erxl,... ’xr’yl’... ’y}’|R s
e — Z e
LR Lr,LR

1,r>0

[+r<N

It is evident that
DB _ 1R? db _ yydb R?2
HLR = HLR ’HLR = HLR ) HLR .

Now we define

Dom(W) ._ ydb ¢Dom N EPR db
JiR =g - | M p + Z N—2l—2r I ® Z HA RU+1) U
1,r>0 ie[r+1] X

l+r’<7V/2

Im(W) ._ rydb | ry¢im N EPR db
Jip = Hig - (IR + Z N —2] —or Mr® Z HALuﬂm RUTEE
Lr>0 ie[r+1] "
l+r<N/2

Then we have
l—IDom(W) — Hiﬂ?}i . JDom(W) . HmQ

LR LR LR >
Im(W) _ R? ;Im(W) R2
HLR - HLR 'JLR 'HLR :

We will need the following lemma when proving Lemma 5.19.
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Lemma C.2. For non-negative l,r such thatl +r < N/2,

db Dom(W)
Hl r,LR Jl,r,LR

N 2(1+r)
eq ffb ffb i eq  _ [yEPR '
Z H (l) Z H L(/) + HA,R;{; + N _ zl —2%F +2 Z ((HA,R;’:; HA R(r)) +2 N ]lALR) s

ie[l] bx.i iell] M elr] . i€[r]

db Im(W)
Hl r,LR ‘]l,r,LR

N 2(l+r)
ffb eq ffb . eq EPR .
- Z 1 |_(l) Z H (VJ + Z I1 R“) — 2l —2r +2 Z ((HA.L(’ HA (1)) +2 N ]lALR)

i€[l] v Y delr] ie[r]

Proof. We prove the first inequality, and the other one follows from a similar argument. Notice
that

Dom(W) _ rydb [ y#Dom N _ EPR db
T =W\ AR N2 — 27 7 2 I o | e
ie[r] Xd
Therefore, we have

db Dom(W)
Hl r,LR Jl,r,LR

b ¢Dom N EPR db
_Hl,r,LR ’ Hl,r,LR I_Il rALR N —2]—2r+2 ’ Z HA,R;".) : I_Il,r,LR
i€[r] !

N

db eq ffb eq EPR db

—Hl,r,LR T H H (/) H (7) + HA R(r) N _ 21 — 2+ 2 HA,R;(I:’L) Hl r,LR
1

,1 1e[l b Xod ie[r]

e = Z e Xx| ® |xXx]

x€{0,1}"

i = Z lxXx| ® |XXx|

x€{0,1}"

Since IT¢9, TT* and HldE commute with each other, we have

db Dom(W)
Hl r,LR ‘]l,r,LR

N
€q ffb ffb db EPR db
<ZH “>+ZH (”+ZH (')+le|-R Z[ AR(') N_zl_zr_i_z'ZHAR(r) leLR

L. i€[l] ie[r] i€(r] T

N .
<y m ey ey yond o —mER )
- A,L(”. A,L(l). A,R(r,) —_ — LrLR A,R<r.) A,R(r,) l,r,LR

i€[l] X,i le[l] X,i ie[r] X,i N 21 2r+ 2 ie[r] i x.i

ST7] I 2T7) I T3

N eq EPR db eq EPR
TN—2-2r+2 Z ((HA,R“? HA,R;’:[) e HA,R(X’ B HA RY) A LA
; ¥

elr] X




N
eq ffb ffb . €q _ 17EPR .
< Z[;] HA,L>(<1; + Z HA l_(/3- + Z HA R(r) + N — 21 9 192 Z ((HA R(’,) HA R(,_)) +/l ]lALR) s
I4S g

iell] Y ielr] M ielr] T T
where
. PR db €q EPR db €q EPR
A= | |0 S § L e - I -
I,r,LR A,R;’ji) A,R;”,.) l,r,LR A,R;’j A’R(’,i) l,r,LR AR)((rl) A,R)({l) -
. 2(1 .
Thus, we are left to show A is bounded by 2 % Notice that
db €q EPR db €q EPR db €q EPR db
A< |11 -(H -1II )-H —(H -1II )-H -(H —-II )-H
= l,r,LR (r) (r) l,r,LR (r) (r) I,r,LR (r) (r) l,r,LR
AR{) ARy AR{) ARy ARV ARy -
+ (Heq r HEPIE,,)) 'H?,];,LR ’ (Heq r Hiplim) 'H?,E,LR - (Heq r Hiplim) Hlczlr),LR (Heq r Hiplir))
A’Rx,i Ry i A’Rx.i SRy i A,RXJ SRy i A’Rx,f Rt NMloo
2
EPR db €q EPR db €q EPR db
SR T U s GERUNR § LN I § LR § y L R 5 (20NN IV § AN 1 § ORI § S P §
l,r,LR A,R;"l.) A,R;’J.) l,r,LR A,R;[) A,R;('J.) l,r,LR A,R;’_i) A,R;’T; 1,r,LR N
2
o L IS A L Y R AP LY A LA )
AR Ry AR Ry AR Ry ARY) R Moo
<2 ‘ I—[;1,tr),LR ’ (HZqRu-) - HEP;I-)) - (HZqu) - HEP§">) 'H;i,tr),LR
2N, X PN, X 1)
_ db  EPR _ yEPR  yydb
- 2 ‘ Hl,r,LR HA R(') HA R(") l,r,LR
K &4 X o0
So, it suffices to prove that
md L pEPR _ ppEPR | pdb 2(l+7)
I,r,LR (r) (O R Y |
d A’RX,i A’RX,i " o5} N
If = 0, this holds trivially. From now on, we assume r > 1. Note that
db EPR _ roN L S 1
Hl,r,LR 'HA R(") - Z |‘x’y><x’y|L® |X,y XX,y |R\R;r.) ®N Z |Z7ZXW’W|A R)((r'?
s ) N ’ N
o (x’x,)eDBlH’—l ZETx,x’
(y’yl)EDBl+r WE{O,l}n

Here, x € {0, 1}”1, x" € {o, 1}”(’_1), v,y € {0,1}" and T ,» denotes the set of all binary strings
that do not belong to the same block with any string in x and x’. Similarly, we have

EPR db _ AV AN 1
HA R(r) : Hl,r,LR - Z |)C, yXX7 ylL ® |x » Y X)C >y |R\R§<r.) ® N Z |Z9 waawlA‘R;"?
T (X,X/)GDBI.H_l ! WETX,X’ !
(3,y")€DBy.r ze{0,1}"

Then, we have

db EPR EPR db _ AV
1 HA.R“.? — l'IA o) ) = Z lx, yXx, ¥|, @ |x7, y'Xx', y |R\R§<rl_) ®
S o (%,x")€DBy4r 1 '
(v,y")€DBy4,
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1 1
N Z |2 2w Wl o = Z |2, 2Xw, wl, o
ZETx’Xr o WETx’xl o
we{0,1}" ze{0,1}"
Therefore,
1 1
db EPR EPR db
e T e = i) < max ) Z |2, 2w W, o) = N Z RN
X X o0 ’ ZeTx,x’ ! WETx’xr !
we{0,1}" z€{0,1}" 00
Notice that
1 1
N Z |z, ZXW’WlA,R‘X"? N Z |z, ZXW,W|A’R>(<r?
2€Ty ! weT, s !
we{0,1}" ze{0,1}" o0
1 1
=I5 Z |2, 2Xw, Wl g = 5 Z |2, 2Xw, wl, po
ZETX’X/ ! WETX’xr !
Wng,x’ ZgTX.x' 0
V(N =2l —2r +2)(2l +2r - 2)
= N Xy | = Xl
where
. 1 . 1
) = D12 and )= ——= > 12,2 .
VN -2l -2r+2 S, 2l+2r -2 S,

Since |¢) and |) are orthogonal, it is not hard to see that |||¢Xy| — [¥X@|||o = 1. Therefore,

db EPR EPR  ppdb
I p - 11 - I

V(N =20 = 2r +2)(21 +2r - 2) 2(1+71)
(r) (r) Lr,LR < < '
ARy, ARY] T N

N

(o)

C.2 Proof of Lemma 5.19

We need the following property of twirling with Haar random unitary.

Lemma C.3 (Claim 2 in [MH24]). Let D be the Haar measure over U(N). We have

T — 1
) [(U@U) .Heq.(U®U)] :HEPR+—(]1—HEPR)
U—D N+1

Before proving Lemma 5.19, we prove a lemma that will assist in our argument.
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Lemma C.4. Let D € {Dy, D,} as defined in Definition 5.18. We have for non-negative [, r

CDE—Z)[(CA ®Q[C.D]ip)" - (H;{E,LR - le?ro,rﬂz(w)) (Ca®Q]C, D]LR)]
4l +r N 7rN 2(l+7)
" N-1 N-2l-2r+2 N ’
B |[oleolc.pin’ (h,, - nW) - (DL ® 0l DI
[ +4r 7IN 2(l+7)
< + :
N-1 N-2l-2r+2 N

Proof. We show the first inequality for 9 = 9, and the rest inequalities follow from a similar
argument. From Lemma C.2 and the triangle inequality, we have

8 |@eolc.pln’ - (M2 - s2m") - (Cao 0IC. DI
C,.D—D,L »e e

o0

IA

B [(Ca®QIC. DI’ (Z “ffw) - (CA® Q[C, D]1p)

i€[l] o

oo

+| E_|(Ca@QlC,Dln)"- ZHE{PL(,,)«CA@Q[C,D]LR)

C,D—D, iell] X, i -
+ CDE " (CA®Q[C,D]ip)"- Z H/fxbe(”) (CA®Q[C,D]r)
e ier] % .

N T eq _ EPR
T N_2—2r+2 C,DIEZ)Z (Ca® Q[C, D]vr) Z (H 1 (CA®Q[C,D]r)

(r) (r)
Pr ARy AR{) .
N 2rN 2(l+r)
N—2l—-2r+2 N
<t > [E[(CeO) xXxxl-(CoO)]| +1- > |E[(C&C)|x,5Xx 5| (CoC)]
C C
xe{0,1}n © xe{0,1}" *
(1) (2)
+r- Z E[(C ®C)" - |x, ¥Xx, %] - (C® C_)]
C
x€{0,1}" o
(3)
rN — — 2rN 2(l+r)
-E[C CT~(HeQ—HEPR)-C c] : .
+N—21—2r+2 Hc( ®0) (CeC) m+N—zl—2r+2 N

(4)

For (1), notice that C7 is equivalent to a T-step parallel Kac’s walk followed by an independent
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random permutation, which means C T is drawn from a # — RSS distribution. Thus, we have

1 2 1
+ — =

(1) < N NN+1) N

B UeU) lexixal- e U)]

(o)

For (2), notice that C'=C""-P'. So,

(2) < II@[(P@)P)"' |x, x¥x, x| - (P® P)|

1 1
m:HN(N—l) 2 el = ey

XFY

Similarly, we have (3) < N(+—U
We now give an upper bound on (4). We first prove that for any x € {0, 1}"

4
<z 49

H}g[(c ©C)t - |x, x)x, x| - (C® c‘)] - UE#[(U @0 - |x, xXx, x| - (U ® U)]

o0

Notice that CT is equivalent to a T-step parallel Kac’s walk followed by a random permutation
P’. Let |u) be the random state after 7" steps of parallel Kac’s walk starting at |xXx|, and |v) be
the Haar random state. We have

WU |x,xXx,x| - (U® 17)]

E[(C@ O) -, xXx, x| - (C® C_)] - E

& .
< E[(C@ O) -, xXx, x| - (C® C_)] - UEﬂ[(U@ U)" - Jx, xXx, x| - (U® 17)]
1
< P;§M>[(p’®ﬁ) (IuXul ®W) (P’@ﬁ” _P’J%v)[<P/®P_/) (|v)(v| ®W) (P’@ﬁ)T] 1

< %[mxm ®W] - l}VEL>[|va| ®W] 1

From [LOS*24, Theorem 4], we know that there is a joint distribution y among |u) and |v) such
that By [|||u) — [v)||,] < % Therefore, we have

|I%[|u)(u| ®W] - |1%[|VXV| ®W] 1

= B[ luXul ® Tu)al - vxv| ® v¥v]|

1

IA

+

B[vXvl © Tukul - vXv| @ oo |

B juXul ® Ju)ul - vXv| ® JuXul]

1 1

< B [l @ Tuka 1)1 @ T | | + | 1vXvT @ el = oot @ o |

=2 - EfflluXu] = [vXvIl]
<2- (@[Illw (el = WDl + (1) = [v)) <VI||1])

<4-E[lllu) - )] < % :
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This establishes Eq. (48). From Eq. (48), Lemma C.3 and the fact that (U® U)" - TI**R . (U @ U) =
ITEPR for any unitary U, we have

1

(4) < N+1

+— <

+ <

UIEﬂ[(U ® ) (neq - HEPR) (U® U)]

5
N

2| -
Z| -

o0

Therefore, we have

@ [(CA ®Q[C,D]ir)" - (Hldtr) LR Jll,)r(iILnR(W)) H(Gae0IC, D]LR)]

C.D—D, -
21 [ [ r 5r 2rN 2(l+r)

< +—+ + + + .

N+1 N N-1 N-1 N-=-2l-2r+2 N-=-2l-2r+2 N
4l +r 7rN 2(1+r)

< + .

N-1 N-2l-2r+2 N

We are now ready to prove Lemma 5.19. We restate the lemma here.

Lemma 5.19. For integer 0 < t < N/4 and D € {D1, Dy} as defined in Definition 5.18, we have

/2t
<16t -4 —= ,
o N

[(DT ® O[C,D]ir) - (HQELR - ni“;{?) .(p} ®QlC, D]LR)H < 161 - \/% .

|(che 01C, DY) - (2P - M2TY) - (Ch @ QlC. D11 |

E
C,D<D

CD

Proof. We prove the first inequality and the other one is from a similar argument. Note that

DB Dom(W) _ +R? db Dom(W) R2
HSZ,LR N HSt,LR - HLR ) Hsz,LR - Jg,,LR HLR >

and I*° commutes with Q[C, D], since IT*" is the sum of projectors onto the symmetric sub-
spaces. We have

B _|eolc.plw’ (M2, -nZT") - (cheolc. Dl

B _|coolc.plw’ (&, - 2T") - (e olC. Dl
=max CD<—1)[(CA®Q[C’ D)’ (H;ﬂ; LR JJI,D:TR(W)) -(CA® QIC, D]LR)] :
l+r<t o0

Dom(W)

where the equality holds because 1% <pand J_ 7 are block diagonal with repect to / and r.

Then from Lemma C.4, we have

c,DIEiz)[(CA ®Q[C.Dlir)" (HIS)ELR - HE?IEIR(W)) -(Ca®Q|C, D]LR)]

(o)
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4l +r 7rN 2(l+r)

< max + .
Ir>0 N—-1 N-=-2l-2r+2 N
l+r<t
3+t 7rN 2t
< max + A=
lr>0 N—-1 N-2t+2 N
l+r<t

t 7tN 2t 8tN 2t 2t
< + B e L (S IRy
N-1 N-2t42 YN " N-2t+2 \N N

where the second inequality is from / + r < ¢, the third inequality holds since the maximal value
is achieved at r = t, and the last one is from t < N /4. O
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