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Codes over Finite Ring Z;, MacWilliams Identity
and Theta Function
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Abstract

In this paper, we study linear codes over Zj based on lattices and theta functions. We obtain the complete weight enumerators
MacWilliams identity and the symmetrized weight enumerators MacWilliams identity based on the theory of theta function. We
extend the main work by Bannai, Dougherty, Harada and Oura to the finite ring Z; for any positive integer k and present the
complete weight enumerators MacWilliams identity in genus g. When k£ = p is a prime number, we establish the relationship
between the theta function of associated lattices over a cyclotomic field and the complete weight enumerators with Hamming
weight of codes, which is an analogy of the results by G. Van der Geer and F. Hirzebruch since they showed the identity with
the Lee weight enumerators.
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I. INTRODUCTION

HE interplay between coding theory and lattice theory has been a subject of profound significance in information
transmission for several decades. Since the seminal work which established explicit connections between binary codes
and lattices, this synergy has catalyzed advancements across both fields. Lattices derived from codes inherit algebraic structures
that preserve optimal packing densities, while codes constructed via lattice projections benefit from geometric insights. Over
decades, researchers have systematically extended this correspondence to broader algebraic frameworks. These extensions not
only deepen theoretical understanding but also enhance practical applications in cryptography, quantization, and network coding.
The foundational work about the relationship between binary codes and lattices was presented by Conway et al. [9] in 1988.
Bonnecaze et al. [S] marked a pivotal shift by constructing lattices from linear codes over Z,4, revealing properties analogous to
those of binary codes. Subsequent efforts generalized this framework to rings Zox for arbitrary k in [11], enabling systematic
explorations of self-dual codes and their related lattices. A significant milestone emerged with Bannai et al. [2], who established
correspondences between Type II codes over Zsj, and even unimodular lattices. A construction of even unimodular lattices is
given using Type II codes in their work. There are also many works about the self-dual or type II codes over Z; when k is
the power of 2 or an even number (cf. [[1]], [4], [6], [10], [20], [31], [34], [41], [45]). For example, Harada [13[], [14], [15]]
provided some ways for constructing self-dual or Type II codes in high dimensions or proved the existence of extremal Type
II codes in some special cases.

The MacWilliams theorem for linear codes over a finite field I, establishes an identity that relates the weight enumerators
of a code to the weight enumerators of its dual code (cf. [27]). It was also demonstrated that the MacWilliams identity admits
numerous generalizations. The first direction is focusing on some special codes over a finite field, such as the MacWilliams
identities for binary codes, convolutional codes, cyclic codes and so on (cf. [3], [24], [26], [29], [35], [38]). The second
direction involves generalizing the finite field F|, to some finite rings, such as Zj, the Galois rings and the Frobenius rings (cf.
[23], [42], [43]). For instance, in [22], Klemm generalized the MacWilliams identity for codes defined over the finite rings
Zyi, in 1987. Some other works could be found in [33], [37]. The third direction involves generalizing the weight enumerators
to include more than two variables, such as the Lee and complete weight enumerators for codes over a finite field or a finite
ring (cf. [7], [19], [25]], [40], [44]). The first complete weight enumerators identity for codes over a finite field was provided
by MacWilliams [28] in 1972. Wan [39] provided the complete weight enumerators MacWilliams identity for codes over
the Galois rings and Siap [36] proposed that for codes over the matrix rings. Zheng et al. [47] gave the complete weight
enumerators MacWilliams identity for codes over Z}[¢] with a positive integer k and a root { of an irreducible polynomial.

Despite these achievements, critical limitations persisted. Previous results on the complete MacWilliams identities for codes
over Zj are mostly focused on special cases. For example, Bannai et al. [2] only gave the complete weight enumerators
MacWilliams identity in genus g for codes over Zj; when k is an even number. Hirzebruch only showed that the MacWilliams
identity with the Lee weight enumerator when k£ = p is a prime number based on the ring of algebraic integers over a
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cyclotomic field (cf. [[16], [17], [18]]). The case of an arbitrary positive integer k remained unresolved. These lead us to strong
limitations in previous approaches that relied on parity constraints.

In this paper, we fill these gaps through a unified framework for linear codes over Zj; with an arbitrary positive integer
k. Our contributions are multifaceted. By defining £ auxiliary theta functions, we establish an explicit relation between the
theta function of the lattice associated with code C' C Z} and the complete weight enumerators of C' (Theorem 1), from
which the complete MacWilliams identity arises naturally. This is a modification of the result by F. Hirzebruch since he
constructed the identity with the Lee weight enumerators (cf. [16]], [17], [18]). We derive the complete weight enumerators and
the symmetrized weight enumerators MacWilliams identity for codes over Zj using the theory of theta functions (Theorem 2),
thereby providing a novel interpretation in comparison with traditional proofs. We establish the complete weight enumerator
MacWilliams identity in genus g (Theorem 3) which is valid for all positive integers k. This significantly extends Theorem
5.1 of Bannai et al. in [2]], which required £ to be even. This result not only unifies fragmented results of previous works but
also provides more deep relations between codes, lattices, and theta functions. We give the relationship between the complete
weight enumerators with Hamming weight of codes in F}' and the theta function of associated lattices over a cyclotomic field
(Theorem 4), which is a generalization of the results by G. Van der Geer and F. Hirzebruch since they showed the identity
with the Lee weight enumerator.

A. The Complete Weight Enumerators MacWilliams Identity

The first complete weight enumerators identity was given by MacWilliams in [28]. Let Iy, be a finite field of ¢ elements
ap, a1, - ,aq—1, N be a positive integer, C' C F; be a linear code, and |C| be the number of codewords in C. We denote the
complete weight enumerators of C' is

We(Xo, X1, ,Xq—l) _ Z XSUO(C)X;M(C) . X;UQII(C)7

ceC

where wj(c) is the number of elements in the codeword ¢ which are equal to a;, 0 < j < g — 1. Here we focus on the
case of the finite ring Z, instead of the finite field F;. In our previous work [47], we prove the complete weight enumerators
MacWilliams identity for codes over Zy. If C C Z}} is a k-ary linear code, then we have

k—

k—1
WCJ.(XO,Xl,- s Xk 1 ZXy,ZeTZX], . Z 21'r(k Vi,
7=0

The general form of the above complete weight enumerators MacWilliams identity for codes over R = Z[¢] also holds (cf.
[47]), where £ is a root of an irreducible polynomial.

From construction A, one can establish the correspondence between codes and lattices, which reveals the relationship between
theta function, modular form and MacWilliams identity, such as Proposition 2.11 of [12] and Gleason Theorem. [2] generalized
construction A for an even number k£ and presented the correspondence between type II codes over Zy; and even unimodular
lattices, as well as the complete weight enumerators and symmetrized weight enumerators MacWilliams identities in genus g.
In this paper, we extend construction A for any positive integer k and provide the connections between a k-ary code C' and
the associated lattice I'c. In particular, we prove that the theta function of I'c could be expressed by the complete weight
enumerators of k theta functions Ag(z), A1(z), -, Ax—1(2) as the following Theorem 1, which is a natural generalization of
Proposition 2.11 in [12].

Theorem 1 Let C' C Z} be a k-ary code, I'c = _1(0) be the associated lattice of C, then

1
vEP
Ure(2) = We(Ao(2), A1(2), -+, Ag—1(2)).

Based on the result of Theorem 1, we could obtain the complete weight enumerators MacWilliams identity expressed by theta

functions for any general modulus k.
Theorem 2 Let C' C Z} be a k-ary code. Then we have

k—1 k—1 k—1
1 2mi; 2m(k=1)j ;
WCL(AO(Z)vAl(Z)v"' ?Akfl(z)): |C|WC(§ :AJ(Z)v e AJ(Z)a ) E € k AJ(Z))
Jj=0 j=0 j=0

From the result of Theorem 2, one could get the symmetrized weight enumerators MacWilliams identity directly.

B. The Complete Weight Enumerators MacWilliams Identity in Genus g

Many researchers concentrated on high dimensional MacWilliams identities. For example, Kaplan introduced the m-tuple
weight enumerators and proved the corresponding MacWilliams identity in [21]. However, these results hold by codes defined
over a finite field instead of a finite ring. Bannai et al. [2] gave the complete weight enumerators MacWilliams identity in



Genus ¢ for codes over Zj and k is an even number. For a k-ary code C C Z}, an even number %k and a positive integer g,
Bannai et al. described the complete weight enumerators MacWilliams identity in genus g is

Coglza witha € Zf) = Y [ zwelereo)

c1,,¢g€C a€lf

by writing ¢1 = (c11, €12, -, Cin)s -+ 1 Cg = (Cq1,Cg2, -+ , Cgn), here we(c1, - - -, ¢g) denotes
wa(cla"' 7cg):#{i | (Clichia"' ,Cgi):a, 1<Z<n}
Suppose f € C(z1, 2, ,x,) is a complex polynomial of 1, x2,- -, z,, and M is a matrix (a;;)nxn of order n. We define

Mf(xlaan' o 7xn) by
Mf(z1, 22, ,xp) = f Zalej,Z@j%‘, e ,Zanjxj
j=1 j=1 j=1
Bannai et al. established the following MacWilliams identity as Theorem 5.1 in [2],

QCJ-.,g(Za) T@c)q(za)

IClg

here T' = (Ua'b)a,bezg is a matrix of order k9, and n = e s the primitive root of unit. However, they only prove that it is
right when £ is an even number. In this paper, we present the complete weight enumerators MacWilliams identity in genus g
for any positive integer k as the following Theorem 3.

Theorem 3 Let C' C Z7 be a k-ary code. €¢ 4(2,) is the complete weight enumerators in genus g. Then we have

QCJ-.,g(Za) T@c)q(za)

IC |#
Theorem 3 has the same form as the result of Bannai et al., while it holds for codes in Z; with any positive integer k. We
will prove it based on the Fourier transform and Poisson summation formula in Section IV. If g = 1, the above result becomes
the ordinary complete weight enumerators MacWilliams identity. We can also obtain the symmetrized weight enumerators
MacWilliams identity in genus g from Theorem 3 directly by treating z, and —z, as the equivalent elements in the complete
weight enumerators.

C. The Complete Weight Enumerators MacWilliams Identity in Cyclotomic Fields

When k = p is an odd prime number, associating a code over F), with lattice over cyclotomic field is due to G. van der
Geer and F. Hirzebruch [18]] (also see [[12], Chapter 5). They considered the Lee weight enumerators S¢(Xo, X1, , X po1 )
for codes C' C F}' defined as the following

wp—1(c)
So(Xo, X1, Xep) = 3 XG0 x 5
ceC

where w;(c) is the number of elements in the codeword ¢ which are equal to a; or p —a;, 0 < j < pQ;l. Van der Geer and
Hirzebruch provided the Alpbach Theorem which established the MacWilliams identity between the Lee weight enumerators
and theta function (see [12]], Theorem 5.3),

oFc (Z) = SC(HO(Z)v 01('2)’ T vePT*l(Z))v

here 0y(z),0:1(2),---,0 21 (z) are % theta functions, which is about half of the number of elements in F},. In this paper, we
generalize their results to complete weight enumerators by defining p theta functions J¢(z), 91(2),- -+ ,9p—1(2), and present
the identity to show the relationship between the complete weight enumerators with Hamming weight of codes in F}' and the
theta function of associated lattices over a cyclotomic field in Theorem 4.

To state our results, we define the following notations. Let £ = ¢ 5K = Q(€) be the cyclotomic field, K+ = Q(¢ +£71)
be the maximal real subfield of K, Trx,q and Trx+ g be the trace respectively, D be the integers ring of K, B = (1 — &)
be the principal ideal of © generated by the element 1 — & € D.

To associate a linear code C' C F}}' and a lattice I'c C D", suppose C' C C*,and p : D® — (D/B)" is the mapping
defined by the reduction modulo the principal ideal B in each coordinate. We define the lattice and theta function by

e = p~1(C) c D7,
191_‘0 Z eQﬁlzTrK+/C( )

zel'c



where z € H is the upper half plane of complex number.

For any j =0,1,2,--- ,p—1, let _
19](/2) — Z 8271'1'ZT1‘K+/Q(%)'
reB+j

Our main result is the following Theorem 4.
Theorem 4 Let C C F}} be a linear code such that C' C C+. We(Xo, X1, , Xp—1) is the complete weight enumerator
of C' with Hamming weight, then we have

Ure (Z) = WC(190(2)701(2)7 T 71910—1(2))'

Van der Geer and Hirzebruch gave their Alpbach Theorem (Theorem 5.3 of [12]) with Lee weight enumerator of C' in a
higher dimensional form. There is a similar relation between the complete weight enumerator of a linear code C' C F}' with
C C C+ and certain Jacobi forms over the field Q(¢ + ¢~1) in [8].

The remainder of this paper is structured as follows. Section II reviews preliminaries: the correspondences between codes
and lattices, construction of type II codes, and the properties of theta functions. Section III presents the complete weight
enumerators MacWilliams identity for codes over the finite ring Z; for any positive integer k£ (Theorem 2) based on theta
functions, with the symmetrized weight enumerators MacWilliams identity as a corollary. Section IV generalizes the complete
weight enumerators MacWilliams identity to genus g (Theorem 3), accompanied the proof by Fourier transform and Poisson
summation formula. Section V gives the complete weight enumerators MacWilliams identity in cyclotomic fields (Theorem
4). Section VI concludes our results with open questions.

II. PRELIMINARIES
The relationship between codes and lattices have been studied for a few decades. In [2], Bannai et al. introduce Type II codes

C over Zgy, which are closely related to even unimodular lattices. They use the Euclidean weight wtg(c) = > min{c?, (2k —
i=1

ci)Q} as a norm for a codeword ¢ = (c1,c¢2, -+ ,¢,) € C C Z3,, and define a Type II code over Zgy as a self-dual code
with Euclidean weights divisible by 4k. They prove that C is type II if and only if the lattice associated by C is an even

unimodular lattice. In this section, we modify the Euclidean weight of a code word ¢ = (c1,c2,+ -+ ,¢,) by wtg(c) = 5. c?
i=1

for convenience and get the type II codes more directly. First let us introduce some definitions for codes and lattices.
Let Zj, be the ring of integers modulo k£ with positive integer k£ > 1. Consider the following reduction mod &

piL" — (Z/KL)" = I},

it is easy to see that this is a homomorphism. A code C' of length n over the ring Zj, is a subset of Z7, and if the code is an
additive subgroup of Z} then it is a linear code. Unless otherwise stated all codes will be linear. For any ¢ = (c1,¢2,- -+ ,¢p) €
C, we call it a k-ary codeword with length n. The preimage of C' in Z" is denoted by p~!(C), and it is a subgroup of Z™.
Therefore, p~1(C) is a lattice in R™.

Definition 1 Let C' C Z be a k-ary code. The lattice associated with the code C' is defined as

I'e = %p_l(C).

Equivalently, we can write FC as 1
T ——c—i—kz CEC,aHdZEZn.

Definition 2 Let C' C Z} be a k-ary code. For any c1,c2 € C, let ¢; = (c11,¢12, - ,€1n), 2 = (c21,C22, -+, Can). We
define the inner product of ¢; and cg in Zj as

C1-Cy = ZCHC% mod k.
i=1
Definition 3 (1) Let C C ZI be a k-ary code, we define the dual code of C' as C+ = {¢' € Z | ¢- ¢/ =0 for all ¢ € C}.
(2) A linear code C C Z} is called self-orthogonal if C' C C+, thatis ¢; - ¢ =0 for all ¢, ¢ € C.
(3) A linear code C' C Zj, is called self-dual if C = ct.
Definition 4 If k is an even number, a linear code C' C Z} is called doubly even if the Euclidean weight of any codeword

c = (c1,c2,+ ,¢,) € C satisfies that ¢ + 3 + -+ + ¢2 = 0 (mod 2k). If a code is self-dual and doubly even, then it is
called a type II code.
It’s easy to see that if ¢ = ¢’ (mod k), ¢ = (c1,¢2, - ,¢p), ¢ = (¢}, ch, -+, ), then

A+t +E =B+ +d? (mod 2k),



so the definition of doubly even code does not depend on the selection of the representative element in Zj and it is well
defined.

Remark 1 In [2]], Bannai et al. use the Euclidean weight > min{c?, (k—c;)?} fora codeword ¢ = (c1,¢2,- -+ ,¢,,) € C C Z}

in the above definition when k is even. Definition 4 of tyzl;e:1 II code is equivalent to that in [2]. We will show that it is more
convenient to construct a type II code by our definition in this section.

We refer to [10], [[L1], [41]] for any elementary facts about codes over finite rings. For example, [10], [[L1] shows that the
numbers of codewords in C' and C* satisfy |C| - |C+| = k™. [11] proves that if k is a square then there exist self-dual codes
over Zj, for all lengths, as well as if C is a self-dual code of odd length over Zj, then k is a square.

Definition 5 (1) Let I' C R™ be a lattice, we define the dual lattice of I' as I* = {y e R" | z -y € Z for all x € T'}.

(2) A lattice I' C R™ is called integral if ' C I'*, thatis z - y € Z for all z,y € T".

(3) A lattice I' C R” is called self-dual or unimodular if I" = I'*.

(4) A lattice ' C R" is called even if 22 is an even number for all z € T.

The following Proposition 1 gives the correspondence between a code C' and the associated lattice I'c.

Proposition 1 Let C' C Z} be a k-ary code and I'c be the associated lattice of C. We have the following results:

(1) C c C* if and only if ' C TE.

(2) If k is an even number, then C' is doubly even if and only if ' is an even lattice.

(3) C is self-dual if and only if I' is unimodular.

Proof: (1) For any z,y € ', we have © = ﬁ(cl +kz1), y = ﬁ(cz + kz2), here ¢1,¢o € C and 21,29 € Z". Then we
have
C1C2 (mod Z),

el

1
Ty = E(CICQ + kcizg + keazy + kzzlzg) =

it follows that = -y € Z for all z,y € I'c if and only if ¢;ca = 0 in Zj, for all ¢1,cp € C. Therefore, I'c C I'f, if and only if
C cCH
(2) For any x € I'c, we have x = ﬁ(c + kz), here ¢ € C and z € Z". Since k is an even number, then
21 o 2.2 L, 2_ 1o
¢ = E(C +2kez+k*27) = € + 2cz+ kz* = 7€ (mod 27Z),
it follows that 22 € 27 for all # € I'¢ if and only if ¢? € 2kZ for all ¢ € C. This means that I'c is even if and only if C is

doubly even.
(3) If C = C*, we know that |C| = k2. Since Z"/p~1(C) 2 Z}/C, we have

Z"pH(C)| = |Z}/C| = k"% = k=, @2.1)

one can get
det(p~1(C)) = vol(R"/p~1(C)) = |Z" /p~*(C)|[vol(R" /Z") = k%, (22)
then
det(p(0))
k2

Based on the result of (1), we can get I'c C I';; due to C' C C*, combine with (2.3) it follows that ' = T's.

On the other hand, if I'c = T}, then det(I'c) = 1. From (2.1), (2.2) and (2.3) we know det(p™'(C)) = k% and |C| =
|CL| = k= . Based on (1), we have C C C+ according to I'c C '}, hence C = C+ since the numbers of codewords of C
and C* are the same. Therefore, C is self-dual if and only if I'¢ is unimodular.

det(T¢) = =1= det(T¢) = det(T'}) = 1. (2.3)

(]
We know that there exists a Type II code of length n over Z;, when k is even if and only if n is a multiple of eight [2]], and
Bannai et al. give the example of type II code in Z} for any even number k. Here we construct an example more conveniently
with our modified Euclidean weight to show the existence of type II code on Zi” with the length of any multiple of 8 when
k is even.
Example 1 For any even number k, from Lagrange’s theorem on sums of squares, there are elements a, b, ¢, d in Zj such
that
1+ a® +b* + % + d* = 2k.

Let M be the following matrix

SIS )
9
|
S
|
=



We denote 14, by the identity matrix of order 4n and My, by the block matrix of order 4n composed of M in the diagonal

M

M
M4n =

M

Then the matrix G = (I, My,) generates a Type II code C of length 8n over Zj.

Proof: First we show that C' is doubly even. Let the rows of matrix G be e, ea, - ,eq4,. For any ¢ € C, it can be written
as ¢ = kyey + koes + - - - + kynean, k1, ko, - -+, kan € Zj,. Note that e? is divisible by 2k and e; - ¢; is divisible by k for i # j
in Z, therefore,

4n
¢ = (krer + kaey + -+ + kunean)® = Z kel + Z 2k;kieje; = 0 (mod 2k),
i=1 1<j<I<4n

It follows that C' is doubly even. Next we prove C is self-dual. For any ¢, co € C, assume ¢; = aje; + agea + -+ - + aqn€an
and cy = byej + baea + - - - + byneqn, here a;,b; € Zy, for 1 < ¢ < 4n. It is easy to compute that

C1 - C2 = (a161 —+ ag€2 + -+ a4n€4n)(b161 + b282 —+ 4 b4n€4n) = O (mod k)

Hence, we have ¢; - co = 0 in Zj for any ¢y, ce € C, this means that C' C C+. Since C is generated by the matrix G and
the 4n rows of G are linearly independent in Zj, it follows that the number of codewords in C' is |C| = k. Based on
|C| - |C*] = k%" we have |C*| = k%", ie. |C| = |C+| = k*". Combine with C C C*, one can get C' = C+.
So we have proved that C' is a doubly even and self-dual code.
(]
As another part of the preliminaries, let’s introduce the theta function and modular form. The detailed contents could be
found in [32] by Shi, Choie, Sharma and Solé. Suppose % is an even number and C' C Z} is a k-ary doubly even and self-dual
code. In order to show the property of modular form for theta function of I'¢, let’s begin with some definitions. We denote

the group
b
SLy(Z) = {g— (ﬁj d)

For any g = (Z 2) € SLy(Z), we define g(z) = ‘Clzzjrrdb as a function of z. Let S and T be the elements of G = SLy(Z)/{£1}

0 -1 11
S—<1 0) and T—<O 1>,

therefore, S(z) = —1 and T'(z) = z+ 1. The group G is generated by S and 7" and the detailed proof could be found in [30].
Suppose H is the upper half plane

a,b,c,d € Z, ad—bc—l}.

as

H={zeC|Imz>0}CC.

For z € H, let t = ™% ¢ = ¢?™% as usual. The classical theta function is written as Jr(z) = 3 ¢z, while for the
zel’

convenience of the results in the next section, we write the theta function ¥r(z) in a new form as ¥r(z) = > t%7' since
xzel’

191—‘(2) _ Zt%wm — Zeﬂizw2 — Z q%LIJLIJ (2.4)
zel zel zel

Definition 6 Let m be an even number. A holomorphic function f : H — C is called a modular form of weight m, if the
following two conditions are satisfied:

(1) For any (Z 2) € SLy(Z),

f <Z§i§) = (cz + d)™f(2).

(2) f is holomorphic at z = ico.

The following Proposition 2 shows the property of modular form for lattices associated with doubly even and self-dual codes
on Zj when k is even.

Proposition 2 If % is even, and C' is a doubly even and self-dual code in Z}'. Then we have n = 0 (mod 8) and Vr, is a
modular form of weight 3.



Proposition 2 is a natural generalization of the result of modular form for binary doubly even and self-dual codes in [12].
We claim that it also holds for k-ary doubly even and self-dual codes when k is even. In order to prove Proposition 2, we
give the following proposition first, which constructs the identity between the theta functions of I'c and I'f..

Proposition 3 Let C' C Z be a k-ary code, we have

() -y () 0

Proof: According to the definition of theta function,

191*0 <—%) = Z e*”"zzz.

i

After some calculation we obtain the Fourier transform of e~ % is

1 _ mia? 1 2\E a2 1 Z\ 2
e (-3)= ¥ =qare) 2 () = qarg (7))
C

zelc T

n . 2 . .
f) 2 ™% Based on the Poisson summation formula,

—~

(]

Proof of Proposition 2: From Proposition 1 we know I'¢ is an even and unimodular lattice. First we show that n = 0 (mod 8).

Suppose that n is not divisible by 8. We may assume that n = 4 (mod 8) because we can replace I' by LT or T1LT LT IT.
Since I'c is even and unimodular, by Proposition 3 we have

1 1 z % n n n
re (‘;) = Gty (7)) Pree) = (D3 eH0ro () = —sHone ).
Note that Jr, is invariant under 7" based on I'¢ is even, i.e.
191_‘0 (Z + 1) _ Z eﬂ'i(z+1)w2 _ Z eﬂ'izwz — 191_‘0 (2)7 (2.5)
zelc zel'c

then )
Ir.(T'S)z) = VIr.(Sz) = VI, <—;> = —229r.(2).

It follows that

n

! ) —(T8)2)} oro ((T5)2)

1—=2

- (1 i Z) : (-% + >’; (=22 )0re (2) = —Ire (2).

However, this is a contradiction since (7'S)* = 1. So n = 0 (mod 8).

To prove Ur, is a modular form of weight 2, we already know ¥ is holomorphic on H U {ico}, it only needs to show
that Ir.(Sz) = 23 9r.(z) and Ur. (T2) = ¥r,(2) since the modular group G is generated by S and 7. By Proposition 3,
it’s easy to verify that

Pre(TS)2) = —((T'S)2) 30 (TS)%2) = — (

1 1 Z\ % n
Ire(52) =re (== ) = —== () o (2) = 28 (2),
Fc( Z) T < Z) dqukﬂ i FC(Z) z FC(Z)
and we have shown ¥r (T2) = Ur.(z) in (2.5). Therefore, 1. is a modular form of weight . The proof of Proposition 2

is complete.
O

III. THE COMPLETE WEIGHT ENUMERATORS MACWILLIAMS IDENTITY

The complete weight enumerators of codes were first proposed by MacWilliams [28] and have been of fundamental
importance to theories and practices since they give both the weight enumerators and the frequency of each symbol appearing
in each codeword. After that, many researchers extended this work. For example, Wan [39] proved the complete weight
enumerators MacWilliams identity for linear codes over Galois ring based on the Fourier transform and Poisson summation
formula. In this section, we will provide a proof from the theory of theta function for the complete weight enumerators
MacWilliams identity of the codes over Zj, and obtain the identity for the symmetrized weight enumerators directly.

Let’s consider the following k functions.

Definition 7 Assume that I' = v/kZ and t = ™%, z is in the upper half plane in C. We define the function

Ag(z) =17 = e = 3 e,

TEL zel zEkZ



which is the theta function of the lattice I'. For 1 < j < k — 1, we define another k£ — 1 functions as
AJ(Z) = Z tk%gﬁ.
rEKZ+j
Note that
k—1 o _
IRIEED WD I
7=0 TEL xel™

which is the theta function of the dual lattice of I'. The following Lemma 1 gives the detailed relationships of these k functions
A0(2)7 Al (Z)u Ty Ak_l(Z).
Lemma 1 For any 0 < j <k —1,

1

1 1 /2\3 S8 2eim,
4(2) =5 () X erea

0
—J

Proof: Taking y = IW in the following equality, we have

wEkZ+j y=izier
— § :t%(erﬁ)z :E :eﬂiZ(erﬁ)z'
yel yel
Therefore,
1 w32
Aj <—— = g e Tt
z
yel

Let f(y) = ¢~ T W) be the function of y, we calculate the Fourier transform of f(y) and get

B / fly)e 2 vdy = (E)% o VK Tgmiza®,
R 1

Note that I'* = ﬁZ, based on the Poisson summation formula,

1 . *%(y+j—')2 _ 1 z\2 2TIT 5 riza?
4; <—;>—Ze Ty (Z) D eve

yel’ zel*
1
1 (2)5 2mjo; miza?
= —\ - E e k e k |
7
\/E rEZ

k-1
Since Z = |J {kZ+ m}, we have

m=0

() B

TEZ

7()%Z

k—1
L ( )2 e21r]m
\/_ m=0
We complete the proof of Lemma 1.
O
Let C' C Z} be a k-ary linear code, I'c = ﬁpfl(O) be the associated lattice of C. For any ¢ = (¢1,c¢2,- -+ ,¢,) € C, we

denote by w(c) the Hamming weight of ¢, that is,

w(c) =#{i | ¢; #0, 1 <i < n},

<
which is the number of nonzero character in the codeword c. For 0 < j < kK — 1, we define w; (c) as the weight at j of ¢, i.e.
<

wile)=#{i| =7, 1 <i<n}



The complete weights of the codeword ¢ are composed of wg(c), w1 (¢), - - ,wg—1(c), and the complete weight enumerator of
C is the polynomial defined as
We(Xo, X1, Xpm) = 3 X0 x @ xpee 1), G.1)
ceC
k-1
The degree of the complete weight enumerator is n since Y w;(c) =n forall ¢ € C.
§=0

On the other hand, we define the symmetrized weight enumerator as

wg—1 (¢)+w gy ()
p

So(Xo, X1, Xact) = % Xpole) xplertwei(e) L x 3 , if & is odd,
ceC 3
_ wo(e) yrun (@) fwp_i(e) | 5 kg2 (OTwg2(Q) jwgle)
Se(Xo, X1, 7Xg) =3 XX X, X, , if k is even.
ceC 2 2

Similarly, the degree of the symmetrized weight enumerator is also n.

In this section, the main work is to prove Theorem 2 showed in Section I based on the theory of theta function. In order to
prove Theorem 2, we first give a few auxiliary lemmas.

Lemma 2 Let C' C Zj be a k-ary code. Then

det(p~(C)) - |C] = k™.
Proof: Since p is the natural homomorphism, we have the isomorphism of quotient group Z"/p~!(C) = Z7/C. Hence,
" /p~H(O)| =12y /C,
this implies that )

det(p™1(C)) = vol(R"/p~H(C)) = |Z"/p~ (C)vol(R" /Z") = |Z}; /C| = ek

Therefore,
det(p~1(C)) - [C] = k.

We finish the proof of Lemma 2.

O
Lemma 3 Let C' C Z} be a k-ary code, I'c = ﬁ p~1(C) be the associated lattice of C. We have
Iy =Tco.
Proof: Note that T, = Tou < VEkp~1(C)* = ﬁp_l((}”—) & p HO)r = 1p7H(CH).

We first prove that p=1(C)* C 1p~(C*). For any a € p~*(C)*, we note that ¢ € p~(C) if ¢ € C, it follows that a-c € Z
for all ¢ € C, then
ka-c=0 (mod k), VceC.

This means that ke mod k € C*, and ka € p~1(C*), which implies that o € p~1(C1).

To show that 1p~(C*+) C p~!(C)*, for any B € 1p~1(C*), or kB € p~(C*), we prove that B € p~'(C)*. For any
¢ € C, we have (k8 mod k) - ¢ = 0, which implies that k8 - ¢ = 0 (mod k). Thus we have - ¢ € Z for all ¢ € C.
Let # € p~1(C), denote * mod k = ¢y € C, then we have -z € Z since 3 - ¢y € Z, this leads to 3 € p~1(C)*, and
1o~ HC*) € p~(C)*. We have Lemma 3.

O
Now we can give the proofs of Theorem 1 and Theorem 2.
Proof of Theorem 1: For any ¢ = (¢1, ¢z, -+ ,¢,) € C, it follows that

pHc) = (c1 +kZ) x (co + kZ) x -+ X (¢, + k7Z).

oot = N

It’s not difficult to see

meﬁpfl(c) xep~1(c)
— E t;%zz? E t;%zxg A E t,%zzi
xr1€Cc1+kZ Tro€Eco+kZ T ECn+kZ

= Acl (Z)Ac2 (Z) o 'Acn (Z)
= AO(Z)UJU(C)AI (Z)wl(c) . Ak71(2’)wk*1(c).



10

Therefore,

zelc ceC e ﬁp*l(c)
— ZAO(Z)wo(c)Al(Z)wl(C) Ap_1(z) w10
ceC

This is the proof of Theorem 1.

O
Proof of Theorem 2: From Theorem 1, Lemma 2, Lemma 3 and Proposition 2, one can get
1 1 1 1
e (0 (-2) 4 () e (+5)) = o ()
z z z z
1 Z\ 2 1 Z\ %
- 2 (o) = e (5) 9
det(T'c (z) rz(2) det(p=1(C))/k= \1i Low ()
Cl|lrz\*®
= 'k—_| (2)" Wos (Ao(2), A1), s Aa (2)): (3.2)
On the other hand, since the complete weight enumerator W is a homogeneous polynomial of degree n, it implies that
1 1 1
(o ()2 (2)
z z z
1 /an2 k-1 k=l kS
2 2mi g 2m(k=1)j ;
== (3) T WeXo A2 Y T A (e, YT A, (2. (3.3)
2 \1 ; . .
Jj=0 Jj=0 j=0
Comparing with (3.2) and (3.3), we have
1 k-1 k—1 -y k— —y
We (Ao(2), A2, Aea () = 1 We Qo A4(2), D e F i Ay (=), -+ 3 Aj(2))
Jj=0 j=0 j=0
We finish the proof of Theorem 2.
O
Corollary 1 Let C' C Z}} be a k-ary self-dual code, then
WeAo(2) Ar(2), -, A (2) = We | ka() LS (o), LY )
clAaolz), A1\z), -, Ak-1\%)) = c |\ —= i\2), —/= ek i\Z)y "y —F= e k iz
\/E Jj=0 ’ \/E Jj=0 ’ \/E j=0 ’

Proof: From C is a self-dual code we can get |C| = k% = VE'" . Note that W¢ is a homogeneous polynomial of degree n,
by Theorem 2 we have

WC(AO(Z)vAl(Z)v o Ak—l(z)) =Wee (AO(Z)vAl(Z)v"' 7A/€—1(2))
k 1

k—1
1 2mj 2re1)i;
= =W} 45z Ze P (R), e D e T Ay(2)
vk 47:0 Jj=0
W 1 §A Z 27\']1 1 k;il 27r(k71)jl.A ( )
= C E—— 7 ] é k -z
NG i f Vi = !

(]
Corollary 1 shows that the complete weight enumerator of a self-dual code in Z} is invariant under a rotation in R"™. The
following Corollary 2 provides the symmetrized weight enumerators MacWilliams identity for codes over Zj.
Corollary 2 Let C' C Z}} be a k-ary code, then we have

k—1 k—1 k—1

Sc(Ao + ZQAj,Ao + ZQCOS %TWAJ-,--- , Ag + Z2COSWAJ‘)

j=1 j=1 j=1

1

ScJ_(AQ,Al,"' ,A%): m
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if k is odd, and

k2 k=2
SCJ'(A07A17"',A§): |é|5 AO+Z2A +Ak AQ+Z2COS2k A —A§7...,
Jj=1
k—2
> (k —2)jm N
A0+;2COSTA,-+( 1) Ak A0+Z 1)JA; + (—1)7 Ay)

if k is even.
Proof: If k is odd, based on the definition of the symmetrized weight enumerator, we have

w1 (c)+wryr (c)
2

Sci(Ap, Ay, - ,A%) = E ASJO(C)AT}I(CHM*I(C)"'Ak;lz
2
ceC+t

:WCJ-(A07A17A27"' 7A%7A%7”' 7A27A1)

1
= WWC(BO7BIMBQ7”' 7Bk—27Bk—1)7 (34)
where By, By, Ba, - , By_o, By_1 satisfy that
k-1
By = Ao+ > 24,
j=1
k-1
2 25m
Bl :Bk,1 :A0+Z2COSTAJ',"'
j=1
k=1
k—1)jm
B% = B% = AO —+ 212COS (T)jAJ
J:

Therefore, from (3.4) we get

1 1
Scr(Ag, Ar, - ,A%) = WWC(BmBl,BQa"' ,Br_2,Br_1) = WS (Bo, Br, ,Bkgl)
1 = it Ty
:|C|S A0+22AJ,AO+Z2COS A Aj,-~-,A0+Z2cos%Aj).

j=1 j=1

If k£ is even, we can get the identity in the same way.

IV. THE COMPLETE WEIGHT ENUMERATORS MACWILLIAMS IDENTITY IN GENUS g

In this section, we present the complete weight enumerators MacWilliams identity in genus g, which is a generalization of
the work by Bannai et al. [2] to the finite ring Zj. First let’s introduce some definitions and notations.

Definition 8 Let C' C Z}} be a k-ary code. For a positive integer g, we define the complete weight enumerators in genus g
of the code C is

@c,g(za with a € ZZ) = Z H ZZJCL(CL,..._’cg)7 (41)
c1,,cg€C aGZZ
if we write ¢ = (c11,¢12,°+ ,C1n), " ,¢g = (Cg1,Cq2,* ,Cgn), here wy(c1, -+, ¢g) denotes the number of i satisfying
(c1i, €255 -+ ,Cgi) = a, 1€,
wq (e, ,cq) = #{i | (cri,cais- - ,c9i) = a, 1 <@ <n}.

It’s easy to see that if g = 1, then the above complete weight enumerators in genus 1 is the same as the complete weight
enumerators (3.1) defined in the previous section.

Assume f € C(z1,22, - ,2y,) is a complex polynomial of x1,z2, - ,z,, and M is a matrix (a;j)nxn Of order n. We
denote M f(x1, 22, - ,2n) by

n n n
Mf(ry,ma, - ) = f | > aras, Y agxs, -, Y anz; | - (4.2)
j=1 j=1 J=1
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In [2]], Bannai et al. give the following MacWilliams identity of the complete weight enumerators in Genus g for an even
number k:

QCJ-.,g(Za) T@c)q(za)

|C |9
here 7' = (7**) 4 pezg, and 7 = e *% is the primitive root of unit. We set an additive characteristic ¢ for Zj, by ¢ (z) = e2mi/k,

x € Zy. Now we give a proof of Theorem 3 in Section I and show that it also holds for codes C' C Z} for any positive integer
k.

Proof of Theorem 3: For any ci,c2, -+, ¢4 € C, we write ¢c1 = (c11, €12, ,Cin)s- - ,Cg = (Cq1,Cg2," *+ ,Cgn). Let the

function f be

fler,ca,--0 ey H zy aler,seq)

a€Zy

here wq(c1, -+ ,¢q) is defined in (4.2). To prove Theorem 3, we first show the Fourier transform of f(c1,ca, - ,¢q) is

f(017027 e 7cg) = Tf(017027 e 7cg)'
We denote c by the g xn matrix (Cij)an composed of ¢y, ca, - - - , ¢4 as the g rows, and denote x1,x2, - - , T, by the n columns
of the matrix c. For any &;,&a,---,&, € Z}, let £ be the matrix composed of &1,&a, -+ ,&, as the rows, and y1, %2, - ,Yn
be the columns of £. It follows that the Fourier transform of f(cq,ca, - - - ,cg) is given by

.]/[\(017027' o 7cg) = Z H Zwa(gl w(< C, 5 >)

€1, Eg €LY a€l

here < ¢, & > is the trace of ¢’&, which is equal to Y x; - y;. Note that w,(&1,&a, -+ ,&) = > wa(y;), and
Jj=1 j=1

V(< e, >) =) zy) = [[ vley
j=1 j=1
therefore, we have

Fler,ea, - ,Cq) = Z ( H ZWal€1 8 (< e € )

§1,,89 €Ly a€L]

> II (v I

€=(y1, yn) €LY I=1 a€Z;,
n

=11 Gy -yy) [ 2@
J=ly;ezf a€Zy,
n

= H Y(z;-a)zq
J=1lacz]

Based on the Poisson summation formula,
1 —~
Z f(017027"'5cg):W Z f(61562;"'7cg)'
c1,,cg€CE c1, - ,cg€C
Combine with (4.1) and (4.2), one can get
Q:CL,Q(ZG): Z f(claCQa"' 7cg)
c1,0,cg€CH

1 1
= W Z H Z ¢ b a Za wb C15Ce) — WTCC,Q(Z@).

+,cg€CbEL] a€ZY

This is the proof of Theorem 3.
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V. THE COMPLETE WEIGHT ENUMERATORS MACWILLIAMS IDENTITY IN CYCLOTOMIC FIELDS
In this section, we assume that k = p is an odd prime number and C' C F}' is a linear code over F), satisfying C' C C L

Let ¢ = et and K = Q(¢) be the cyclotomic field obtained by adjoining £ to Q. Since p — 1 is the degree of the minimal
polynomial of ¢ over Q, then K is a vector space over Q of dimension p — 1. Assume that K™ = Q(£ +¢71) is the maximal
real subfield of K. We denote Trg /g by the trace function of elements in K. Let © be the ring of integers of K, i.e.

p—2
D={a=) a;¢ |a;€Z, j=0,1,--- ,p—2}.
=0

Suppose B = (1 —¢&) is the principal ideal of © generated by the element 1 — & € ©. We define p : D" — (D/B)"
p—2
by the mapping of the reduction modulo the principal ideal B in each coordinate. For example, if o = ) a;&7 € D,

7=0
agp, a1, - ,ap—2 € Z, it’s not hard to get

p—2
a) = Z a; mod p,
§=0

which indicates that ®/B = F,,. For any = (21,22, - ,2Zn) € D, y = (y1,%2, - ,Yn) € D, we define 27 = Z x;Y;

where 7 is the complex conjugate of y. Let T'c = p~1(C) C D™ be the associated lattice of the code C. The theta functlon
of I'c is defined as

191_‘0 Z eQﬁlzTrK+/C( )
zel'c
where z € H is the upper half plane of complex number. For any j =0,1,2,--- ,p — 1, suppose
19](2) — Z e27rizTrK+/Q(%)'
rEB+j

Now we give the proof of Theorem 4 given in Section L.
Proof of Theorem 4: For any ¢ = (¢1, ¢z, -+ ,¢,) € C, it follows that

pH(e) = (c1+B) x (c2+B) x -+ X (¢, +B).

Then we have

. T . g 7+ '7+.4.+r T
z : e2wzzTrK+/@(%) _ § : 627”ZT1‘K+/Q(W)
z€p~1(c) z=(z1,,xn)EPp~1(c)
_ 2 : eQﬁizTrK+/Q( mlpzl 2 : eQﬁizTrK+/Q( mzpwz 2 : eQﬁizTrK+/Q( fnrn )
z1€c1+B z2€C2+B Tn€cn+B

= Ve, (2)0ey (2) -+ Ve, (2) = Do(2)* V01 (2)"1 (O (2)0p -1 (2) 7).

3 Z 2Tt /0T = 37 4 (2) 209y (2)21() (2)9, 1 (2) 71,

ceCxep—1 ceC

Therefore,

which means that
19Fc (Z) = WC(190(2)701(2)7 T 71910—1(2))'

So we finish the proof of Theorem 4.
0.
The similar method may yield a high dimensional result. Let z = (21,22, -+, 2p—1) € HP~!. We define the trace and theta
function by

TI'K/Q Z— ZZZUZ ,

where x,y € ©, each o; is the embedding of K — C,

T zZZ 2 2 T o .
ej(z): § e R /(2 p): E T+ /g (Z Og]gp—l,
reB+j TEB+j

QFC(Z) _ Z TFZTI‘K/(\(Z )7 Z eQTriTrK+/@(zz—;)7 s e Hp_l.

zelc zel'c

and
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We also have
Oro (2) = We(bo(2),01(2), -+ ,0p-1(2)), 2z € HP, 5.1

The above result may compare with Theorem 5.1 of [8], which gave a complete weight enumerator MacWilliams identity
p—1
with z € H 2 in the totally real field Q(¢ +£71).

VI. CONCLUSION

To show that Theorem 2 is equivalent to the complete weight enumerators MacWilliams identity, it is important to prove the
algebraic independence of Ay, A1,--- , Ax_1. We wish to find a proof based on the algebra of Hilbert modular form. Another
topic of this paper is the connection between weight enumerators of codes and theta functions of lattices. The results of van
der Geer and Hirzebruch could be considered as a generalization of that on weight enumerators of codes and theta functions
of lattices in the binary case. They showed the relationship between the Lee weight enumerators of p-ary codes when p is an
odd prime number and associated lattices over the ring of algebraic integers on a cyclotomic field. To establish the properties
of the complete weight enumerators for codes over Fj, with theta functions, we generalize their works. It’s also interesting to
obtain a generalization for a general positive integer &k instead of a prime number p. We will discuss this in our future works.

In this paper, we prove the complete and symmetrized weight enumerators MacWilliams identity for codes over Z; based
on theta functions, and present the complete weight enumerators MacWilliams identity in genus g in general, which is a
generalization of the works by Bannai et al. The further questions are to consider the modified theta functions or the nu-
function of a lattice associated with a k-ary code. Some results could be fould in our previous work [46]. It’s interesting to
explore whether these functions are a kind of special modular forms, as well as present the MacWilliams identities of these
functions based on the theory of theta function and modular form.
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